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Introduction 

The study of analytic univalent and multivalent 

functions has a rich history in mathematics, 

particularly in complex analysis. It has attracted 

many researchers due to the sophistication of its 

geometric features and the numerous possibilities for 

study. One of the most significant fields of intricate 

Abstract 

This work investigates several aspects of differential subordination and superordination, leading to the 

inclusion of a specific class within the domain of univalent meromorphic functions in a perforated open 

unit disc and deriving a few sandwich theorems. The purpose of this article is to look into a few of the 

characteristics of variation subordination for analytic univalent functions over a perforated unit disc. It 

additionally aims to shed insight into geometric characteristics like coefficient inequality, Hadamard 

product characteristics, and the Komatu integral operator. A few interesting findings have been discovered 

for variations in subordination as well as superordination in analytic univalent functions. The outcomes 

about variations in subordination, including linear algebra operators, were presented employing 

convolutions involving two linear operators. Everyone evaluates and investigates subordinations as well as 

superordinations about convolutions using includes from the Komatu integral operator. The convolution 

operator as a tool was used for obtaining multiple findings over differential subordination within the 

perforated unit disk employing a generalized hypergeometric function. Appropriate classes of acceptable 

functions are examined, and the two-dimensional real estate of the differential subordinations is explained 

by utilizing the linear operator, a technique that Srivastava introduced as well as examined. This leads to 

the establishment of several sandwich-type theorems for a class of univalent analytical functions. The 

current work examines several subclasses of star-like functions that are defined by subordination. 

Additionally, our team provides some relevant links between the results reported here and those acquired 

previously. 

Keywords: Differential Operator, Differential Subordination, Generalized Hypergeometric Functions, 

Meromorphic Functions, Sandwich Theory, Starlike Functions. 

https://doi.org/10.21123/bsj.2024.10285
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0000-0003-0726-3180
mailto:mustafa8095@uoanbar.edu.iq
https://orcid.org/0000-0002-8741-2176
mailto:s .j harbeet@uoa.edu.iq
https://orcid.org/0000-0003-4598-8510
mailto:oshinubik@gmail.com
https://orcid.org/0000-0001-8236-6900
mailto:jhussaini@unimaid.edu.ng
https://orcid.org/0000-0001-5842-5421
mailto:alifareed@uum.edu.my
https://orcid.org/0009-0004-8246-0998
mailto:Israa.A.IbrahimPhD@st.tu.edu.iq


 

Published Online First: May, 2024 

https://doi.org/10.21123/bsj.2024.10285  

P-ISSN: 2078-8665 - E-ISSN: 2411-7986 
 

Baghdad Science Journal 

analysis over only a few factors is the investigation 

of univalent functions. Since possibly 1907, 

scientists have become intrigued by the conventional 

investigation of this topic. Numerous scholars in the 

discipline of complicated analysis, including Euler, 

Gauss, Riemann, and Cauchy, as well as a number of 

others, have emerged throughout this period of time. 

The geometric function concept is a synthesis of 

geometry as well as analysis. The primary impetus 

behind the aforementioned school of thought is the 

renowned speculation referred to as the Bieberbach 

speculation or coefficients issue, and this provided an 

enormous opportunity for expansion to 1916 up until 

its favorable agreement in 1985 through De Branges, 

in which numerous leads derived from the 

aforementioned issue have been achieved. Since that 

time, geometric function theory has been further 

studied separately. Geometric Function Theory has 

become a popular subject matter. Regardless of this, 

it is still finding novel uses in an array of fields, such 

as contemporary mathematical physics, medical 

science, engineering, and many more, in addition to 

traditional physics topics such as fluid mechanics, 

not linear compatible system theory, and the basic 

partial differential equation hypothesis. Rogosinski 1 

created the fundamental leads to subordination that 

are able to be tracked to the work of Littlewood 2. 

Srivastava as well as Owa 3 recently employed 

subordination to investigate the fascinating 

characteristics that characterize the broader 

hypergeometric function. Miller as well as Mocanu 4 

wrote about differential subordinations, which can be 

considered a generalization about differential 

disparities in society. The subject matter is primarily 

concerned with the differential subordination as well 

as the superordination of univalent operations on a 

transparent unit disk. 

Take 𝐷 = {𝑟 ∈ ℂ ∶ |𝑟| < 1} indicate an open unit 

disc within ℂ. Allow 𝐺(𝐷) to become the class of 

analytic functions found in 𝐷 as well as 𝐷[𝑖, 𝑛] to 

become the subclass about 𝐺(𝐷) in the shape of: 

𝜑(𝑟)  =  𝑖 + 𝑖𝑛𝑟𝑛 + 𝑖𝑛+1 𝑟𝑛+1  + · · ·  , 
so that 𝑖 ∈ ℂ, 𝑛 ∈ ℕ, 𝐺0 ≡ 𝐺[0, 1] and 𝐺 ≡ 𝐺[1, 1]. 
Assume 𝛴 that is the class that includes all analytic 

functions in the shape of 

𝜑(𝑟) = 𝑟−1 + ∑ 𝑖𝑛 𝑟
𝑛

∞

𝑛=0

,                                   1 

inside the pierced unit disk 

𝐷∗ = {𝑟 ∶ 𝑟 ∈ ℂ ;  0 < |𝑟| < 1} = 𝐷\{0}. 
Every function 𝑆 has the same indication inside  𝐷. 

