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Abstract: 
In this paper we introduce and study a new concept named couniform modules, which 

is a dual notion of uniform modules, where an R-module M is said to be couniform if 

every proper submodule N of M is either zero or there exists a proper submodule N1 

of N such that  is small submodule of  (denoted by   )                                                  

Also many relationships are given between this class of modules and other related 

classes of modules. Finally, we consider the hereditary property between R-module M 

and R-module R in case M is couniform. 
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Introduction: 

 Let R be a commutative ring with 

unity and let M be an R-module. 

Recall that a submodule N of M is said 

to be small in M, (denoted by  

), if N+L M for every proper 

submodule L of M [1].And M is called 

hollow module if every proper 

submodule of M is small [2].Hollow 

module is a dual notion of the uniform 

module, where an R-module M is 

called uniform if every nonzero 

submodule N of M is essential; that is 

N L ≠ 0 for every nonzero 

submodule L of M [3].  In this paper 

another dual notion of uniform module 

is introduced which we call it 

couniform module. In section 1 of this 

paper, we give some basic properties 

of couniform module. In section 2, we 

study the relationships of couniform 

modules with other types of modules 

such as hollow modules, epiform 

modules and coquasi-Dedekind 

modules. In section 3, we consider the 

hereditary property between the ring R 

and the R-module M. 

Couniform Modules – Basic 

Properties: 

Firstly, we introduce the following 

concept. 

 Definition(1.1): A nonzero module M 

is called couniform, if every proper 

submodule N of M is either zero or 

there exists a proper submodule N1 of 

N such that    

That is for each proper submodule N of 

M, either N = 0 or there exists a proper 

submodule N1 of N such that N1 is 

coessential submodule of N in M, 

where N1 is called coessential 

submodule of N in M if      [4]. 

Examples and Remarks (1.2):   
1. Every simple module is a 

couniform module. 

2. Semisimple module need not be 

couniform module, as examples: 

The Z-module Z6, Z10 are not 

couniform modules. 

3. Every hollow module is a 

couniform module. Since for each 

submodule N of hollow module 

M, N .Hence either N ≠ (0) or 
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N= (0). If N= (0) then we are 

done. If N ≠ (0) then it is well 

known that   for all 

submodule K of N. Thus M is a 

couniform module. And hence 

every chained module is 

couniform module. In particular 

each of the modules 
p

Z 
 
and Z8 

are couniform Z-module. 

4. Every proper submodule of a 

couniform is not coclosed, where 

N1 is called coclosed submodule 

of N in M if whenever:     

Then N = N1 [5]. 

5. The converse of (4) is not true in 

general, as the following example 

shows: 

The Z- module Z is not hollow 

module, but it is a couniform module. 

To show this, let N be a nonzero 

proper submodule of M. If N = , 

nZ+. By a fundamental theorem of 

arithmetic, n =   ……… , 

where Pi is a prime number  i= 

1,2,….s. Let: 

t = max {r1, r2, …., rs} + 1. Take K = 

(P1)
t
 (P2)

t
……(Ps)

t
 

 Then: 

  (P1)
t-r1

(P2)
t-r2

 (Ps)
t-rs

  

Z(P1)t (P2)t……(Ps)t . 

Since all submodules of Z(P1)t 

(P2)t……(Ps)t are , (P1) , 

( ) , (P2) ……, 

( ) ,…… (Ps) , ….. (P
t
s) , 

(P1)  

(P2 , (P1) ( ),………. 

But the sum of each one with 

 is not equal to 

 Z(P1)t (P2)t……(Ps)t . Since the gcd of 

generator of each of one and 

  is not equal to 1. 

Remark (1.3): The homomorphic 

image of a couniform module  may not 

be couniform as the following example 

shows. 

        The Z-module Z is couniform 

module, but if we take the natural 

epimorphism: 

: Z  Z6 

It is clear that Z6 is not couniform Z-

module. 

Proposition (1.4): A direct summand 

of a couniform module is couniform. 

