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Abstract:

In this paper, we introduce a class of operators on a Hilbert space namely quasi-
posinormal operators that contain properly the classes of normal operator,
hyponormal operators, M—hyponormal operators, dominant operators and posinormal
operators . We study some basic properties of these operators .Also we are looking at

the relationship between invertibility operator and quasi-posinormal operator .
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Introduction:

Let B(H) denote the set of all
bounded linear operators on a Hilbert
space H., an operator T is said to be
posinormal operator if there exists a
positive operator P €B(H), such that
TT =T PT .Also, T is posinormal
operator if and only if
Range (T ) c Range(T ), [1,2].An
operator T is called hyponormal
operator if TT-TT >0,0r
equivalently [T "x||<|Tx| for all x in

H [3] ,and T is called dominant
operator if for each A€ ¢ there exists a
number M ,> 0 such that
H(I' - A)'x ‘s M, | —A)x| for all xe
H. Furthermore , if the set of constants
M , are bounded by a positive number

M then T is called M-hyponormal
operator [4,5,6,p480]. Let o(T),

o,() o, ()and
r(T)=supf|4|,Aeo(T )} denote the

spectrum, the point spectrum , the
approximate point spectrum of T and

the spectral radius of T, [6,p196,502] .
An operator is said to be normaloid if
IT|=r().[7.8 .p267].In this paper ,

we give some types of operators
namely quasi-posinormal operators .

1- Some basic properties of
guasi- posinormal operator .
We start this section by giving the
definition of quasi-posinormal operator
,and we give some basic properties of
these operators
Definition 1.1

Let TeB(H). We call T is a quasi-
posinormal operator if
Range(T ) cRange(T ") .
Example 1.2
Let H= £o(¢) ={X:X=(X1,X2,X3,...,.X, ,..):

w 2
> [x;| <o}, the Unilateral shift
i=l

operator on H is defined by U(xi, X2,
X3,) =(0,X1, X2, X3,...).1t is known that

U " (X1, X2, X3,...) =(X2,X3, X4,......) and
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u? (Xl, X2, X3,...) :U(O,Xl, X2, X3,...)
:(0,0,Xl, X, X3,...).

Now let yeRange(U ?) then y=(0,0,x1,
X2, X3,...) for some x in H .If we
assume  x=(0,0,0,x1, X2, Xs,...) then
U (X)= (0,0,X1, X2, X3,...) =7y, andy
eRange(U *) . Hence U is quasi-
posinormal operator .

Now we give an operator that is not
quasi-posinormal operator.
Example 1.3
Let H= 0x(¢) ={X:X=(X1,X2,X3...X, ..):

- 2
> ;| <o} , the Bilateral shift
i=l

operator on H is defined by B(xi, Xz,
X3,...) =(X2,X3, Xa,...... ). It is known
that B*(Xl, X2, X3,...) :(O,Xl, X2,
X3,...). Now let vy=
(1,0,0,0,...,0,...) then yeRange(B?)
and B"(x)=y forall x in H .Hence
ye Range(B") and therefore B is not
quasi-posinormal operator.

The above example also shows that if
T is quasi-posinormal operator then

T " is not quasi -posinormal operator .

In [9]. Douglas proved the following
theorem
Theorem 1.4 [9]
For AB € B(H) the following
statements are equivalent :
1-Range (A)c Range (B)
2-AA’< 22 BB" for some 2> 0
3-there exists a Te B(H) such that
A=BT.
Moreover if one of 1, 2, and 3 holds
then there is a unique operator T such
that

2
a-[r | =
BB}
b-KerA = KerT; and
c-Rnage(T)  Range(B") .
If we put A= T?and B=T we geta
special case from Douglas theorem

inf {u: ©20and AA< 1
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Which gives a characterization of
totally quasi-posinormal operator.
Theorem 1.5

Let TeB(H), the following statement
are equivalent ;

1- Range(T ?) cRange(T ") ,i.e. Tis
quasi-posinormal operator.

2- T <AT'T for some A>0 :
and

3- there exists an operator C, eB(H)
,suchthat T =T C;

Moreover if 1,2,and 3 hold then there
is a unique operator C, eB(H) such

that

a-|C; | =inf{u, T < TT}.
b-KerT *=ker C; ; and
c-Range(C; ) <Range(T).