Allow 

𝑆∗ = {𝜑 is univalent, ℜ𝑒
𝑟𝜑′(𝑟)

𝜑(𝑟)
> 0, }, 

indicate the class of starlike functions inside 𝐷 as 

well as 

𝐾 = {𝜑 is univalent, ℜ𝑒
𝑟𝜑′′(𝑟)

𝜑′(𝑟)
+ 1 > 0, }, 

indicate a convex function class inside 𝐷. Assume 

that 𝜑 as well as 𝐹 are members of 𝐺(𝐷). When it's 

possible to find a Schwarz function 𝑢 analytic inside 

𝐷, alongside 𝑢(0) = 0 and |𝑢(𝑟)| < 1, so that 

 𝜑(𝑟) = 𝐹(𝑢(𝑟)). The function 𝜑 is deemed to have 

been subordinate to a function 𝐹 or 𝐹 is deemed to 

have been superordinate to 𝜑. This position of 

subordination is denoted through 

𝜑(𝑟) ≺ 𝐹(𝑟) or 𝜑 ≺ 𝐹. 
likewise, when the function 𝐹 is univalent in 𝐷, then 

a subsequent equivalence exists 5, 6 

𝜑(𝑟) ≺ 𝐹(𝑟) ⇔ 𝜑(0) = 𝐹(0) and 𝜑(𝐷) ⊂ 𝐹(𝐷). 

Allow Θ as well as 𝛬 be take hold ℂ,  allow 𝜙 ∶ ℂ3 ×
𝐷 → ℂ as well as ℎ be univalent inside 𝐷. When 𝑝 is 

analytic in 𝐷 with 𝑝(0) = 𝑖 and implications 

conclusions, 
{𝜙(𝑝(𝑟), 𝑟𝑝′(𝑟), 𝑟𝑝′′(𝑟); 𝑟 )} ⊂ Θ ⟹ 𝑝(𝐷) ⊂ Λ, 

alongside meets  the second-order differential 

subordination requirement 

𝜙( 𝑝(𝑟), 𝑟𝑝′(𝑟), 𝑟𝑝"(𝑟); 𝑟 ) ≺ 𝑔(𝑟),                        2 

subsequently, 𝑝 is referred to as a variations 

subordination of a solution. In addition to 𝑝, 

Φ(𝑝(𝑟), 𝑟𝑝′(𝑟), 𝑟𝑝"(𝑟); 𝑟) are univalent alongside 

meets the second-order variations subordination 

requirement 

𝑔(𝑟) ≺ 𝜙( 𝑝(𝑟), 𝑟𝑝′(𝑟), 𝑟𝑝"(𝑟); 𝑟),                       3 

then 𝑝 is referred to as a variations superordination: 

by Eq 3, obtaining  

Θ ⊂ {𝜙(𝑝(𝑟), 𝑟𝑝′(𝑟), 𝑟𝑝′′(𝑟); 𝑟)}. 
Bulboaca 7 investigated specific types of first-order 

variations superordinations, including 

superordination safeguarding integral operators, 

employing the outcomes of Miller as well as Mocanu 

8. Using the results of Bulboaca 7, Ali 9 obtained 

adequate circumstances for particular normalized 

analytic functions in satisfy: 

𝑤1(𝑟) ≺
𝑟𝜑′(𝑟)

𝜑(𝑟)
≺ 𝑤2(𝑟), 

in which 𝑤1 as well as 𝑤2 are somewhat univalent 

functions inside 𝐷 and 𝑤1(0) = 𝑤2(0) = 1. Tuneski 

10 gathered sandwich leads to feed certain classes 

about analytic functions in order to satisfy: 

𝑤1(𝑟) ≺
𝜑(𝑟)

𝑧𝜑′(𝑟)
≺ 𝑤2(𝑟), 

and 
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𝜑′′(𝑟)𝑓(𝑟)

(𝜑′(𝑟))
2 . 

A few weeks ago Shanmugam et al. 11 gathered 

sandwich outcomes from their analytic function 12- 15. 

Can look at a few variations of subordination as well 

as superordination leads to include the 

operator 𝐸𝜐,𝛼
𝑚 (𝑟). 

  

Basic Concepts 

At this point, we'll go over the definitions in addition 

to the lemmas that will be required in this piece of 

writing. 

 

Definition 1: 16 Indicating by 𝑊 a collection of 

functions 𝑤 which are analytic as well as injective on 

�̅� 𝑇(𝑤),⁄  which 

𝑇(𝑤) = {𝑥 𝜖 𝜕𝐷 ;  lim
𝑟→𝑥

𝑤(𝑟) =  ∞} ,                4 

so that 𝑤′(𝑥 ) ≠ 0 for 𝑥 𝜖 𝜕𝐷 𝑡(𝑤).⁄  The subclass for 

𝑊 about which 𝑤(0) = 𝑏 is represented by 𝑊(𝑏). 
 

Definition 2: 17 In terms of parameters 𝜆𝑖 ∈ ℂ, 𝑖 =
1, 2, … , 𝑞, 𝛽𝑗 ∈ ℂ ∖ {0, −1, −2, … } and 𝑗 = 1, 2,

… , 𝑠, the general hypergeometric function is 

characterized as follows 9,10,13  

 𝑞𝐹𝑠( 𝜆1, … , 𝜆𝑞; 𝛽1, … , 𝛽𝑠 ; 𝑧)

= ∑
(𝜆1)𝑛 … (𝜆𝑞)

𝑛

(𝛽1)𝑛 … (𝛽𝑠)𝑛 𝑛!

∞

𝑛=0

𝑟𝑛, 𝑞 ≤ 𝑠 + 1; 𝑠

∈ ℕ ∪ {0};  ℕ = {1,2, … },                                           5 

the Pochhammer representation (𝑥)𝑛 it can be 

defined as a component of the Gamma function Γ 

through 

 

(𝑥)𝑛 =
Γ(𝑥 + 𝑛)

Γ(𝑥)
= {

𝑥(𝑥 + 1)(𝑥 + 2) … (𝑥 + 𝑛 − 1)  ;  𝑛 ∈ ℕ and 𝑥 ∈ ℂ
                                         1           if 𝑛 = 0 and 𝑥 ∈ ℂ\{0}

} .             6 

 

 

Definition 3: 18 If functions 𝜑 ∈ 𝛴 with 𝜐, 𝛼 to be 

numbers that are real, (𝜐 ≥ 𝛼 ≥ 0 and 𝑚 ∈
ℕ characterize the operator as comes next: 

