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Abstract: 
         Let (Ӽ, ᶁ1) and (Ƴ,ᶁ2) be compact metric spaces,  ʄ: (Ӽ, ᶁ1)  → (Ӽ, ᶁ1) and  : (Ƴ, ᶁ2)  → (Ƴ, ᶁ2)  be 

continuous maps. If  ʄ and  𝒢  have dense minimal points and the average inverse shadowing property, we 

have proved ʄ × 𝒢 has an average inverse shadowing property, topological transitive and dense minimal 

points. Moreover, we have proved  ʄ   is totally strongly ergodic and weakly mixing. 

 

Keywords: average inverse Shadowing property, topological transitive, topological ergodic, strongly 

ergodic. 

 

Introduction: 
The shadowing property plays an essential role 

in the general qualitative theory of dynamical 

systems. It has been developed intensively in recent 

years to become a significant concept of the 

dynamical systems that contains a lot of deep 

connections to the notions of stability and chaotic 

behavior. Shadowing of a dynamical system often 

justifies the validity of computer simulations of the 

system in use (see (1)). 

In (2) he studies many important definitions 

including orbit and topological transitive. In this 

paper, more general property inverse shadowing is 

considered, the concept of inverse shadowing is 

introduced in (3). It is proved that finite 

dimensional systems under certain assumptions, 

such as semi-hyperbolicity are inverse shadowing. 

Inverse shadowing is extended to infinite 

dimensional systems. 

Niu, Y. in (1) shows that if ʄ  has the average-

shadowing property and the minimal points of ʄ are 

dense in Ӽ, then ʄ is totally strongly ergodic and 

weakly mixing. In(4) Ajam , M.  H. shows some 

results on Strong Ergodicity and the Average Bi-

Shadowing Property. 

In this paper posits some needed definitions, also 

we have proved some basic properties and main 

theorems about ergodicity. 

 

Preliminaries 

Let  ʄ : (Ӽ , ᶁ ) ⟶ (Ӽ , ᶁ )  be  a  map  on  a  

metric  space (Ӽ , ᶁ )  and  consider  the  dynamical   
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system  on Ӽ  is  generated  via  the  iterations of   ʄ , 
that is  ʄ 0 = id ӽ  and    ʄ ŋ+1 =  ʄ ŋ  ○ ʄ , for  all 

ŋ ∈ ℤ 

Definition 2.1  ( 4 ) 

In a metric space (Ӽ , ᶁ ) and let  ʄ ∶  (Ӽ , ᶁ ) ⟶
 (Ӽ , ᶁ ) be a map. A sequence {ӽ𝜄}𝜄=0  

∞  ⊂  Ӽ  is 

called a (true) orbit of  ʄ  if    ӽ𝜄+1 = ʄ(ӽ𝜄),  ∀ 𝜄 ∈ ℤ . 

Definition 2.2  ( 4 ) 

In a metric space (Ӽ , ᶁ ) and a map  ʄ ∶
 (Ӽ , ᶁ ) ⟶  (Ӽ , ᶁ ). A sequence   {ӽ𝜄}𝜄=0  

∞  ⊂  Ӽ    
satisfying  ᶁ (ʄ(ӽ𝜄), ӽ𝜄+1)  ≤ 𝛿 , ∀ 𝜄 ∈ ℤ  , and ∀  𝛿 

> 0  , is called 𝛿-pseudo orbit  of  ʄ . 
Definition 2.3  ( 4 ) 

We say that a point  ӽ ∈ Ӽ  𝜖-shadows a 𝛿-

pseudo orbit {ӽ𝜄}𝜄=0  
∞  if the inequalities               

ᶁ (ʄ 𝜄(ӽ𝜄), ӽ𝜄 ) ≤ 𝜖  , fix  𝜖 , 𝛿 > 0  and  𝜄 ∈ ℤ , 

holds. 

Definition 2.4  ( 5 ) 

A compact metric space (Ӽ , ᶁ ) and   

a continuous  map  ʄ : (Ӽ , ᶁ ) ⟶ (Ӽ , ᶁ )    and  let ʄ  
be said to be "inverse shadowing property  denoted" 

by ISP  (resp., positive  inverse  shadowing  ISP+) 

if  ∀ ϵ > 0  ∃   δ > 0  where   ∀ ӽ ∈ Ӽ and  any  δ-

method  𝜑 : Ӽ→Ӽᶎ  ,  there  is   𝑠  ∈ Ӽ   where ᶁ  (ʄ ᶄ 

(ӽ) ,𝜑ᶄ (ᶊ) )<  𝜖,  For all    ᶄ ∈  ℤ . 

