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Introduction 

    The determination of the charge radius is a critical 

aspect of non-standard atomic nuclei, and throughout 

the past few years, experts in nuclear physics have 

focused their efforts on measuring and calculating 

this quantity. Investigating the charge radius is 

particularly fascinating as it entaotherils using 

electromagnetic interaction probes to determine the 

electric charge of a nucleus. This approach 

effectively mitigates the considerable uncertainties 

associated with nuclear physics arising from the 

strong interaction1-6. 

  The shell model and some other models provide a 

brief overview of the properties of atomic nuclei, 

focusing on essential factors related to nuclear 

matter, such as volume energy, equilibrium density, 

incompressibility, symmetry energy (Esym), and 

symmetry energy slope (L). These quantities are 

commonly employed to characterize and make 

comparisons among nuclear models7. The 

determination of the isovector parameters Esym and L 

is challenging due to the limited availability of 

isotopic chains with relatively small lengths. The 

isovector indications that show the most potential 

factors of interamongest are neutron radii, neutron 

skins, dipole polarizability, and parity-violating 

asymmetry. These signs have been extensively 

studied and documented in references. In recent 

literature, it has been proposed that the disparity in 

charge radii between mirror nuclei, denoted as 

∆𝑅𝑚𝑖𝑟𝑟
𝑐ℎ , can potentially function as an isovector 

indication for estimating the Esym parameter L7. 

  The nuclear equation of state (NEOS) for infinite 

nuclear matter, albeit a simplified model, serves as a 
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valuable tool for studying nuclear interactions inside 

the medium. The distinguishing factor between pure 

neutron matter and asymmetric nuclear matter is the 

degree of neutron excess. Neutrons do not exhibit a 

bound state within a nucleus, hence an excess of 

neutrons within a nucleus results in a reduction of the 

binding energy. This phenomenon, while required, is 

inherently unstable and contributes to the 

manifestation of symmetry energy8.  

   A comprehensive the understanding of energy of 

nuclear symmetry can offer valuable insights into 

various physical processes related to different 

profiles of densities and energy levels. The 

comprehension of nuclear structure is significantly 

dependent on the nuclear shell model. Furthermore, 

the behavior of nuclear symmetry energy9. Recent 

research has shown that the L  parameter and the Rskin 

in neutron rich nuclei in to be proportional to the 

variations in the 𝑅𝑐ℎ
𝑚𝑖𝑟𝑟 of mirror nuclei. Neutron skin 

in atomic nuclei influences the size of neutron stars, 

the equation of state of nucleonic matter, and the 

structure of neutron-rich nuclei. Accurately 

measuring the Rskin of nuclei is challenging, despite 

its importance as a fundamental characteristic. The 

Rskin of the nucleus is determined by the disparity in 

charge radii between mirror nuclei, which is 

influenced by the charge symmetry of nuclear forces. 

Precise calculation of the Rskin necessitates the exact 

assessment of the root-mean-square -radii (rms) of 

the charge and the neutron skin.10 

   The ∆Rch was computed using the radii of charge 

of the 36,38Ca nuclei for the mirror pairs 36Ca/S and 
38Ca/Ar, which were established by Brown et al11. 

They determined that the L parameter at the density 

of nuclear saturation, together with the 

accompanying Rch, is fixed at a value of 5–70 MeV. 

This decision excludes a substantial number of 

predictive models about an equation of state. 

   Naito et al12 studied the effect of isospin symmetry 

breaking (ISB) on the variation in charge radius 

between mirror nuclei 48Ca and Ni. It was shown that 

nuclear isospin symmetry-breaking (ISB) effects 

might potentially modify the anticipated value of the 

symmetry energy slope parameter L by over 10 MeV. 

However, the influence of Coulomb corrections 

could be disregarded.  