 𝐷𝜐,𝛼
𝑚 𝜑(𝑟) = 𝑟−1

+ ∑ 𝐴(𝜐, 𝛼, 𝑛)𝑚 𝑖𝑛 𝑟
𝑛

∞

𝑛=0

,   (𝑟

∈ 𝐷∗)                                                    7 
so that 

𝐴(𝜐, 𝛼, 𝑛) = [(𝑛 + 2)𝜐𝛼 + 𝜐 − 𝛼](𝑛 + 1)
+ 1,                                                       8 

and 

𝐷𝜐,𝛼
0 𝜑(𝑟) = 𝜑(𝑟) 

𝐷𝜐,𝛼
1 𝜑(𝑟) = 𝐸𝜐,𝛼𝜑(𝑟) 

     𝐷𝜐,𝛼
𝑚 𝜑(𝑟) = 𝐷𝜐,𝛼 (𝐷𝜐,𝛼

𝑚−1 𝜑(𝑟)) . (𝑟

∈ 𝐷∗)                                                    9 

Let 𝜐 = 1 as well as 𝛼 = 0, receiving the difference 

operator established in 14. Using the operator 

𝐷𝜐,𝛼
𝑚 𝜑(𝑟). Currently, characterizing the linear 

operator  𝐸𝜐,𝛼
𝑚 (𝑟) on 𝛴 which comes next: 

 𝐸𝜐,𝛼
𝑚 (𝑟) = 𝐷𝜐,𝛼

𝑚 𝜑(𝑟) ∗ 𝜔(𝑟),         (𝑟 ∈ 𝐷∗) 

in which 

𝜔(𝑟) = 𝑟−1 + ∑  
(𝑖)𝑛+1

(𝑐)𝑛+1
𝑖𝑛 𝑟

𝑛

∞

𝑛=0

  ,   𝑖 ∈ 𝐶∗, 𝑐

∈ 𝐶\{0, −1, −2, … }, 
then 

  𝐸𝜐,𝛼
𝑚 (𝑟)

= 𝑟−1 + ∑ 𝐴(𝜐, 𝛼, 𝑛)𝑚 

∞

𝑛=0

 
(𝑖)𝑛+1

(𝑐)𝑛+1
𝑖𝑛 𝑟

𝑛 .                 10 

It is easy to see for Eq 10, which 

   𝑟(𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟))

′

= 𝑖𝐸𝜐,𝛼
𝑚 (𝑖 + 1; 𝑟)𝜑(𝑟)

− (𝑖 + 1)𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟),                                                11 

and 

 𝑟(𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

′

= 𝜐𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)

− (𝜐 + 1)𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟).               12 

 

Lemma 1: 19 The function 

𝑤(𝑟) =
1

(1 − 𝑟)2𝑏𝑐
 

is univalent inside 𝐷 if as well as only if  |2𝑏𝑐 − 1| ≤
1 𝑜𝑟 |2𝑏𝑐 + 1| ≤ 1. 
 

Lemma 2: 10 Allow 𝑤 to be univalent inside 𝐷, 

 𝑤(𝑟) =
1 + 𝐴𝑟

1 − 𝐴𝑟
, as well 𝐴

∈ (−1,0) ∪ (0,1),                           13 

as well as allow 𝜎 ∈ (0,1], 𝜆, 𝛽 > 0, so that 
2𝜆

𝜎

1 + 𝐴

1 − 𝐴
+

𝛽

𝜎

1 + 𝐴

1 − 𝐴
> 0. 

When  𝑝 univalent in 𝐷 alongside 𝑝(0) = 𝑤(0) = 1, 

in addition to 

https://doi.org/10.21123/bsj.2024.10285
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 𝜆𝑝2(𝑟) + 𝛽𝑝(𝑟) + 𝜎𝑟𝑝′(𝑟)

≺ 𝜆 (
1 + 𝐴𝑟

1 − 𝐴𝑟
)

2

+ 𝛽 (
1 + 𝐴𝑟

1 − 𝐴𝑟
)

+ 𝜎
2𝐴𝑟

(1 − 𝐴𝑟)2
  ,                              14 

then 

𝑝(𝑟) ≺ 𝑤(𝑟). 
 

Lemma 3: 20 Allow 𝑤 to be univalent 

alongside 𝑤(0) = 𝑏 and 𝜙, 𝜂 be analytic in a domain 

℘ containing 𝑤(𝐷). Assume that  

(i)  ℜ𝑒 (
𝜙′(𝑤(𝑟))

𝜂(𝑤(𝑟))
) > 0.  (𝑖𝑖)𝑊(𝑟) = 𝑟𝑤′(𝑟)𝜂(𝑤(𝑟)) 

is starlike univalent in 𝐷. 

When  𝑝 ∈ 𝐺[𝑏, 1] ∩ 𝑊 alongside 𝑝(𝐷) ⊆

℘, 𝜙(𝑝(𝑟)) + 𝑟𝑝′(𝑟)𝜂(𝑝(𝑟)) is univalent inside 𝐷, 

then                   

𝜙(𝑤(𝑟)) + 𝑟𝑤′(𝑟)𝜂(𝑤(𝑟))

≺ 𝜙(𝑝(𝑟))

+ 𝑟𝑝′(𝑟)𝜂(𝑝(𝑟)),                           15 

indicates that w(r) ≺ 𝑝(𝑟), 𝑤 is the most 

subordinate dominant Eq 15. 

 

Lemma 4: 15 Allow 𝑤 to be univalent within the unit 

disc 𝐷 as well as allow 𝜙, 𝜂 to be analytic within a 

domain ℘ containing 𝑤(𝐷), alongside 𝜂(𝑢) ≠ 0 so 

that 𝑢 ∈ 𝑤(𝐷). Set  

𝑊(𝑟) = 𝑟𝑤′(𝑟)𝜂(𝑤(𝑟)), 𝑔(𝑟) = 𝜙(𝑤(𝑟)) + 𝑊(𝑟) 

and assume that either 

(i) 𝑔 is convex,  or   (ii) 𝑊 is a starlike function 

within 𝐷. Furthermore, suppose   (iii)  ℜ𝑒 (
𝑟𝑔′(𝑟)

𝑊(𝑟)
) >

0.  
When  𝑝 is analytic within 𝐷, alongside 𝑝(0) =
𝑤(0), 𝑝(𝐷) ⊆ ℘ and 

𝜙(𝑝(𝑟)) + 𝑟𝑝′(𝑟)𝜂(𝑝(𝑟))

≺ 𝜙(𝑤(𝑟)) + 𝑟𝑤′(𝑟)𝜂(𝑤(𝑟)),   16 

then  𝑝(𝑟) ≺ 𝑤(𝑟),  in addition to 𝑤 is the most 

suitable dominant for Eq 16. 