Proof : Let N be a direct summand of a 

couniform module M, thus M=N  K 

for some submodule K of M. Let N1 be 

a nonzero proper submodule of N, then  

N1 is a proper submodule of M. But M 

is a couniform module, so there exists 

a proper submodule  

N2 of N1 such that     , thus   

  

But  =   . Thus   

   i.e   

 

Hence by [5],    . Therefore N 

is a couniform module. 

 The direct sum of a couniform 

moe may not be couniform, for 

example the Z-modules Z2, Z3, are 

couniform but Z2  Z3  Z6 is not 

couniform. 

 We claim that a submodule of 

couniform module need not be 

couniform, but we cannot find example 

to ensure that. However, the following 

proposition deals with the existences of 

couniform submodules in nonzero 

Artinian modules, where an R-module 

M is called Artinian if every 

descending chain of submodules in M 

is stationary [ 1].  

 Proposition (1.5): Let M be a nonzero 

Artinian module, then M has a 

submodule which is couniform. 

Proof: Let K be a nonzero submodule 

of M. If K is a couniform then we are 

done. Otherwise, for each proper 

submodule K1 of K, the quotient 
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module  is not small submodule of 

. 

Now, if K1 is a couniform submodule, 

we are through, otherwise for each 

proper submodule K2 of K1, the 

quotient module  is not small 

submodule of  

If we continue in this way we will 

arrive at a couniform submodule of M 

in a finite number of steps, for 

otherwise there exists an infinite 

descending chain: 

K  K1   K2  . . . . . 

of submodule of M and this contradicts 

our assumption. 

 Recall that an R-module M is 

called embedded in N, if there exists a 

monomorphism f: M  N [6]. 

Theorem (1.6): Let M be a couniform 

module, and let N be a nonzero small 

submodule of M. If M can be 

embedded in N, then N is a couniform. 

 Proof: Let N1 be a proper submodule 

of M such that N1 ≠ 0. Since M is a 

couniform module, so there exists a 

proper submodule N2 of N1 such that 

  . 

We claim that   To show this, 

assume that: 

 +  =  

For some N2 K M. Hence N1 +K 

=N. 

On the other hand, M can be embedded 

in N, so there exists a monomorphism 

f: M  N. Since N1 N and N  M, 

so that N1  M. Hence f(N1)  N. But 

f(N1)  N1, thus N1  N. It follows 

that K = N, and this implies that  = 

, And so   . Therefore N is a 

couniform module. 

The Relation Between Couniform 

Modules and Other Well Known 

Classes of Modules: 

In this section we investigate the 

relations between couniform modules 

with other classes of modules such as 

hollow, epiform, coquasi Dedekind 

and copolyform modules. In Examples 

and Remarks (1.2)(5), we see that a 

couniform module may not be hollow. 

However we have the following 

proposition. 

Proposition (2.1): Every Artinian 

couniform module is hollow module. 

Proof: Let M be an Artinian 

couniform module, and let N be a 

proper submodule of M, N≠ (0). To 

prove N is small submodule of M. 

suppose that N is not small submodule 

of M, that is N+W=M for some proper 

submodule W of M. Since M is a 

couniform module, there exists a 

proper submodule N1 of M such that 

   

Note that N1≠ (0) because if N1=(0) 

then N is small submodule of M which 

is a contradiction. On the other hand, it 

is easily to show that N+W=M, implies 

that N1+W=M, hence N1 is not small 

submodule of M. Again N1 is a non 

zero proper submodule of M, so there 

exists a proper submodule N2 of N1 

such that   . Hence  N2≠ (0). 

Since N1+W=M, then N2+W=M. 

Repeating this process until we have 

infinite strictly descending chain:  

N  N1 N2  ------ 

of submodules in N. But this is a 

contradiction since N is Artinian [1], 

thus our assumption is false, therefore 

N  M, that is M is a hollow module. 

Remark (2.2): The condition "M is 

Artinian" cannot be dropped from the 

previous proposition, since Z is a 

couniform as Z-module which is not 

Artinian and not hollow module. Note 

that each of the Z-modules Z6 and Z10 

is not couniform module (see 

Examples and Remarks 1.2(3)), and 

they are Artinian Z-modules. 