This study utilized the Hartree-Fock approximation 

(HF) of the shell model to calculate various 

properties such as matter, proton, and neutron 

densities, root mean square (rms) matter and charge 

radii, occupancy numbers, the variation in the proton 

radii of the mirror nuclei (Rmirr), thickness of neutron 

skin (Rskin), and radii of mirror charges 

(𝑅𝑐ℎ
𝑚𝑖𝑟𝑟) which are proportional to NEOS equations 

at saturation density. Furthermore, the symmetry 

energy (Esym) and its slope (L), and the displacement 

energy of the mirror (MDE) were computed for the 

mirror and subsequently compared with the existing 

data. The objective of these computations was to 

ascertain the composition of 18Ne-18O, and analyze 

the structure of these  mirriors nuclei pair. 
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and 𝑂𝐵𝐷𝑀(𝐽𝑖 , 𝐽𝑓,0, 𝛼, 𝛽) is the one body density 

matrix elements that were calculated using the 

NuShellX@MSU shell model code 14.  The total 

matter density is given by: 
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The average square radius for matter  〈𝑅2〉𝜆 proton, 

and neutron is defined as 15:  

 〈𝑅2〉𝜆 =
1

𝜆
 ∑ 𝑜𝑐𝑐# 𝑏2 (𝑁 +

3

2
)             3 

     N, is The total number of excited oscillator quanta 

represented by λ, which corresponds to the mass, 

proton, and neutron number. 

    The formula for the mean square charge radius is 
1: 

 〈𝑅𝑐ℎ
2 〉 = 〈𝑅𝑝

2〉 + 0.769 −
𝑁

𝑍
0.1161 + 0.033      4      

   The Rch of a free proton is 0.769; Rp is the radius of 

a nucleus's point proton dispersion, a free neutron's 

charge radii are -0.1161, and the so-called Darwin-

Foldy term is 0.033 1.  
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  The radius of proton dispersion within a nucleus 

characterized by the proton number (Z) and neutron 

number (N) should correspond to the radius of 

neutron distribution observed in mirror nuclei with 

the neutron number (N) and proton number (Z). The 

thickness of the neutron skin, denoted as Rskin (Z, N), 

can be expected to accurately represent. The 

disparity in proton radii among mirror-nuclei, 

denoted as Rmirr (Z, N)16:                                                  

    Rskin (
AX) ≡ Rn (Z, N) − Rp (Z, N) ≈ Rp (N, Z) − Rp 

(Z, N) ≡ Rmirr (Z, N)                                           5 

  The root- mean –square- radius (rms) of protons and 

neutrons is denoted by Rn and Rp, respectively. The 

difference in ∆Rch of rms for charge radii Rch of the 

mirror nuclei is given by 16,17: 

    ∆𝑅𝑐ℎ = 𝑅𝑐ℎ(𝑍, 𝑁) − 𝑅𝑐ℎ(𝑁, 𝑍)                         6   

 

   The symmetry energy at the density of nuclear 

matter saturation (ρ0 = 0.16 nucleons/fm3) is 

provided by 18: 

    Esym (ρ) ≈31.6 (
𝜌

𝜌°
)

𝛾
                                                         7 

 where 𝛾 = 0.69 − 1.05. The slope symmetry 

energy is provided by and proportional to the neutron 

skins and is provided by 8: 

  𝐿 = 3𝜌 [
𝜕𝐸𝑠𝑦𝑚(𝜌)

𝜕𝜌
] |𝜌=𝜌°

                                         8 

   The parameter L plays a critical role in the 

application of the NEOS method to both low and high 

densities, this is crucial for comprehending the 

structure characteristics of mirror nuclei. When 

taking into account the Coulomb interaction, one 

might expect the energy disparity between two 

mirror nuclei. This energy difference is a clear 

manifestation of the electromagnetic interaction that 

is responsible for the phenomena of isospin-

symmetry-breaking. The mirror displacement energy 

(MDE) is defined based on the difference in binding 

energies (BE) of mirror nuclei. The equation for the 

mean directional error (MDE) can be expressed as 

the difference between the backscatter echoes (BE) 

obtained at temperature T with a vertical beam 

pointing downward (Tz = -T) and the backscatter 

echoes obtained at temperature T with a vertical 

beam pointing upward 19 (Tz = +T). 