 

Lemma 5: 8 Allow 𝑤 to be convex inside 𝐷 alongside 

𝑤(0) = 𝑏 as well as allow 𝛽 ∈ ℂ, and ℜ𝑒(𝛽) > 0. If 

𝑝 ∈ 𝐺[𝑏, 1] ∩ 𝑊 as well as 𝑝(𝑟) +
𝛽𝑟𝑝′(𝑟) univalent within 𝐷, then  

𝑤(𝑟) + 𝛽𝑟𝑤′(𝑟)
≺ 𝑝(𝑟)
+ 𝛽𝑟𝑝′(𝑟), (𝑟 ∈ 𝐷)                        17 

indicates that 𝑤(𝑟) ≺ 𝑝(𝑟), 𝑤 is the most suitable 

dominant for Eq 17. 

Lemma 6: 11 Allow 𝑤 to be convex univalent inside 

𝐷 alongside 𝑤(0) = 𝑏 and assume that ℜ𝑒 {
𝛼1

𝛼2
} >

0, 𝛼𝐼 ∈ ℂ(𝑖 = 1,2) and 𝛼2 ≠ 0. If 𝑝 ∈ 𝐺[𝑏, 1] ∩ 𝑊 

as well as 𝛼1𝑝(𝑟) + 𝛼𝑝′(𝑟) is univalent within 𝐷, 

then 

𝛼1𝑤(𝑟) + 𝛼2𝑟𝑤′(𝑟)
≺ 𝛼1𝑝(𝑟) + 𝛼2𝑝′(𝑟),                     18 

which implies 𝑤 ≺ 𝑝 in addition to 𝑤 is the best 

subordinant. 

 

Lemma 7: 15 Allow 𝜆, 𝛽 ∈ ℂ alongside 𝛽 ≠ 0 as well 

as allow 𝑤 be a convex function within 𝐷, and 

  ℜ𝑒 {1 +
𝑟𝑤′′(𝑟)

𝑤′(𝑟)
}  

> 𝑚𝑎𝑥 {0; −ℜ𝑒 (
𝜆

𝛽
)}.  (𝑟

∈ 𝐷)                                                   19 

When 𝑝 is analytic within 𝐷 and  

𝜆𝑝(𝑟) + 𝛽𝑟𝑝′(𝑟) ≺ 𝜆𝑤(𝑟) + 𝛽𝑟𝑤′(𝑟),              20 

then  𝑝(𝑟) ≺ 𝑤(𝑟), 𝑤 is the most suitable dominant 

for Eq 20. 

Results and Discussion 

Theorem 1: If 𝜑 ∈ 𝛴 with 𝑝 is univalent inside the 

unit disc 𝐷 alongside 𝑝(0) = 1, as well as what 

follows:   

ℜ𝑒 {1 +
𝑟𝑝′′(𝑟)

𝑝′(𝑟)
}  

> 𝑚𝑎𝑥 {0; −𝜐𝜇ℜ𝑒 (
1

𝜆
)} ,                                           21 

for 𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟) ≠ 0, 0 < 𝜇 < 1, 𝜐 ≥ 1 , 𝜆 ∈

ℂ∗ = ℂ\{0}. In addition to the subsequent variations 

subordination 

(
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

≺ 𝑝(𝑟) + 𝜆
𝑟𝑝′(𝑟)

𝜇𝜐
,                                                      22 

then 

(𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
≺ 𝑝(𝑟), 

along with the function 𝑝(𝑟) is the most dominant of 

Eq 22. 

 

Proof: Allow  

(𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
= 𝑔(𝑟), 
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subsequently  𝑔(𝑟) is analytic in 𝐷 alongside  

𝑝(0) = 1, by Eq 11, getting 

(
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

= 𝑔(𝑟) + 𝜆
𝑟𝑔′(𝑟)

𝜇𝜐
  , 

As a result, the Eq 22 provides 

𝑔(𝑟) + 𝜆
𝑟𝑔′(𝑟)

𝜇𝜐
≺ 𝑝(𝑟) + 𝜆

𝑟𝑝′(𝑟)

𝜇𝜐
. 

Employing Lemma 7, in which 𝑥 = 1 and 𝛼 =
𝜆

𝜇𝜐
 , 

getting the outcome. 

When 𝑝(𝑟) =
1_𝐴𝑟

1+𝐵𝑟
  is substituted in Theorem 1, in 

which −1 ≤ 𝐵 < 𝐴 ≤ 1, the circumstance Eq 21 

turns into 

ℜ𝑒 {
1 − 𝐵𝑟

1 + 𝐵𝑟
}  > 𝑚𝑎𝑥 {0; −𝜐𝜇ℜ𝑒 (

1

𝜆
)} ,                23 

It is simple to demonstrate which function 𝑓(𝜗) =
(1−𝜗)

(1+𝜗)
, |𝜗| < |𝐵|, is convex inside 𝐷 since 𝑓(𝜗)̅̅̅̅̅ =

𝑓(𝜗)̅̅ ̅̅ ̅̅  every time |𝜗| < |𝐵|, it comes that 𝑓(𝑟) is a 

convex domain symmetrical in relation to its real 

axis, hence 

  𝑖𝑛𝑓 {ℜ𝑒 {
1 − 𝐵𝑟

1 + 𝐵𝑟
}} =

1 − |𝐵|

1 + |𝐵|
> 0.                     24 

In that case, Eq 23 is the same as 

𝜐𝜇ℜ𝑒 (
1

𝜆
) ≥

1 − |𝐵|

1 + |𝐵|
. 