Definition 2.5  ( 4 ) 

A metric space (Ӽ , ᶁ ) and a continuous mapʄ : 
(Ӽ , ᶁ ) ⟶ (Ӽ , ᶁ ) be  ∀  𝛿 > 0 , we say a sequence 

{ӽ𝜄}𝜄=0  
∞   𝛿- average is pseudo orbit of  ʄ  if  ∃  is a 

positive integer  ŋ0  > 0  where ∀ integers  ŋ ≥ ŋ0 , 

and ∀ non-negative integer 

ᶄ ,
1

 ŋ 
∑ ᶁ (ʄ(ӽ𝜄+ᶄ) ,  ӽ𝜄+ᶄ+1) ≤ 𝛿 

ŋ−1
𝜄=0 . 
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Note that the 𝛿- pseudo orbit is 𝛿- average 

pseudo orbit but the convers is not always true. 

 

Definition 2.6  ( 4 ) 

A mapping  ʄ  is said to have the average 

shadowing property (Abbrev. ASP) if  ∀ 𝜖 > 0 

∃ 𝛿 > 0   where  ∀   𝛿 − average  pseudo  orbit 

{ӽ𝜄}𝜄=0  
∞    is   𝜖 − shadowed  in  average  by  the  

orbit  of  some  point    ӽ ∈ Ӽ ,  is that 

 ℓ𝒾𝓂
                          ŋ→∞

𝓈𝓊𝓅
1

ŋ 
∑ ᶁ ( ʄ 𝜄(ӽ) ,  ӽ𝜄) < 𝜖 .

ŋ−1

𝜄=0

 

I will give a new definition which is the average 

inverse shadowing property . 

Definition 2.7 

A mapping ʄ is said to have the average inverse 

shadowing property (Abbrev. AISP) if   ∀  𝜖 > 0 

∃ 𝛿 >  0 where every 𝛿 - average pseudo orbit  

{ӽ𝜄}𝜄=0  
∞    is   𝜖 - inverse shadowed in average by the 

orbit  of  some  point    𝑠 ∈ Ӽ  ,  is that 

ᶁ∗ (ʄ(ӽ𝜄) ,  𝜑(𝑠))=𝓂𝒶𝓍{ ᶁ(ʄ(ӽ𝜄 ), ӽ𝜄+1) , ᶁ(ӽ𝜄, 

𝜑(𝑠)), Where 

ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ 
∑ ᶁ ((ʄ(ӽ𝜄 ), ӽ𝜄+1)

ŋ−1

𝜄=0

< 𝜖 .  A𝑛𝑑  ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ 
∑ ᶁ (ӽ𝜄 , 𝜑(𝑠)) < 𝜖 .

ŋ−1

𝜄=0

 

Then         ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ 
∑ ᶁ∗ (ʄ(ӽ𝜄) ,  𝜑(𝑠)) < 𝜖 .

ŋ−1

𝜄=0

 

Note that the maps that have the inverse 

shadowing property also have the average inverse 

shadowing property but the converse is not always 

true. 

Definition 2. 8  ( 6 ) 

In  a metric  space (Ӽ , ᶁ)  a continuous mapping  

ʄ: (Ӽ , ᶁ) → (Ӽ , ᶁ)  is said to be "topological 

transitive" if every pair of non-empty  is an open 

subset Ų and Ѵof  Ӽ , ∃ ᶄ ∈  ℕ  where ʄ ᶄ (Ų) ∩ Ѵ ≠
 ∅ . 
Definition 2.9  ( 6 ) 

Let (Ӽ,ᶁ) be a metric space and 

a  continuous map ʄ: (Ӽ , ᶁ) → (Ӽ , ᶁ)  . If 𝒵 and 

Ѵ are two non-empty subsets of Ӽ , so  let 

Ɲ(𝒵, Ѵ) = {𝜄 ∶  ʄ 𝜄(𝒵) ∩ Ѵ ≠ 𝜑 , 0 ≤ 𝜄 < ∞}. 
A mapping ʄ  is called "topologically ergodic" if 

for any pair of nonempty open subsets 𝒵 and Ѵ of  

Ӽ, Ɲ(𝒵, Ѵ) has positive upper density , is that , 
�̅�Ɲ(𝒵, Ѵ)

= ℓ𝒾𝓂
𝜄→∞

𝓈𝓊𝓅  
𝒞𝒶𝓇𝒹(Ɲ(𝒵, Ѵ) ∩ {0,1, … , 𝜄 − 1})

𝜄
> 0   . 