  MDE = BE (T, Tz =−T) − BE (T, Tz =+T)           9  

 

Results and Discussion    

      In this paper, some properties of 18Ne-18O mirror 

nuclei are calculated using large-scale shell model 

simulations using the single-particle wave functions 

of Hartree-Fock approximation (HF) adopted with 

Skyrme interactions used to produce single-body 

potentials using Skxtb 20, Skxs25 21, Sly4 22, and 

Bsk9 23 parameterizations. The parameters in the 

Hartree-Fock approximation are a suitable 

representation of the Skyrme power. At present, the 

optimal framework is exemplified by self-consistent 

mean field models 24. The Skyrme interaction 

represents the one that is most commonly used in 

nuclear structure computations that depend on 

momentum because of its zero-range interaction, 

which greatly simplifies computations in many-body 

systems24.  
   When calculating the occupancies of the nucleus, 

the primary features of mirror nuclei can be 

represented. Stated differently, the nucleon's 

contribution and distribution throughout each state 

determines the nuclear quantities 1. Pair mirror 18Ne-
18O nuclei consist of a central core of 16O and two 

nucleons that surround the core and travel in 1d3/2, 

1d5/2, and 2s1/2 orbits. The inert core is arranged in 

configurations (1s1/2)
4 (1p3/2)

8, and (1p1/2)
4. The 

average quantity of nucleons within every j-level 

located beyond the core is displayed in Fig. 1. 

(A&B). It's obvious for 18Ne that The greatest ratio 

of proton is in the 2s1/2 orbit but for 18O the dominant 

orbit of neutrons at 1d5/2. The lower percentage 

configuration mixture appeared for 1d3/2 orbit with 

36% and 1% for 18Ne and 18O, respectively. In 

general, the inclusion of 2s1/2 and 1d5/2 has a powerful 

effect in obtaining interesting results. This is due to 

a clear high percentage configuration mixture of 

these states. 

  To examine the variations in the ground state 

characteristics of the mirror nuclei, the matter density 

distributions 𝜌𝑚(r), 𝜌𝑝(r) and 𝜌𝑛(r) of the pair mirror 

using the four Skyrme interactions (Skxtb, Skxs25, 

Sly4, and Bsk9) are displayed in Fig. 2. (A- D), 

respectively. The curves in this figure represent the 

predicted matter, proton and neutron densities of the 

nuclei and their mirror counterparts, determined 

using the many-body interaction. It is noticeable 

from the figure that the computed density 

distribution for all interactions closely aligns with 

each other,  at r ≥ 2 fm. By comparing the current 

https://doi.org/10.21123/bsj.2024.10512
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results with the results of other research 25, the same 

shape was obtained for the density values, but with 

different amounts. This difference is due to the 

diversity of the interactions used, which leads to 

different wave functions. 

 

 
Figure 1. The occupancies for the ground states of 18Ne-18O pair mirror nuclei 

 

             

     
Figure 2. The matter density distributions 𝝆𝒎(r),  𝝆𝒑(r) and 𝝆𝒏(r) of 18Ne-18O pair mirror nuclei. 

A 
B 
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   One of the few observable static characteristics of 

atomic nuclei is their nuclear radii, which include the 

proton (Rp), neutron (Rn), matter (Rm), and charge 

(Rch) radii. These radii can depict the important 

aspects of the nuclear structure. These calculated root 

mean square radii (rms) with different Skyrme 

interactions and available measured values26,27 of the 

Rm and Rch of pair mirror nuclei are shown in Table 

1. For the results, the values of Rch and Rm agree with 

the experimental data for all Skyrme interactions 

except when using Skxs25 interaction is slightly 

greater than the experimental results. 

  When calculating the nuclear radii values for mirror 

nuclei, the result of the spatial transformation effect 

of protons and neutrons with the HF eigen functions 

appears because only the diagonal matrix 

components of the single particle eigen function, 

which contributes to the nuclear radii, are present in 

the nuclear radii calculations.   

 

Table 1. Determine the rms values for the radii of protons, neutrons, matter, and charge for18Ne-18O 

using four Skyrme interactions. The computed Rch & Rm are compared with the predicted data 26,27. 

Nucleus Interaction 

rms (fm) 

Rp Rn R ch Rm 

18Ne Skxtb 2.856      2.645 2.938 2.764 

Skxs25 2. 969 2.710 3. 049 2. 857 

Sly4 2.914 2. 699 2. 995 2.820 

Bsk9 2.880 2.686 2.962 2.796 

Exp.  - - 2.9714±0.0076 26 2.81 ± 0.14 27 

18O 

Skxtb 2.666 2.802 2.729 2.743 

Skxs25 2.739 2.894 2.800 2.826 

Sly4 2.717 2.863 2.780 2.799 

Bsk9 2.702 2.836 2.764 2.777 

Exp.  - - 2.7726 ±0.0056 26 2.61 ± 0.08 27 

  