 

Corollary 1: Allow 𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟) ≠ 0 , 0 < 𝜇 <

1, μ ≥ 1, 𝜆 ∈ ℂ∗ = ℂ\{0} as well as ℜ𝑒 (
1

𝜆
) ≥ 0. 

If 𝜑 ∈ 𝛴 alongside 

(
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

≺
1 + 𝑟

1 − 𝑟

𝜆

𝜐𝜇

2𝑟

(1 − 𝑟)2
.                                                    25 

Then 

(𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
≺

1 + 𝑟

1 − 𝑟
 , 

in addition to  
1+𝑟

1−𝑟
  is the most dominant for Eq.25. 

 

Corollary 2: Allow 𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟) ≠ 0, 𝜆 ∈ ℂ∗ =

ℂ\{0}, 0 < 𝜇 < 1, μ ≥ 1 as well as −1 ≤ 𝐵 < 𝐴 ≤
1  and the one that follows:  

𝑚𝑎𝑥 {0; −𝜐𝜇ℜ𝑒 (
1

𝜆
)} ≤

1 − |𝐵|

1 + |𝐵|
 . 

If 𝜑 ∈ 𝛴 with 

(
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

≺
1 + 𝐴𝑟

1 + 𝐵𝑟

𝜆

𝜐𝜇

(𝐴 − 𝐵)𝑟

(1 + 𝐵𝑟)2
.                                             26 

Then 

(𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
≺

1 + 𝐴𝑟

1 + 𝐵𝑟
 , 

in addition to   
1+𝐴𝑟

1+𝐵𝑟
  is the most dominant about Eq 

25. If  𝐴 = 1 as well as 𝐵 = −1. 
 

Theorem 2: Let 𝑝 become convex inside the unit 

disc 𝐷 as well as 𝑝(0) = 1, the values are  𝜑 ∈
𝛴, 𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟) ≠ 0,0 < 𝜇 < 1 , 𝜐 ≥ 1 alongside 

𝜆 ∈ ℂ∗ = ℂ\{0}, as well as ℜ𝑒(𝜆) > 0. Assume the 

following (𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
∈ 𝐺[𝑝(0), 1] ∩ 𝑊. 

If  

(
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

 

is univalent within the unit disc 𝐷, in addition to 

𝑝(𝑟) + 𝜆
𝑟𝑝′(𝑟)

𝜇𝜐

≺ (
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

,            27 

then 

𝑝(𝑟) ≺ (𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
, 

The function 𝑝(𝑟) is the most dominant for Eq.27. 

 

Proof: Allow  

(𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
= 𝑔(𝑟). 

in which 𝑔(𝑟) is analytic in 𝐷 via 𝑝(0)  =  1. Eq 12, 

gives us 

𝑔(𝑟) + 𝜆
𝑟𝑔′(𝑟)

𝜇𝜐

= (
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

. 

Satisfied with this result by Lemma 5. Given 𝑝(𝑟) =
1+𝐴𝑟

1+𝐵𝑟
  within Theorem 2, as well as −1 ≤ 𝐵 < 𝐴 ≤

1, receiving the following outcome. 

 

Corollary 3: Let 𝑝 become convex inside the unit 

disc 𝐷 alongside 𝑝(0) = 1 as well as allow  −1 ≤
𝐵 < 𝐴 ≤ 1 , 𝜐 ≥ 1, 𝜆 ∈ ℂ∗ = ℂ\{0} such so 𝜑 ∈ 𝛴,
𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟) ≠ 0, 0 < 𝜇 < 1, and ℜ𝑒(𝜆) > 0. 
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Assume the following (𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
∈

𝐺[𝑝(0), 1] ∩ 𝑊. For the function 

(
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

 

is univalent within the unit disc 𝐷, as well as 

 
1 + 𝐴𝑟

1 + 𝐵𝑟

𝜆

𝜐𝜇

(𝐴 − 𝐵)𝑟

(1 + 𝐵𝑟)2

≺ (
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

,             28 

then 

1 + 𝐴𝑟

1 + 𝐵𝑟
≺ (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

, 

as well as 
1+𝐴𝑟

1+𝐵𝑟
 is the most dominant for Eq.28. 

 

Theorem 3: Let 𝑝 become univalent inside the unit 

disc 𝐷 as well as 𝑝(0) = 1, allow 𝜑 ∈ 𝛴  everybody 

have  𝑟 ∈ 𝐷 as well as 𝛿, 𝛬, 𝜌 ∈ ℂ, alongside 𝛬 +
𝜌 ≠ 0, 𝛼, 𝜐 ∈ ℂ∗ = ℂ\{0}. Assume that 𝜑 as well as 

𝑝 meet the subsequent circumstances: 

{
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
}

≠ 0,                                                    29 
as well as  

ℜ𝑒 {1 +
𝑟𝑝′′(𝑟)

𝑝′(𝑟)
}  > 𝑚𝑎𝑥 {0; −ℜ𝑒 (

𝛿

𝛼
)} .           30 

If 

  𝜙(𝑟)

≡ (
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
)

−𝜇+1

     31 

[   𝛿

+ 𝛼𝜇 (−1

−
𝛬𝑟(𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟))
′

+ 𝜌𝑟(𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

′

𝛬(𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) + 𝜌(𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
)] , 

as well as 

𝜙(𝑟) ≺ 𝛿𝑝(𝑟) + 𝛼𝑟𝑝′(𝑟),                             32 
then  

(
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
)

−𝜇+1

≺ 𝑝(𝑟), 

the value of the function 𝑝(𝑟) is the most dominant 

about Eq.32. 

 

Proof: Let   

    (
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
)

−𝜇+1

= 𝑔(𝑟).                                              33 

in which 𝑔(𝑟) is analytic in 𝐷 and  𝑝(0) = 1. By 

dividing Eq 33, receiving 

𝜇 (−1 −
𝛬𝑟(𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟))
′

+ 𝜌𝑟(𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

′

𝛬(𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) + 𝜌(𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
)

=
𝑟𝑔′(𝑟)

𝑔(𝑟)
 . 