Definition 2.10  ( 7 ) 

Let a compact  metric  space (Ӽ , ᶁ) and  ʄ: (Ӽ , 

ᶁ) → (Ӽ , ᶁ)    be a  continuous   map , a set  ᶄ ∈ ℕ0  

is said to be "syndetic" if ∃ 𝑚 ∈ ℕ  where  [ɉ , ɉ +
𝑚 ] ∩ ᶄ ≠ 𝜑  ∀ ɉ ∈ ℕ . 

Definition 2.11  ( 7 ) 

A map ʄ is said to be "strongly ergodic" if ∀ pair 

of non-empty open subset    𝒵, Ѵ ⊂ Ӽ , Ɲ(𝒵, Ѵ) is a 

syndetic set. 

Definition 2.12  ( 7 ) 

A mapping  ʄ  is said to be" totally strongly 

ergodic" if ʄ ᶄ is strongly ergodic ∀ ᶄ ∈ ℕ . 
Definition 2.13  ( 7 ) 

A point ӽ ∈ Ӽ is said to be "minimal point" if 

∀ neighborhood Ų of ӽ , Ɲ(ӽ, Ų) is syndetic, denoted 

by ĄƤ(ʄ)  the set of all minimal points of  ʄ. 
 

3.  Basic properties 

The goal of this section of the paper in to give 

the main theorems and give a proof of some 

properties. 

Theorem 3.1 

Let (Ӽ , ᶁ)  be a metric space and ʄ: (Ӽ , ᶁ) → (Ӽ 

, ᶁ) be a map. If ʄ  has the average inverse 

shadowing property, then  ʄ ᶄ  has the average 

inverse shadowing property ∀ ᶄ ∈ ℕ . 
Proof : 

Let   ᶄ ∈ ℕ , since ʄ has  the average inverse 

shadowing property, ∀ 𝜖 > 0  ∃ 𝛿 > 0  where  

every  𝛿-average  pseudo  orbit   is   
𝜖

ᶄ
 inverse  

shadowing in average by some orbit in Ӽ .Suppose 

{𝑦𝜄}𝜄=0  
∞   is       𝛿-average pseudo orbit  of  ʄ ᶄ , is 

that , ∃ 𝑚0 > 0  where 

1

ŋ 
∑ ᶁ (ʄ ᶄ(𝑦𝜄+ℎ) ,  𝑦𝜄+ℎ+1) <  𝛿 .      for  all   ŋ

ŋ−1

𝜄=0

≥ 𝑚0   and   ℎ ∈ ℕ0 .    
We write  ӽŋᶄ+ɉ =  ʄ ɉ(ӽŋ)   for    0 ≤ ɉ < ᶄ  ,

ŋ ∈ ℕ0 ,   that   is    

 {ӽ𝜄}𝜄=0  
∞  =

{ 𝑦0 , ʄ(𝑦0), … , ʄ ᶄ−1(𝑦0), 𝑦1, ʄ(𝑦1), … , ʄ ᶄ−1(𝑦1), … . }. 

We have       
1

ŋ 
∑ ᶁ (ʄ(ӽ𝜄+ℎ) ,  ӽ𝜄+ℎ+1) <  δ .  

ŋ−1

𝜄=0

 

For   all ŋ ≥ m0  and  ℎ ∈ ℕ0 . 

Then {ӽ𝜄}𝜄=0  
∞    is   𝛿-average pseudo orbit  of  ʄ  . 

by definition  of  map that  have  the  average 

inverse shadowing property there  is  ʄ continuous  

map on Ӽ . satisfying : 

1

ŋ
∑ ᶁ∗ (ʄ(ӽ𝜄) ,  φ(𝑠)) < ϵ  .   Where  

ŋ−1

𝜄=0

 

ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ 
∑ ᶁ∗ (ʄ(ӽ𝜄) ,  φ(𝑠)) ≤

𝜖

ᶄ
  .     (3.1)    

ŋ−1

𝜄=0

 

Claim  that  there  are  infinite  ŋ ∈ ℕ  where 
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1

ŋ 
∑ ᶁ∗ (ʄ ᶄ(ӽ𝜄) ,  φ(𝑠)) < ϵ  .     