     Proton-rich atomic nuclei have a proton-to-

neutrons ratio that is noticeably greater than that of 

stable nuclei. Because there are more neutrons than 

protons in the neutron-rich nucleus, it is known as 

such and has a neutron skin 28. The disparity between 

the nuclei that are abundant in protons and those that 

are abundant in neutrons in the present investigation 

was demonstrated by the calculations Rskin of the 

utilized nuclei. The asymmetry in the neutron occurs 

due to the shift in the proton density relative to 

neutrons as a result of the Coulomb interaction. A 

higher neutron-to-proton ratio, or neutron skin, is a 

characteristic of the neutron-rich nucleus 29. The 

phenomenon occurs when there is an overabundance 

of neutrons in the nucleus's core region, which causes 

a pressure differential. A portion of the excess 

neutrons are driven toward the outer regions of the 

nucleus by this pressure differential. 

  Despite having little effect on the nucleus's overall 

size, the neutron skin provides important insights 

into the dynamics of nucleon interactions in a 

substantially isospin-asymmetric environment, 

particularly concerning density variations28. It also 

presents the Rskin of the mirror partners and the 

disparity in proton radii for the mirror pair Rmiorr. 

Indeed, the Rskin of the mirror nuclei that have an 

excess of neutrons is less than the proton skins when 

comparing similar levels of asymmetry between 

protons and neutrons. When there is an excess of 

protons (Z - N), it has been observed that the 

thickness of the proton skin is greater than the 

thickness of The neutron skin corresponds to the 

neutron excess (N - Z) in a nucleus. The cause of this 

phenomenon is attributed to the Coulomb repulsion 

between protons30. 

  For present results, the Rskin of the mirror nuclei 
18Ne-18O are calculated using four sets of HF 

potentials shown in Table 2. The negative values of 

Rskin for18Ne because this nucleus is a proton-rich, the 

skin is called proton skin, where the calculated 

results were in agreement with each other except 

Bsk9 set. As for the 18O nucleus, different values 

were obtained for Rskin, neutron skin, due to the 

different reactions used. One can conclude the 

variations in the masses' kinetic energy operators of 

the protons and neutrons cause a slight variance in 

the pair mirror's Rskin findings, which changes 

depending on the type of interaction performed. The 

computed value of 𝑅𝑐ℎ
𝑚𝑖𝑟𝑟when using the Bsk9 set 

wave function is 0.198fm Approximates the 

experimental value 0.1988±0.002 26. It was found 

https://doi.org/10.21123/bsj.2024.10512
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that the imbalance in the neutron shell results from 

the Coulomb interaction, which boosts the proton 

density outward relative to the neutrons. 

Table 2. Determine the radii of the mirror, skin, and mirror charges. 18Ne-18O using four 

Skyrme interactions. The computed 𝑹𝒄𝒉
𝒎𝒊𝒓𝒓 are in comparison to the empirical data 26. 

interaction 𝑹𝒄𝒉
𝒎𝒊𝒓𝒓 𝑹𝒎𝒊𝒓𝒓 

𝑹𝒔𝒌𝒊𝒏 

for 18Ne 

𝑹𝒔𝒌𝒊𝒏 

for 18O 
𝑹𝒄𝒉

𝒎𝒊𝒓𝒓 

Exp. 

Skxtb 0.209 0.19 -0.210 0.136 0.1988±0.002 26 

 Skxs25 0.249 0.23 -0.260 0.155 

Sly4 0.215 0.197 -0.215 0.145 

Bsk9 0.198 0.178 -0.194 0.134 

 
   The relation between the Rm radii and the mass 

number (A) and between the ∆𝑅𝑐ℎ and ∆𝑅𝑠𝑘𝑖𝑛  are 

very essential to studying the differences between the 

pair of mirror nuclei. The calculations indicate that 

the different Skyrme interactions give nearly linear 

dependence between Rm and the mass number as 

shown in Fig. 3. The values Rm for 18O nucleus when 

using Skxs25 (green color) and SLy4 (red color) sets 

for Skyrme interactions are agreement with the 

experimental data27 (black color), but the values of 

Rm for 18Ne nucleus are greater than the experimental 

data for each set of Skyrme interactions. The reason 

for this is due to the acquired values of proton skins. 