Hence,  

𝜇𝑔(𝑟) (−1

−
𝛬𝑟(𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟))
′

+ 𝜌𝑟(𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

′

𝛬(𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) + 𝜌(𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
)

= 𝑟𝑔′(𝑟). 
Furthermore, allowing the functions: 

𝜙(𝑢) = 𝛿𝑢,    𝜂(𝑢) = 𝛼  , 𝑢 ∈ ℂ, 
𝑊(𝑟) = 𝑟𝑝′(𝑟)𝜂(𝑝(𝑟)) = 𝛼𝑟𝑝′(𝑟), 

and 

ℎ(𝑟) = 𝜙(𝑝(𝑟)) + 𝑊(𝑟) = 𝛿𝑝(𝑟) + 𝛼𝑟𝑝′(𝑟). 

Based on Eq 30, can also see which 𝑊 is a starlike 

function within 𝐷. Such as 

ℜ𝑒
𝑟ℎ′(𝑟)

𝑊(𝑟)
= ℜ𝑒 {

𝛿

𝛼
+ 1 +

𝑟𝑝′′(𝑟)

𝑝′(𝑟)
} > 0. 

The proof has become complete thanks to Lemma 4. 

Allowing,  𝑝(𝑟) =  
1+𝐴𝑟

1+𝐵𝑟
  within Corollary 3, as well 

as −1 ≤ 𝐴 < 𝐵 ≤ 1 alongside Eq 24, a value of Eq 

30 is obtained. 

𝑚𝑎𝑥 {0; −ℜ𝑒 (
𝛿

𝛼
)} ≤

1 − |𝐵|

1 + |𝐵|
. 

As a result of the particular scenario 𝛬 = 0, 𝜌 = 𝛼 =
1, getting what follows: 

 

Corollary 4: If 𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟) ≠ 0 for every 𝑟 ∈

𝐷, 𝜑 ∈ 𝛴 alongside −1 ≤ 𝐴 < 𝐵 ≤ 1, 𝜇 ∈
ℂ∗ and  𝛿 ∈ ℂ suppose as  

𝑚𝑎𝑥{0; −ℜ𝑒(𝛿)} ≤
1 − |𝐵|

1 + |𝐵|
. 

If 

 (𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
[𝛿

+ 𝜐 (−1 −
𝑟(𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
′

𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)

)]

≺ 𝛿
1 + 𝐴𝑟

1 + 𝐵𝑟
+

𝑟(𝐴 − 𝐵)

(1 + 𝐵𝑟)2
 ,            34 

subsequently, 
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(𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
≺

1 + 𝐴𝑟

1 + 𝐵𝑟
  , 

as well as 
1+𝐴𝑟

1+𝐵𝑟
  is the most dominant of Eq 34. 

Allowing, 𝑝(𝑟) =
1+𝑟

1−𝑟
, 𝛬 = 0, 𝛼 = 𝜌 = 1 as well 

as 𝜆𝑖 = 𝛽𝑖(𝑖 = 1,2, … , 𝑠)  within Corollary 4, obtain 

what follows: 

 

Corollary 5: If 𝜑 ∈ 𝛴 as well as  𝑟𝜑(𝑟) ≠ 0 for 

every 𝑟 ∈ 𝐷 such so 𝜇 ∈ ℂ∗. And  

(𝑟𝜑(𝑟))
−𝜇+1

[𝛿 + 𝜐 (−1 −
𝑟(𝜑(𝑟))

′

𝜑(𝑟)
)]

≺ 𝛿
1 + 𝑟

1 − 𝑟
+

2𝑟

(1 − 𝑟)2
 ,                  35 

then 

(𝑟𝜑(𝑟))
−𝜇

≺
1 + 𝑟

1 − 𝑟
  , 

as well as 
1+𝑟

1−𝑟
  is the most advantageous dominant of 

Eq 35. 

 

Theorem 4: If the function 𝑝 is univalent in 𝐷 

and  𝑟 ∈ 𝐷, 𝑝(0) = 1, 𝑝(𝑟) ≠ 0, 𝛬, 𝜌 ∈ ℂ, 𝛼, 𝜐 ∈
ℂ∗ = ℂ\{0} as well as 𝛬 + 𝜌 ≠ 0. If 𝜑 ∈ 𝛴 Assume 

that 𝜑 as well as 𝑝 meet the following circumstances: 

 

 {
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
}

≠ 0,                                                    36 
and 

ℜ𝑒 {1 +
𝑟𝑝′′(𝑟)

𝑝′(𝑟)
−

𝑟𝑝′(𝑟)

𝑝(𝑟)
}  > 0.                        37 

If 

    1

+ 𝛼𝜐 [−1

−
𝛬𝑟(𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟))
′

+ 𝜌𝑟(𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

′

𝛬(𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) + 𝜌(𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
]

≺ 1 + 𝛼
𝑟𝑝′(𝑟)

𝑝(𝑟)
,                                                            38 

 

then 

(
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
)

−𝜇+1

≺ 𝑝(𝑟), 

As well as the function 𝑝(𝑟) is the most 

advantageous dominant of Eq 38. 

 

Proof: Let   

  (
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
)

−𝜇+1

= 𝑔(𝑟),                                              39 

therefore the function  𝑔(𝑟) is analytic within 𝐷 as 

well as 𝑝(0) = 1. Eq 30 is differentiated to give us 

𝜇 [−1 −
𝛬𝑟(𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟))
′

+ 𝜌𝑟(𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

′

𝛬(𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) + 𝜌(𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
]

=
𝑟𝑔′(𝑟)

𝑔(𝑟)
. 