ŋ−1

𝜄=0

 

To  proof  the claim , assume on the contrary that 

∃ ŋ0 ∈ ℕ where : 

1

ŋ 
∑ ᶁ∗ (ʄ ᶄ(ӽ𝜄) ,  φ(𝑠)) ≥ 𝜖  .  For   all   ŋ

ŋ−1

𝜄=0

≥ ŋ0 .   Then    

ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ
∑ ᶁ∗ (ʄ(ӽ𝜄) ,  φ(𝑠)) ≥

𝜖

ᶄ
  .     

ŋ−1

𝜄=0

 

Which contracts with (3.1). The proof of the 

claim is completed. 

by  the  claim ,we have : 

ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ
∑ ᶁ∗ (ʄ ᶄ(ӽ𝜄) ,  φ(𝑠)) < 𝜖  .      

ŋ−1

𝜄=0

 

Since 𝜑(𝑠) =  𝜑ᶄ(𝑠) 

ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ 
∑ ᶁ∗ (ʄ ᶄ(ӽ𝜄) ,  𝜑ᶄ(𝑠)) < 𝜖  .   

ŋ−1

𝔦=0

 

 

Hence  ʄ ᶄ  have the average inverse shadowing 

property . ■ 

 

Theorem 3.2 

Let (Ӽ , ᶁ1) and (Ƴ, ᶁ2)  be two metric space , ʄ: 
(Ӽ , ᶁ1) → (Ӽ , ᶁ1)   and    𝒢: (Ƴ , ᶁ2)  → (Ƴ, ᶁ2)   
 be maps .If  ƒ and 𝒢  have  the average inverse 

shadowing property, then                                                       

ʄ × 𝒢 ∶ (Ӽ × Ƴ , ᶁ1) → (Ӽ × Ƴ, ᶁ2 ) has  the  

average  inverse  shadowing  property . 

Proof : 

Suppose ʄ  has  the average  inverse  shadowing  

property by definition  if  ∀  ϵ > 0  there  is  δ1  > 0  

where  ∀  𝛿 - average pseudo orbit  { ӽ𝜄 }𝜄∈ℤ   is 𝜖 - 
inverse shadowed in average by the orbit of some 

point 𝑠1 ∈ Ӽ  is that 

1

ŋ 
∑ ᶁ∗ (ʄ(ӽ𝜄) ,  φ(𝑠1)) < ϵ  .        

ŋ−1

𝜄=0

 

Since  𝒢  has the average inverse shadowing  

property  by  definition  if ∀  𝜖2 > 0  ∃ δ2  > 0  

where  ∀  𝛿 - average pseudo orbit  { 𝑦𝜄 }𝜄∈ℤ   is   𝜖 - 
inverse shadowed in average by the orbit of some 

point  𝑠2 ∈ Ƴ is that 

1

ŋ
∑ ᶁ∗ (𝒢 ( 𝑦𝜄) ,  φ(𝑠2)) < ϵ2  .    

ŋ−1

𝜄=0

 

We choose 𝛿 = 𝓂𝒶𝓍 {𝛿1 , 𝛿2}   where ∀ 𝛿-

average pseudo orbit 𝑤 = {( ӽ𝜄 , 𝑦𝜄) }𝜄∈ℤ ∈ Ӽ × Ƴ   is 

𝜖 - inverse shadowed in average by the orbit of 

some point   𝑠 = 𝑠1  ×  𝑠2 ∈ Ӽ × Ƴ  is that 

1

ŋ 
∑ ᶁ∗ (ʄ × 𝒢 (𝑤) ,  𝜑(𝑠)) < 𝜖  .        

ŋ−1

𝜄=0

 

Hence  ʄ × 𝒢  has the average inverse shadowing 

property .■ 

 

Main results: 
The goal of this section is to view the main 

results and theorems. 

Theorem 4.1 

Let (Ӽ , ᶁ )  be compact  metric space and  ʄ : (Ӽ , 

ᶁ) → (Ӽ , ᶁ)  be continuous map , if  ʄ  has the  

average inverse shadowing property and the set of 

all minimal points  of  ʄ   are dense in Ӽ , then ʄ  is 

strongly  ergodic . 