Let [T]={AT : AeB(H) } the left
ideals in B(H) generated by T. We
have the following corollary.

Corollary 1.6
T is quasi-posinormal operator if and

onlyif T [T].

Proof :

Let T be a quasi-posinormal operator
then T?=T"C for some bounded
operator CeB(H) and T =CT
implies T e[T].Conversely, if T~
[T] then T~ =KT for some KeB(H),

and hence T?=T 'K~ so T is quasi-
posinormal operator .

Proposition 1.7

Let TeB(H) ,then T is quasi-

posinormal operator if and only if for
each x in H, there exists a constant M

> 0 such that ‘ﬁ *ZXHS M [Tx| .

Proof :
Let T be a quasi-posinormal then

*2
IFx

2
‘ —<TTXTTX>=<TT"x x>
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2

<M <TTx,x >=M <Tx,Tx >=M ||
.for some M> 0.
Conversely ,Iet”r “x H <M [Tx|

2
*2 *2 *2 *2
<TT X X >=<T " xT x>=HF X

<M 2[Tx [ =M 2 <Tx Tx >=M 2 <T Tx x >
,this implies for each x in H , then

TT“<MTT |, hence T is quasi-
posinormal operator .

Proposition 1.8

Let TeB(H),if T is posinormal
operator then T is quasi-posinormal.
Proof:

Since

Range (T *) c Range(T ) c Range(T ")
then T is quasi-posinormal .

Corollary 1.9

Every Dominant operator in particular
every M-hyponormal operator,
hyponormal operator , normal operator
are quasi-posinormal operators.

The converse of the above Proposition
IS not true, see the following example .

Example 1.10
Let  H=0x(¢)={X:X=(X1,X2,X3,...X , ,..):

- 2
D> [x;| <o} we define T by
i=l

T(Xl, X, X3,...) :(XZ,O,O,O,..).

It is easy to check that

T "(X1, X2, X3,...) =(0,%1,0,0,0,0...) but
T2(X1, X2, Xa,...) =T(X2,0,0,0,
=(0,0,0,0,0,0...)and Range (T 2) cRange(T ")
,hence T is quasi-posinormal operator.
Easily we see thatRange (T )  Range(T *).
Therefore T is not posinormal operator.

2- Invertibility, translates and quasi-
posinormal operator

In this section we are looking at
the relationship between invertibilty
operators and quasi -posinormal
operator .A quasi- posinormal operator
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need not be an invertible operator (see
example 1.2) ,we start this section by
the following theorem

Theorem 2.1
Let TeB(H),be an invertible operator
then
1- T is quasi-posinormal operator
.T B

quasi-posinormal
operator.
Proof :
<[

- |rx e < =i |
for all x in H ,we take M:‘TF * H‘TI’ ‘lH,

hence T is quasi-posinormal operator

2-
oy x| <y i<y i ]
ut

quasi-posinormal

2- is

hence T s

operator.

Corollary 2.2
Let TeB(H), and A¢ o(T ) then T-Al

is quasi-posinormal operator.

Before we state the next theorem
we need the following lemma which
appeared in [10].

Lemma 2.3
Let {a,} be a sequence of positive

numbers , which satisfy the relation
a; <a, and &y <a, @,

for n=2,3,... then a'<a, for
n=1,2,3,4.,5,...
Theorem 2.4
Let T be an invertible operator and
fr 4| <1 then
1- ‘P- 2y n+l <M "2 ‘P- n+2y H for

||X ||=1 and n=1,2,...., there exists a
constant M>0 such that
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2- if T"x =0 then T 2x =0 for all x
inH.
Proof :
1-Let k=n+1. We want to show that

k
"T ZX ” <M k (k -1)/2 "T k+1X ”

Let a, =[T x| ,and
a, =M kb2 Hr kely H k=2.3,...
Since

2 *2.
|rl' 2x|| =<T2XT*X >=<xT TX>

rr*szx\”x”gM 2|

2
a <a, .
Now
ak2 -M k (k -1) H—l— k+1x

_ *2, _
=MKED T TR TH x>

*2, _
’T T k+ly ”—I-k 1XH

<M k(k—l)M ”T k+2X H’T k—lX H

Pl x|

then by Lemma 2.3

< then

2
‘ -M k (k -1) <T k+1X T k+1X >

<M K&D

2
SM k“—k+1

Sa'iu—la'i<—1
a‘ <a,_ and Hr 2y Hk <M KD HTk+1X H

n
2| 5[ =[x

T2 X
x|
X

d

T " <0 , hence

< ||X ”n M (D72

T?x=0forall xinH .