By Lemma 4, letting 

𝜙(𝑢) = 1 and 𝜂(𝑢) =
𝛼

𝑢
  , 

therefore 𝑤 is analytic within ℂ alongside 𝜂(𝑢) ≠ 0 

is analytic in ℂ∗ . Believing that 

𝑊(𝑟) = 𝑟𝑝′(𝑟)𝜂(𝑝(𝑟)) = 𝛼
𝑟𝑝′(𝑟)

𝑝(𝑟)
, 

and 

ℎ(𝑟) = 𝜙(𝑝(𝑟)) + 𝑊(𝑟) = 1 + 𝛼
𝑟𝑝′(𝑟)

𝑝(𝑟)
, 

since 𝑊(0) = 0 as well as 𝑊′(0) ≠ 0, hence Eq 28 

would result in 𝑊 as a starlike function inside 𝐷. Eq 

28, obtaining 

ℜ𝑒
𝑟ℎ′(𝑟)

𝑊(𝑟)
= ℜ𝑒 {1 +

𝑟𝑝′′(𝑟)

𝑝′(𝑟)
−

𝑟𝑝′(𝑟)

𝑝(𝑟)
} > 0, 

using Lemma 4, getting 𝑔(𝑟) ≺ 𝑝(𝑟), 𝑝(𝑟) is the 

most advantageous dominant of the Eq 38. Next 

result, supposing that  𝛬 = 0, 𝜌 = 𝛼 = 1, −1 ≤ 𝐴 <

𝐵 ≤ 1, alongside 𝑝(𝑟) =  
1+𝐴𝑟

1+𝐵𝑟
. 

 

Corollary 6: Let 𝜑 ∈ 𝛴, and 𝑏, 𝑐 ∈ ℂ∗ such so 

𝑟𝜑(𝑟) ≠ 0  for every 𝑟 ∈ 𝐷, |2𝑏𝑐 − 1| ≤ 1  
or |2𝑏𝑐 + 1| ≤ 1. Alongside Eq 27. If 

    1 +
1

𝑏
[−1 −

𝑟𝜑′(𝑟)

𝜑(𝑟)
] ≺

1 + 𝑟

1 − 𝑟
 ,                     40 

therefore, 

(𝑟𝑓(𝑟))
−𝑏

≺
1

(1 − 𝑟)2𝑏𝑐
  , 

as well as  
1

(1−𝑟)2𝑏𝑐  is the most advantageous 

dominant of Eq.40, consider the following,  𝑏, 𝑐 ∈

ℂ∗, 𝛼 =
𝑒𝑖𝜆

𝑐𝑏𝑐𝑜𝑠𝜆
, 𝛬 = 0, 𝜇 = 𝑏, 𝜌 = 1 and  𝜆𝑖 =

𝛽𝑖(𝑖 = 1,2, … , 𝑠) alongside |𝜆| < 𝛬 2,⁄  𝑞(𝑧) =
1

(1−𝑟)2𝑐𝑏𝑐𝑜𝑠𝜆𝑒−𝑖𝜆, the following is the outcome. 

 

Corollary 7: If 𝜑 ∈ 𝛴, and 𝑟𝜑(𝑟) ≠ 0 for every  𝑟 ∈
𝐷, allow|𝜆| < 𝛬 2 and  ⁄ 𝑏, 𝑐 ∈ ℂ∗. consider the 

follows |2𝑐𝑏𝑐𝑜𝑠𝜆𝑒−𝑖𝜆 − 1| ≤ 1 𝑜𝑟|2𝑐𝑏𝑐𝑜𝑠𝜆𝑒−𝑖𝜆 +

1| ≤ 1 by Eq 29. If 
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  1 +
𝑒𝑖𝜆

𝑏𝑐𝑜𝑠𝜆
[−1 −

𝑟𝜑′(𝑟)

𝜑(𝑟)
] ≺

1 + 𝑟

1 − 𝑟
 ,              41 

then 

(𝑟𝜑(𝑟))
−𝑏

≺
1

(1 − 𝑟)2𝑐𝑏𝑐𝑜𝑠𝜆𝑒−𝑖𝜆
  , 

as well as (1 − 𝑟)2𝑐𝑏𝑐𝑜𝑠𝜆𝑒−𝑖𝜆
  is the most 

advantageous dominant of Eq 41. 

 

Theorem 5: If the function 𝑝 is univalent in 𝐷 as 

well as 𝑝(0) = 1 such so 𝜑 ∈ 𝛴, 𝜇, 𝛼 ∈ ℂ∗ = ℂ\{0}, 
consider following 𝛿, 𝛬, 𝜌 ∈ ℂ, 𝛬 + 𝜌 ≠ 0 alongside 

ℜ𝑒 (
𝛿

𝛼
) > 0.  Allow 𝜑 meet the following 

requirements: 

 {
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
} ≠ 0, 

and  

{
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
}

−𝜇+1

∈ 𝐺[𝑝(0), 1] ∩ 𝑊. 
When 𝜙(𝑟) from Eq 29 is univalent within 

𝐷 alongside 

𝛿𝑤(𝑟) + 𝛼𝑟𝑤′(𝑟) ≺ 𝜙(𝑟),                            42 
then 

𝑝(𝑟) ≺ {
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
}

−𝜇+1

, 

the function 𝑝(𝑟) is the most advantageous dominant 

of Eq 42. Now by Theorem 1, Theorem 2 as well as 

Theorem 5, the subsequent two sandwich theorems 

accordingly: 

 

Theorem 6: If 𝑝1 and 𝑝2 become two convex 

functions within the unit disc 𝐷 alongside  𝑝1(0) =
𝑝2(0) = 1, for 𝜑 ∈ 𝛴 such so 𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟) ≠
0, 0 < 𝜇 < 1 , 𝜆 ∈ ℂ∗ = ℂ\{0} and ℜ𝑒(𝜆) > 0. 
Assume the following scenario 

(𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
∈ 𝐺[𝑝(0), 1] ∩ 𝑊. If  

(
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

 

is univalent inside the unit disc 𝐷, so that 

𝑝1(𝑟) + 𝜆
𝑟𝑝1

′(𝑟)

𝜇𝜐
 

≺ (
𝜆𝜐 + 1

𝜐
) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇+1

− 𝑟𝜆 (𝐸𝜐,𝛼
𝑚 (𝑟)𝜑(𝑟)) (𝑟𝐸𝜐,𝛼

𝑚+1(𝑟)𝜑(𝑟))
−𝜇

≺ 

𝑝2(𝑟) + 𝜆
𝑟𝑝2

′(𝑟)

𝜇𝜐
 ,                            43 

then  

𝑝1(𝑟) ≺ (𝑟𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟))

−𝜇+1
≺ 𝑝2(𝑟), 

the functions 𝑝1 as well as 𝑝2 are the most 

subordinate as well as the most dominant for Eq 43. 