Proof : 

Let 𝒵  and  Ѵ   be any nonempty open subsets of  

Ӽ . Assume that   the minimal point of ƒ  is dense in 

Ӽ then we select  ư ∈ 𝒵 ∩ ĄƤ(ʄ), 𝑤 ∈ Ѵ ∩
ĄƤ(ʄ), and 𝜖 > 0 so that 𝐵(ư, 𝜖) ⊂ 𝒵  , 𝐵(𝑤 , 𝜖) ⊂
Ѵ, where 𝐵(𝛼 , 𝜖) = { 𝛽 ∈ Ӽ ∶  ᶁ(𝛼, 𝛽) < 𝜖}. By 

ư, 𝑤 ∈ ĄƤ(ʄ) ,we have that 𝐼ư = { ŋ ∈ ℕ0, ʄ ŋ(ư) ∈

𝐵 (ư ,
𝜖

2
 )} and 𝐼𝑤 = { ŋ ∈ ℕ0, ʄ ŋ(𝑤) ∈ 𝐵 (𝑤 ,

𝜖

2
 )} 

are syndetic , then there are  ᶄ′, ᶄ″  ∈  ℕ so that [ 

𝜅 , 𝜅 + ᶄ′ ]  ∩  𝐼ŋ  ≠ 𝜑  and [ 𝜅 , 𝜅 + ᶄ″  ]  ∩  𝐼𝑤  ≠

𝜑  ∀ ᶄ ∈ ℕ . Let ᶄ = max {ᶄ′, ᶄ″}. ∃ 𝛿 > 0 So that   

ᶁ(ư , 𝑤) < 𝛿  implies ᶁ(ʄ 𝜄(ư), ʄ 𝜄(𝑤)) <
𝜖

2
  when 

𝔦 = 0,1, … , ᶄ   by  continuity  and  compactness. 

Since  ʄ has the average inverse shadowing property  

for   𝜖 > 0   when  
𝛿

2
= 𝜖 , ∃ 𝛿1  where   0 < 𝛿1 <

𝛿

2
    

and   every   𝛿1-average  pseudo  orbit  is  
𝛿

2
 inverse 

shadowing in average by  some orbit  in  Ӽ . 

Choose ᶄ0 ∈  ℕ  where  
3𝐷

ᶄ0
 < 𝛿1 . Where  

𝐷 = 𝒹𝒶𝒾𝓂(ӽ),  is that 𝐷 = 𝓈𝓊𝓅 { ᶁ(ư, 𝑤): ư, 𝑤 ∈
Ӽ } 

We define the  2ᶄ0  periodic sequence  {ӽ𝜄}𝜄=0  
∞   

with    ӽ0 = ư , ӽ1 = ʄ(ư), … . , ӽᶄ0−1 = ʄ ᶄ0−1(ư)  , 

ӽᶄ0
= 𝑤 , ӽᶄ0+1 = ʄ(𝑤), … . , ӽ2ᶄ0−1 = ʄ ᶄ0−1(𝑤). 

∀  ŋ ≥ ᶄ0   and  0 ≤ ℎ < ∞ , 

1

ŋ 
∑ ᶁ (ʄ(ӽ𝜄+ℎ) ,  ӽ𝜄+ℎ+1) <  

[ 
ŋ
ᶄ0

] × 3𝐷

ŋ
≤

3𝐷

ᶄ0

ŋ−1

𝜄=0

< 𝛿1 .   
Thus {ӽ𝜄}𝜄=0  

∞   is a periodic 𝛿1- average pseudo 

orbit of ʄ, via definition of map that have  the 

average inverse shadowing property, ∃ ʄ  continuous 

map on Ӽ . 

ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ 
∑ ᶁ∗ (ʄ(ӽ𝜄) ,  𝜑(𝑠)) < 𝜖 =

𝛿

2
  .   (4.1)

ŋ−1

𝜄=0
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Claim one: There are infinite 𝜄 ∈ ℕ  where   

ӽ𝜄 ∈ {ư, ʄ(ư), … . , ʄ ᶄ0−1(ư)}  and  

ᶁ∗ (ʄ(ӽ𝔦) ,  𝜑(𝑠)) < 𝛿 . 
Claim Two: There are infinite 𝜄 ∈ ℕ  where   

ӽ𝜄 ∈ {𝑤, ʄ(𝑤), … . , ʄ ᶄ0−1(𝑤)}   and 

ᶁ∗ (ʄ(ӽ𝜄) ,  𝜑(𝑠)) < 𝛿 . 
To proof claim one: Assume on the contrary that 

∃  𝐿 ∈ ℕ  where if ӽ𝜄 ∈ {ư, ʄ(ư), … . , ʄ ᶄ0−1(ư)} then  

ᶁ∗ (ʄ(ӽ𝜄) ,  𝜑(𝑠)) ≥ 𝛿 . ∀ 𝜄 ≥ 𝐿    we have 

ℓ𝒾𝓂
ŋ→∞

𝓈𝓊𝓅
1

ŋ
∑ ᶁ∗ (ʄ(ӽ𝜄) ,  𝜑(𝑠)) ≥

𝛿

2
  .   

ŋ−1

𝜄=0

 

Which   contracts (4.1) based on the claim is 

true. 

In the same way we can prove claim two by the 

claim one, there are  

 ɉ0 > ᶄ0  , 0 ≤ Ɉ0 ≤ ᶄ0 − 1    , 𝑀0 > ɉ0 +
ᶄ    , 0 ≤ Ɉ0 ≤ ᶄ0 − 1    where 

ӽɉ0
= ʄ 𝜄0(ư), ᶁ∗ (ʄ(ӽɉ0

) ,  𝜑(𝑠)) < 𝛿      (2.3) 

ӽ𝑚0
= ʄ Ɉ0(𝑤), ᶁ∗ (ʄ(ӽ𝑚0

) ,  𝜑(𝑠)) < 𝛿      (2.4) 

Since [𝜄0 , 𝜄0 + ᶄ ]  ∩  𝐼𝑢 ≠ 𝜑  and [Ɉ0 , Ɉ0 + ᶄ ]  ∩
 𝐼𝑤 ≠ 𝜑  there are 0 ≤ 𝜄 , Ɉ ≤ ᶄ  where ʄ 𝜄0+𝜄(ư) ∈

B (ư,
𝜖

2
),   ʄ Ɉ0+Ɉ(𝑤) ∈ B (𝑤 ,

𝜖

2
)  by the formula 

(2.3), we obtain ᶁ∗ (ʄ 𝜄0+𝜄(𝑢) ,  𝜑(𝑠)) <
𝜖

2
   and by 

(2.4) ᶁ∗ (ʄ Ɉ0+Ɉ(𝑤) ,  𝜑(𝑠)) <
𝜖

2
.Thus   ư𝜄0+𝜄 ∈

𝐵(ư, 𝜖) ⊂ 𝒵, 𝑤Ɉ0+Ɉ ∈ 𝐵(𝑤 , 𝜖) ⊂ Ѵ 

Let   ᶄ0 = 𝑚0 + Ɉ − Ɉ0 − 𝐼 > 0 ,   it follows that  

𝒵 ∩ ƒ ᶄ0(Ѵ) ≠ 𝜑. 
Since 𝒵 , Ѵare arbitrary, ʄ  is topological 

transitive . 

We write Ų = 𝒵 ∩ ʄ ᶄ0(Ѵ) ≠ 𝜑, then   ∃ 𝑝 ∈
ĄƤ(ʄ) ∩ Ų. 

Let   Ɉ = {ŋ ∈ ℕ0, ʄ ŋ(𝑃) ∈ Ų},     then   Ɉ   is   

syndetic   when   𝑠 ∈ 𝐽, Ų ∩ ʄ −𝑠(Ų) ≠ 𝜑     since                                                                        

  𝜑 ≠ 𝒵 ∩ ʄ−ᶄ0(Ѵ) ∩ ʄ−𝑠 (𝒵 ∩ ʄ−ᶄ0(𝒱)) ⊂ 𝒵 ∩

ʄ−(ᶄ0+𝑠)(Ѵ). 
Ɲ(𝒵, Ѵ) ⊃ { ᶄ0 + 𝑠 ∶ 𝑠 ∈ Ɉ}.Based on  Ɲ(𝒵, Ѵ) is 

syndetic, since  𝒵, Ѵ are arbitrary,  ʄ is strongly 

ergodic .■ 

Theorem 4.2 
Let  (Ӽ , ᶁ)  be compact  metric space and  ʄ: (Ӽ , 

ᶁ) → (Ӽ , ᶁ) be continuous map. If  ʄ has the 

average inverse shadowing property and minimal 

point of  ʄ are dense in  Ӽ, then  ʄ  is totally  strongly  

ergodic . 