Fig. 4 represents the relationship between ∆𝑅𝑐ℎ and 

∆𝑅𝑠𝑘𝑖𝑛  using different Skyrme interactions. The 

relationship between them is a linear, decreasing 

relationship. The investigation of proton radii in 

mirror nuclei is valuable due to the challenging 

nature of experimental measurements of neutron 

distributions. The proton radius can serve as a 

substitute for measuring the Rskin. Additionally, the 

neutron radius is graphed with the proton radius of 

the mirror nucleus. The linear correlation between 

∆𝑅𝑐ℎ  and ∆𝑅𝑠𝑘𝑖𝑛  can be utilized to approximate the 

neutron radii of rare isotopes that have not yet been 

empirically accessible. 

 
Figure 3. The relationship between Rm radii and the 

mass number using different Skyrme interactions. The 

experimental data are taken for Ref 27. 

 
Figure 4. The relationship between ∆𝑹𝒄𝒉 and ∆𝑹𝒔𝒌𝒊𝒏  

using different Skyrme interactions 
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     The nuclear matter's Esym at saturation density, as 

well as its complete reliance on density, has received 

significant focus in the last few years. The Esym 

quantifies the alteration in the system's binding as the 

ratio of neutrons to protons varies while keeping the 

whole number of particles constant. Consequently, it 

can be conceptualized as the relationship between 

symmetry energy and density. It has been 

demonstrated that nuclear models with small Esym 

values can lead to instability. 

  Comprehending the density dependence of nuclear 

Esym is essential to comprehend the structure of 

nuclei. The relationship between the density and 

symmetry energy (Esym) in the Hartree-Fock (HF) 

approximation. with four Skyrme interactions Skxtb, 

Skxs25, Sly4, and Bsk9 parameterizations are shown 

in Fig. 5. An empirical observation reveals a nearly 

linear correlation between the Esym and the ratio of 

nuclear matter density to its saturation density.

 

 
Figure 5. The connection between the two entities 𝝆𝒎& Esym  for 18Ne – 18O mirror nuclei. 

     In order to ascertain the properties of nuclear 

matter, one can investigate the nuclear equation of 

state by calculating the values of slope parameter L 

using different Skyrme set interactions. The 

calculated L of 18Ne-18O pair mirror nuclei is in the 

range 98.85 ≤ 𝐿 ≤ 99.3 𝑀𝑒𝑉, which are in agree 

with the measured value 106±37 MeV31, which are 

shown in Table 3. The results for L, however, 

demonstrate a significant agreement with further 

estimates published in the literature, particularly for 

energy density functional. The relationship between 

the difference in charge radii, ∆𝑅𝑐ℎ , for mirror pairs 

and the quantities |N− Z|× L may be demonstrated. 

The difference in neutron skin ΔRskin exists by the 

product of the absolute difference between the 

number of neutrons and protons |N − Z| and the slope 

parameter L, together with a component that is 

mostly unaffected by the magnitude of the difference 

between neutrons and protons |N – Z|.32 The L term 

becomes dominant when the absolute difference 

between N and Z is high. However, when the 

absolute difference between N and Z approaches 

zero, only the Esym term remains8. If the charge radii 

can be determined with a precision of approximately 

0.007 fm, the limitation on L derived from the mirror 

charge radii is superior to that obtained from the 

anticipated parity-violating electron scattering tests8. 

Fig. 6, represent the relationship between the 

difference in charge radius ∆𝑅𝑐ℎ  and the slope 

parameter L. The current results of ∆𝑅𝑐ℎ  and L of the 

mirror nuclei agreement with the experimental data 
33 within error after using the potential for Bsk9.  

  Fig. 7 represent the relationship between the 

different in neutron skin ΔRskin and the slope 

parameter L. Different results were obtained between 

ΔRskin and L with different types of interactions used. 

Harith and Hameed 33 examined this dependency 

using HF approximation with SkXs25 parameters, 

where good results were obtained for the pairs mirror 

nuclei13O-13B and 13N-13C. In mirror nuclei, the 

mirror displacement energy (MDE) is the point at 

which the effects of isospin-symmetry-breaking are 

https://doi.org/10.21123/bsj.2024.10512
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most clearly observed. The estimated minimum 

energy difference (MED) for the 18Ne - 18O mirror 

nuclei, using the Skxtb, Skxs25, Sly4, and Bsk9 

interactions, slitly deviate from the observed value of 

7.663 MeV34. These values are displayed in Table 3.  

 
Figure 6. The relationship between ∆𝑅𝑐ℎ  radii 

and L parameter using different Skyrme 

interactions. 