Theorem 2.5

Let T be a quasi-posinormal operator

and then

1-AT is a quasi-posinormal operator

ford e¢

2- the translate T+Al need not be a

quasi-posinormal operator

Proof :

1-

x| =[AF [T x| <M |7 [T < M [2]arx |
forall xinH.

2- consider the case T=B-5I ( where

B is the operator defined in

examplel.3). Since 5 ¢o(B), then T
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is an invertible operator by theorem
2.1 T is quasi-posinormal operator.
But T+51=B is not quasi posinormal
operator

Definition 2.6

Let TeB(H), the quasi-spectrum of T
, denoted Q(T) is the set {A: T -Al is
not quasi-posinormal operator }
Proposition 2.7
let TeB(H),be a quasi- posinormal
operator then

1- QMc o).
2- Ifreo,(T) and (T —A) x =0
for all x20 € H then A €Q(T).
3- If ke, (T) and (T —A)"x %0
forall x20 e H then A €Q(T).
Proof :

(1) By corollary 2.2 makes that Q(T)
is a subset of o (T ).

(2 ) Suppose AgQ(T) then T-Al is
quasi-posinormal operator  and

H(r -4l )*ZXHSM | =2)x| for all x

in H. Now Ae o, (T ) then there exists

x=#0such that (T —A)x =0 and
T —/1)*2x =0 contradiction , hence
A €Q(T)

(3) by the same way we can prove it.
Remark 2.8

The sum and the product of two

quasi-posinormal operators need not
be quasi-posinormal operator. We can
see that by the following examples

1- Let H= 0y(¢), Let T, =U the

unilateral shift operator and T, is the
operator defined on H by T,
(X1,X2,X3,...)= (0,0,0,—X5,—X 4, ~X,.....r) It
is clear that T, is hyponormal
operator hence T, quasi-posinormal
operator .Now (T,+T,) ( X1, X2, X3,...)=
T,( X1, X2, X3, )+T,( X1, X2, X3,...)=
(0, X1, X2,0,0,0,0,0....),and (T, +T,)"(
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X1, X, X3,...):( X2, X3,0,0,0, ..... ).If we
take x=( 0,0, X3, X,,X;...) such that x

,#0 then (T, +T,)x|* =|o|"
T +T,)x| =0,
T, +T,) H2 —[, 47, ©0.x,,0,0,0)[ =

(x5,0,0,0,0,..)" =|x,|" then for all
M >0 that H(TﬁTz)*ZXHZM H(I—:L+T2)X H and
(T,+T,)

operator.
2- Let H= £x(¢), T, =U the unilateral

shift operator and T, be the operator

defined on H by
TZ( X1, Xo, X3,...): ( X1, X2,0,0,0,...)

then T, is self-adjoint operator hence
Is quasi-posinormal operator but T[T,
( X1, X2, X3,...)= T,( X1, X2,0,0,0,...)=
(0,X1, X2,0,0,0,0,...) and T[T, is not

quasi-posinormal operator by above
example (1) .

which

implies but

is not quasi-posinormal

Remark 2.9

Let TeB(H) be a quasi-posinormal
operator then T is not normaloid
operator. i.e. the spectral radius of T is

not necessarily equal to |[T| for

example let {e },, be an orthogonal

basis of a Hilbert space H and T be the
a weighted shift defined by Te, =e, ,

Te,=2e, and Te, =¢,, for i=3 ,in
[11]. Wadhwa.B.L proved that T is M-
hyponormal  operator, and not
normaloid operator but by Corollary
1.9 T is quasi posinormal operator and

not normaloid operator.
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