Proof : 

∀ ᶄ ∈  𝑁 ,by  Theorem(3.1), ʄ ᶄ have the average 

inverse shadowing property .It is well known that 

ĄƤ(ʄ) = ĄƤ(ʄ ᶄ). Enforcement Theorem (4. 1),  for  

ʄ ᶄ, we obtain that  ʄ ᶄ is strongly ergodic .Therefore;  

ʄ  is totally strongly ergodic .■ 

 

Proposition   4.3  (1) 

Let (Ӽ, ᶁ1) and (Ƴ , ᶁ2)  be compact  metric  

spaces ,   ʄ: (Ӽ , ᶁ1) → (Ӽ, ᶁ1) and 𝒢 : (Ƴ , ᶁ2)  →
(Ƴ , ᶁ2) be continuous maps and ʄ   and  𝒢  are onto. 

If  ʄ   and  𝒢  each have dense minimal points then 

so does the product ʄ × 𝒢 ∶  (Ӽ × Ƴ , ᶁ1) → (Ӽ ×
Ƴ , ᶁ2). 

Lemma   4.4 

Let (Ӽ, ᶁ1)  and (Ƴ , ᶁ2)   be compact  metric  

spaces, ʄ: (Ӽ,ᶁ1) → (Ӽ,ᶁ1) and                                  

𝒢 : (Ƴ , ᶁ2)  → (Ƴ , ᶁ2) be continuous maps. If  ʄ   
and  𝒢  have dense minimal points and have the 

average inverse shadowing property, then: 

1. ʄ × 𝒢 has dense minimal  points and has  the 

average inverse shadowing property . 

2. ʄ: (Ӽ , ᶁ1) → (Ӽ , ᶁ1)   and  𝒢 : (Ƴ , ᶁ2)  →
(Ƴ , ᶁ2)   are weakly disjoint, that is , ʄ × 𝒢  is 

topological transitive . 

3. ʄ  is topologically weakly mixing and totally 

strongly ergodic . 

Proof 

(1)  Since  each  of ʄ  and  𝒢  has  dense minimal 

points and has the average inverse shadowing 

property , by Theorem( 4.1),  each of   ʄ  and  𝒢  is 

strongly ergodic , so that  ʄ   and  𝒢  are (2.8) . As a 

topological transitive map is onto by Theorem( 3.2 ) 

and Proposition (3.4) ʄ × 𝒢 have dense minimal 

points and has the average inverse shadowing 

property . ■ 

(2) By Theorem (4.1) and (1) ʄ × 𝒢   is 

topological ergodic, it is of course topological 

transitive. ■ 

(3) By (2), 𝒢 is topologically weakly mixing and 

by Theorem (4.2 ) , 𝒢  is totally strongly ergodic.■ 
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 بعض النتائج حول خاصية معدل معكوس الظل والاركوديكية قوية
 

سارة خضر كاظم السلطاني                                                  أفتخار مضر طالب الشرع                            

 

 جامعة بابل . ،كلية التربية للعلوم الصرفة ،قسم الرياضيات

 

 :الخلاصة  

,  فضائيين متريين مرصوصين، و ليكن  (Ƴ,ᶁ2)و  (Ӽ, ᶁ1)ليكن               ʄ: (Ӽ, ᶁ1)  → (Ӽ, ᶁ1)     𝒢 : (Ƴ, ᶁ2)  →
(Ƴ, ᶁ2)    دوال مستمرة. برهننا على ان  إذاʄ و𝒢   لديهما نقاط الحد الأدنى  كثيفة وخاصية معدل معكوس الظل و فانʄ × 𝒢 

هو إرجوديك كليا بقوة و خلط  ʄان  لديها خاصية معدل معكوس الظل، ونقاط الحد الأدنى لها كثيفة، متعدية تبولوجيا. كما اثبتنا

      تبولوجي ضعيف.

 

 ، ارجوديك كليا بقوة . خاصية معدل معكوس الظل، متعدية تبولوجيا، تبولوجي ارجوديك الكلمات المفتاحية:
 