Definition (2.3)[7]: A proper 

submodule N of an R-module M is 



 J. Baghdad for Sci.  Vol.10(1)2013 
 

342 

called semismall, if either N=0 or for 

each nonzero submodule K of N: 

 
And an R-module M is called 

semihollow, if every proper 

submodule of M is semismall. It is 

clear that every hollow module is 

semihollow, but the converse is not 

true, see [7]. So we have the 

following. 

Remark (2.4):  A semihollow module 

need not to be couniform module, for 

example Z6 as Z-module is semihollow 

module but it is not couniform 

Remark (2.5):  A couniform module 

need not to be semihollow, for 

example the Z as Z module is a 

couniform, but not semihollow 

module. However, if M satisfies 

d.c.c on non small submodules, then a 

couniform module can be semihollow 

as the following proposition shows. 

Proposition (2.6): Let M be a module 

which satisfies d.c.c on non small 

submodules. If M is a couniform 

module then M is semihollow. 

Proof: Let N be a zero proper 

submodule of M. Suppose M is not 

semihollow, there exist a proper 

submodule N1 of N such that  is not 

small submodule of  . Hence N is 

not small submodule of M, so there 

exists a proper submodule B of M such 

that N +B = M. But M is couniform, so 

there exists a proper submodule N2 of 

N such that   . 

It is clear that N2≠ 0, because if N2= 0 

then N  M. On the other hand N +B = 

M implies that N2 +B = M, that is N2 is 

not small submodule of M. Again, N2≠ 

0 implies that there exists a proper 

submodule N3 of N2 such that   

. It follows that N3≠ 0. 

But N2 + B =M implies that N3+ B 

=M. Repeating this process until we 

get strictly descending chain of non 

small submodule in N. But this  

contradicts our assumption. Thus N is 

semismall submodule of M. That is M 

is a semihollow module.Recall that an 

R-module M is called noncosingular 

module, if for any nonzero module N 

and for every nonzero homomorphism 

f: M  N, Im f is not small 

submodule of N [8]. And an R-module 

M is called epiform, if every nonzero 

homomorphism f: M   with K a 

proper submodule of  M is an 

epimorphism [9]. It was proved in 

[9], that if an R-module M is 

noncosingular, then M is an epiform if 

and only if M is hollow module, so we 

have the following. 

Proposition (2.7): Let M be an 

Artinian and noncosingular module. If 

M is a couniform module, then M is 

epiform module. 

Proof: Since M is an Artinian and 

couniform module then by prop.(2.1), 

M is hollow module. But M is  

noncosingular, thus it is an epiform 

module [9, Prop. (2.5)]. Recall that an 

R-module M is called cosemisimple, if 

Rad( )  0, for all submodules K of 

M [10]. 

Corollary (2.8):  Let M be an Artinian 

and cosemisimple module. If M is a 

couniform module, then M is epiform 

module. 

Proof:  By using Prop. (2.1) and [9, 

Prop. (2.6)]. 

 Recall that a nonzero module 

M is called coquasi Dedekind, if every 

proper submodule of M is coquasi 

invertible, where a proper submodule 

N of M is called coquasi invertible, if 

HomR(M,N) = 0 [11]. 

Theorem (2.9): Let M be an R-

module. If M is an epiform module 

then M is couniform and coquasi 

Dedekind module. 

Proof:  Since every epiform module is 

hollow [9], then by (1.2)(4), M is a 

couniform module. On the other hand 

by [9, Rem.(1.2)], each nonzero 
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homomorphism in EndR(M) is 

epimorphism. By [11, Th.(2.1.4) ], M 

is coquasi Dedekind.The following 

example shows that a coquasi 

Dedekind may not be epiform module, 

before that let us recall that a 

submodule N of an R - module M is 

called corational submodule in M if 

HomR(M, ) = 0 for all submodule K 

of M such that K  N [11].  