 
Figure 7. The relationship between ∆𝑅𝑠𝑘𝑖𝑛  radii 

and L parameter using different Skyrme 

interactions. 

 

 

Table 3. The computed values of L parameter and MED for 18Ne-18O mirror nuclei. 

MED (Mev) (L) (MeV) interaction 
Mirror 

Nuclei 

Exp.33 Cal. Exp.31 Cal.   

7.663 7.938 106±37 99.05 skxtb 18Ne -18O 

 
7.966 98.85 Skxs25 

7 99.30 Sly4 

7.086 99.06 Bsk9 

 

Conclusion 

     This paper investigated the nuclear structure of a 

mirror nucleus with mass number 18 utilizing four 

skyrme interactions. The most significant 

contribution to the current examination of the 18Ne 

nucleus showed a considerable contribution that the 

main orbit of a proton is in the 2s1/2, while the highest 

ratio of neutrons for 18O is at 1d5/2. This is caused by 

these states' very high proportion configuration 

mixture. 

The matter density distributions 𝜌𝑚(r), 𝜌𝑝(r) and 

𝜌𝑛(r) of the pair mirror for all interactions tightly 

align at r ≥ 2 fm and diverge at r less than 2fm 

regions. This discrepancy results from the variety of 

interactions that are employed, which produces 

various wave functions. 

The values of Rch and Rm agree with the experimental 

data for Skyrme interactions except when using 

Skxs25 interaction. This results from the difference 

in the kinetic energy operator between the masses of 

protons and neutrons. When utilizing the Bsk9 set 

wave function, the computed value of 𝑅𝑐ℎ
𝑚𝑖𝑟𝑟 

approaches the experimental value. This is because it 

was discovered that the Coulomb contact, which 

causes the protons' density to be pushed outward 

https://doi.org/10.21123/bsj.2024.10512
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about the neutrons, is what causes the imbalance in 

the neutron shell. There is a linear relationship 

between the Esym and the computed density of nuclear 

matter. The computations of the MDE were agreed 

based on the information currently available 

regarding the various binding energies of the mirror 

nuclei. The restriction on L values determined from 

the mirror charge radii comes from18Ne-18O pair 

mirror nuclei with 98.85 ≤ 𝐿 ≤ 99.3 MeV, which 

agrees with the observed value. 
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 لزوج ةدراسة العلاقة بين سمك القشرة النيوتروني والبروتوني على معادلة الحالة النيوتروني

  O81- Ne81 تية آلنوى المرا

 ، بان صباح حميدسلا سامي حمزه

 .قسم الفيزياء، كلية العلوم للبنات، جامعة بغداد، بغداد، العراق

 

 ةالخلاص

 ,Skxtb مثل  سكيرمع تفاعلات م فوك -هاتري ي إطار نموذج القشرة، تم اعتماد الدوال الموجية أحادية الجسيم لتقريب ف

Skxs25, , Sly4وBsk9  لزوج ،  المرآتيةالشحنة ونصف قطر  تيالنيوتروني، ونصف قطر المرآ سمك القشرةلحساب

تتأثر القيم  .NuShellX@MSU قشرةستخدام كود نموذج الة بايالموج الدوال. تم حساب 18Ne-18Oالمرآتية  النوى

كثافة  دعن وانحدارهااظر كما تم تحديد طاقة التن .المستخدمة التفاعلات بنوع نصف القطر المربعجذر متوسط المحسوبة ل

توصل إلى أن البيانات . تم إجراء مقارنات بين البيانات النظرية والتجريبية وتم الالنوى المراتيةوازاحة طاقة التشبع النووي 

 .تيةا الزوج من النواة المرآلهذموصوفة بشكل جيد 

 .لتناظرأزاحه طاقة النوى المراتية، أعداد الأشغال، زوج النوى المراتية، معامل الانحدار، طاقة االكلمات المفتاحية:  

https://doi.org/10.21123/bsj.2024.10512