 

Theorem 7: Allow 𝑝1 as well 𝑝2 become two convex 

within the unit disc 𝐷 and 𝑝1(0) = 𝑝2(0) = 1, such 

so 𝛿, 𝛬, 𝜌 ∈ ℂ, 𝜇, 𝛼 ∈ ℂ∗ = ℂ\{0}, 𝛬 + 𝜌 ≠ 0 and 

ℜ𝑒 (
𝛿

𝛼
) > 0. Allow 𝜑 ∈ 𝛴 Assume the following 

scenario 𝜑 meet the following requirements: 

{
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
} ≠ 0, 

so that  

{
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
}

−𝜇+1

∈ 𝐺[𝑝(0), 1] ∩ 𝑊. 
When the function 𝜙 provided by Eq 31 is univalent 

and 

𝛿𝑝1(𝑟) + 𝛼𝑟𝑝1
′(𝑟) ≺ 𝜙(𝑟)
≺ 𝛿𝑝2(𝑟) + 𝛼𝑟𝑝2

′(𝑟),                   44 
then 

𝑝1(𝑟)

≺ {
𝑟{𝛬𝐸𝜐,𝛼

𝑚 (𝑟)𝜑(𝑟) + 𝜌𝐸𝜐,𝛼
𝑚+1(𝑟)𝜑(𝑟)}

𝛬 + 𝜌
}

−𝜇

≺ 𝑝2(𝑟), 

then 𝑝1 as well as 𝑝2 are the most subordinate as well 

as the most dominant for Eq.44.  
 

Conclusion 

The paper investigates a subclass of analytical 

univalent functions associated with the concept of 

power source variations in subordination. Looking at 

the variations in subordination as well as super 

ordination that leads to including a particular class 

about univalent functions stated upon the open unit 

disc time for univalent functions gathering multiple 

real estate subordinations as well as super 

ordinations linked alongside the Hadamard product, 

employing the characteristics of the operator. 

Investigating the different types of subordinations as 

well as super ordinations employing the real estate of 

the broader derived operator and demonstrating sure 

theorems. Additional inferences were gathered on 

variation subordination employing a linear operator. 
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 علياوالتبعية ال التفاضلية التبعية على من الدوال معينة فئة على تنطوي التي النتائج بعض

 6إبراهيم إسراء،  5جميل علي، 4جوشوا حسيني، 3أوشينوبي كايود، 2شهيد جميل الدليمي، 1مصطفى ابراهيم حميد

 1قسم الرياضيات، كلية التربية للعلوم الصرفة، جامعة الانبار، الرمادي، العراق.

 2قسم علوم الحاسوب، كلية المعارف الجامعة، الرمادي، العراق.
 3كلية المعلوماتية والحوسبة والنظام السيبراني، جامعة شمال أريزونا، الولايات المتحدة الأمريكية.

 4قسم الرياضيات، كلية العلوم، جامعة كيرالا، الهند.

 5كلية التربية والآداب، جامعة صحار، صحار، سلطنة عمان.

 6قسم العلوم، كلية التربية المفتوحة، مديرية تربية كركوك، كركوك، العراق.

 

 ةالخلاص

 مجال في مذكورة ددةمح فئة تضمين إلى الفائق التنسيق إلى بالإضافة التفاضلية التبعية من قليل عدد في التحقيق يؤدي العمل، هذا في

 المقالة ههذ من الغرض. الساندويتش نظريات بعض واستخلاص. مثقوبة مفتوحة وحدة قرص داخل التكافؤ أحادية الميرومورفية الدوال

 ذلك إلى لإضافةبا ويهدف. مثقوب وحدة قرص على التكافؤ أحادية التحليلية للدوال المتغيرة التبعية خصائص من قليل عدد في النظر هو

 كتشافا تم. التكاملي كوماتو وعامل هادامارد، منتج وخصائص المعامل، مساواة عدم مثل الهندسية الخصائص على ثاقبة نظرة إلقاء إلى

 النتائج عرض تم. افؤالتك أحادية التحليلية الدوال في الفوقية وكذلك التبعية في بالاختلافات يتعلق فيما للاهتمام المثيرة النتائج بعض

 بتقييم نقوم حيث .خطيين عاملين تتضمن التي التلافيف باستخدام الخطي، الجبر عوامل ذلك في بما التبعية، في بالاختلافات المتعلقة

 الالتواء عامل استخدام وتم .كوماتو التكامل عامل من التضمين باستخدام بالتلافيف يتعلق فيما العليا التبعية وكذلك فيها والتحقيق التبعيات

 فحص يتم. معممة مفرطة هندسية وظيفة باستخدام المثقب الوحدة قرص داخل التفاضلية التبعية حول متعددة نتائج على للحصول كأداة

 تقنية وهي خطي،ال العامل استخدام خلال من التفاضلية للتبعيات الأبعاد ثنائية مصوغات شرح ويتم المقبولة، الدوال من المناسبة الفئات

. لتكافؤا أحادية التحليلية الدوال من لفئة الساندويتش نوع من النظريات من العديد إنشاء إلى يؤدي وهذا. وفحصها سريفاستافا قدمها

 فريقنا يوفر ذلك، إلى بالإضافة. التبعية خلال من تحديدها يتم والتي بالنجوم الشبيهة للدوال الفرعية الفئات من عدداً الحالي العمل يفحص

 .سابقاً عليها الحصول تم التي وتلك هنا الواردة النتائج بين الصلة ذات الروابط بعض

 لساندويتش،ا نظرية الميرومورفية، الدوال المعممة، الفوقية الهندسية الدوال التفاضلية، التبعية التفاضلي، العامل الكلمات المفتاحية:

 .النجمية الدوال
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