Example (2.10): The Z-module Q is a 

coquasi Dedekind but not epiform 

module, since if we assume that then 

by [9], every proper submodule of Q is 

corational, hence it is small 

submodule[11],  which implies that Q 

is a hollow module[2]. But this is a 

contradiction.However, under the class 

of self projective modules we have the 

following, but first recall that an R-

module M is called self projective, if 

M is M – projective [3]. 

proposition (2.11): Let M be a self 

projective R-module. Then M is an 

epiform module if and only if M is 

coquasi Dedekind module. 

Proof: M is an epiform module  

each proper submodule of M is a 

corational [9]  each proper 

submodule of M is coquasi invertible 

[11, Th.(1.2.13)]  M is a coquasi 

Dedekind module [11]. 

Corollary (2.12): Let M be a self 

projective R-module, then the 

following statement are equivalent: 

1. M is an epiform module. 

2. M is a coquasi Dedekind 

module. 

3. M is a couniform and coquasi 

Dedekind module. 

Proof:   (1)  (3): By Th. (2.9). 

               (3)  (2): It is clear. 

               (2)  (1): It follows from 

Prop. (2.11). 

 Note that the Z-module Q is not 

self projective [12], so it is natural to 

see that Q is a coquasi Dedekind and 

not epiform module. On the other 

hand, the Z-module Z4 is a self 

projective and not coquasi Dedekind 

module, thus Z4 must be not epiform. 

 Now under the class of 

multiplication module the two 

concepts of epiform and coquasi 

Dedekind module are equivalent, 

where an R-module M is called 

multiplication, if each submodule N of 

M can be written as the form N = M, 

for some ideal of R [13]. 

proposition  (2.13): Let M be a 

multiplication R-module. Then M is an 

epiform module if and only if M is a 

coquasi Dedekind module. 

Proof: ) By Th.(2.9) 

             ) M is a coquasi Dedekind 

module implies that every proper 

submodule of M is  acoquasi invertible 

[11, Th.(1.2.13)]. But M is 

multiplication module, so by [11, 

Th.(1.2.7)], N is a corational. Thus M 

is an epiform module [9]. 

Corollary (2.14): Let M be a 

multiplication R-module. The 

following statements are equivalent: 

1. M is an epiform module. 

2. M is a coquasi Dedekind 

module. 

3. M is a couniform and coquasi 

Dedekind module. 

Corollary (2.15): Let M be self 

projective module and J(End(M) = 0, 

then: 

1. M is an epiform module. 

2. M is a hollow module. 

3. M is a coquasi Dedekind 

module. 

4. M is a couniform and coquasi 

Dedekind module. 

Proof:  (1)(3)  (4): Follows 

from Cor. (2.14 ) 

                    (2) (3): By [11, 

Th.(1.2.16)].   

 Recall that an R-module M is 

called copolyform, if HomR(M, ) = 0, 

for all          submodule N of M with K 

 N  M [14]. The following 

proposition appeared in [9]. 
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Proposition (2.16) [9]: An R-module 

M is epiform if and only if M is a 

hollow and copolyform module. 

Corollary (2.17): Let M be an R-

module. If M is epiform then M is 

couniform and copolyform module. 

Proof:  Since M is epiform module, 

then by Th.(2.9), M is a couniform 

module. Also by [9], M is copolyform 

module. 

         The converse of Cor.(2.17) is not 

true in general, for example Z as Z-

module is a couniform and copolyform 

module but not epiform module. 

 Hereditary of couniform modules 

        This section deals with the 

hereditary of a couniform property. 

That is the transitivity of a couniform 

property between M and the ring R 

which defined on it. Note that a ring R 

is called couniform ring if R is 

couniform R-module. Let us begin by 

the following theorem. 

Theorem (3.1): Let R be a ring, and 

let M be a finitely generated faithful 

multiplication R-module. Then M is 

couniform module if and only if R is a 

couniform module. 

Proof: ) Let  be a nonzero proper 

ideal of R. Put M= N. Then N is a 

nonzero proper submodule of M. Since 

M is a couniform module, so N1 N 

such that   . 

Since M is a multiplication module, 

then N1 = JM for some proper ideal J 

of R, therefore: 

  . We claim that   . To 

show this assume that  +  =  for 

some    . 

Hence  + K = R and this implies that 

( + K)M =M, so M + KM = M. It 

follows that: 

  . Hence  +  =  . But 

   . Hence   . Thus KM 

= M = RM. 

Since M is a faithful finitely generated 

multiplication module, therefore K = 

R, and hence   . That is R is a 

couniform module. 

) Let N be a nonzero proper 

submodule of M. Since M is a 

multiplication module, so N = M for 

some ideal  of R [13]. But M is a 

finitely generated multiplication 

module, so  is a nonzero proper ideal 

of R [13]. On the other hand, R is a 

couniform R-module, therefore there 

exists a proper ideal J of  such that 

 . Also J   implies that J  

M. We claim that    . To show 

this assume that   +  =  for some 

   , hence M +W =M. 

But W = KM for some ideal K of R, so 

M + KM =M which implies that ( + 

K) M = M. BY [13],  + K = R. 

Hence:  That is  . But 

 Thus   . Hence K = R, 

and so W = KM =M. Thus  =   

and    . Therefore M is a 

couniform module. 

        From the above theorem we 

conclude the following result, before 

that we need the following lemma. 

Lemma (3.2): let M be a finitely 

generated faithful multiplication R-

module. Then M is coquasi Dedekind 

module if and only if R is a coquasi 

Dedekind R-module. 

Proof: ) Let fEnd(R), f  0. Then 

f(r) =ra for some a  R, a  0. 

Define g:M  M bY g(m) = am. Then 

g  0, hence g is an epimorphism that 

is aM = M, which implies that  = 

R, i.e f is an epimorphism. 

) Let fEnd(M), f  0. Since M is a 

finitely generated multiplication 



 J. Baghdad for Sci.  Vol.10(1)2013 
 

342 

module, so for each m  M, there exist 

a nonzero a  R s.t f(m) = am.  

Define g: R   R by g(r) =ra. g  0, 

hence g is an epimorphism; that is 

 = g(R) = R and so f(M) = 

M = RM = M. Thus f is an 

epimorphism that is M is a coquasi 

Dedekind module. 

Corollary (3.3): let M be a finitely 

generated faithful multiplication R-

module. Then the following statements 

are equivalent. 

1. M is an epiform module. 

2. M is a coquasi Dedekind 

module. 

3. R is an epiform ring. 

4. R is a coquasi Dedekind ring. 

5. M is a couniform and coquasi 

Dedekind module. 

6. R is a couniform and coquasi 

Dedekind ring. 

7. EndR(M) is a couniform and 

coquasi Dedekind ring. 

Proof: (1)  (2) (5): It follows 

from Cor.(2.14). 

             (3) (4) (6): It follows 

from Cor.(2.14), since R is 

multiplication module. 

             (5)  (6): It follows from 

Th.(3.1) and Lemma(3.2).   

                    (6) (7): Since M is a 

faithful multiplication R-

module, then EndR(M) = R 

and hence the result obtained.   
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 المقاسات المنتظمة المضادة
 

 **منى عبـاس احمـد              *أنعام محمد علي

 
         العراق                                                 -جامعة بغدادابن الهيثم     –التربية -ياضياتقسم الر*

                                                  العراق-جامعة بغداد كلية العلوم للبنات-قسم الرياضيات**

 

 الخلاصة :
د اطلقنا عليه اسم المقاس المنتظم المضاد الذي هو رديف للمقاس المنتظم، في هذا البحث قدمنا ودرسنا مفهوم جدي

اما ان يكون   Mفي   Nمنتظم مضاد اذا كان كل مقاس جزئي فعلي  Rعلى الحلقة  Mحيث يسمى المقاس 

 (  (   ويرمز لذلك بـ:  صغير في  بحيث أن  N من  N1صفري أو يوجد مقاس جزئي فعلي 

أخيرا تطرقنا الى كذلك العديد من العلاقات أعطيت بين هذا الصنف من المقاسات ومقاسات أخرى مرتبطة به. 

 مقاس منتظم مضاد. Mفي حالة R على  Rوالمقاس R على  Mخاصية الوراثة بين المقاس 

. 

 

 


