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Abstract:

Oscillation criterion is investigated for all solutions of the first-order linear neutral
differential equations with positive and negative coefficients. Some sufficient
conditionsare established so that every solution ofeq.(1.1) oscillate.Generalizing of

some
results.

results in [4] and [5] are given.Examples are given toillustrated our main
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Introduction:

The study of  neutral
equationswith positive and
coefficients has been
recentlyconsideredthe  attention  of
many authors all over the world for
the last several years, see [1]-[6] a few
of them have been investigated the
case with variablemixed coefficients,
that is the coefficients are variable
positive and negative,see [1],[4]and
[6]. The authors in [1] investigated the
first order delay differential equations
with positive and negative coefficients
. While in [2],[5] and [6] the authors
gave some sufficient conditions for
the oscillation of neutral differential
equation with positive and negative
coefficients and constant delays . In
this paper we give a generalization
tosome results in [4] and [5]where we
have used a variable delays. Consider
the linear neutral differential equation
with positive and negative coefficients:

[y(®) = P®)y(z(®)] + e®)y(a(®))
—R@®y(a®) =0 (1.1)

differential
negative

Where P,Q, R, € C[[ty,); RT], and
T,0,qare continuous strictly
increasing functions

withlim,_ T(t) = 00,lim,,e, () =

o(t) < a(t)andr(t),a(t), a(t) <
t.(1.2)

By a solution of eg.(1.1) we mean a
function y € ([t,, ), R ) such that

y(£) — P(©)y(z(t))is continuously
differentiable and y(t)satisfies eq.
(1.2),

ty, = max{z(t),o(t), a(t)}in the
initial interval.A solution of eq.(1.1) is
said to be oscillatory if it has
arbitrarily large zeros , otherwise is
said to be nonoscillatory.The purpose
of this paper is to obtain sufficient
conditions for the oscillation of all
solutions of eq. (1.1).

Some Basic Lemmas:
The following lemmas will be useful in
the proof of the main results:

Lemma 1 ( Theorem 2.1.1[4])
Suppose that p,q € C[RT,R*],q(t) <
tfor t = ty,lim;_4 q(t) = o and

lim inf,_,, fqt(t) p(s)ds > §(2.1)
y'(t) +

Then  the  inequality
P(t)y(q(t)) < Ohasno eventually
positive solutions.
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Let y(t) be an eventually positive
solution of (1.1) and set

wW(t) = y(t) = P)y(z(1)) -
f;_l(o(t)) R(s)y(a(s))ds, t =
a Y (o(0)(2.2)
and the following assumptions are
hold.

H1: Q(t) —R(a‘l(a(t))[a_:(o(t))]’

> 0 H2: limsup[P(t) + f R(s)ds] <1
o GO

Then W (t) is eventually positive and

non increasing function.

Proof.Suppose that y(t) >
O,y(‘r(t)) > O,y(a(t)) > Oand
y(a(t)) >0, t=>t,

Differentiate (2.2) and use (1.1) we get
w'(t)
= [y(® - P@y(®)] = R©®y(a(®))
+R ((a‘l(a(t))) y(a(®)) (a‘l(a(t))) !
=—Q®y(a(®)) + R®)y(a(®))
— R@®y(a(®)
+R(@ " (@(®)y(o®) (¢ (o (1))
=—[Q(®) -
Ra@ (o)) (¢ (0(®)) y(o(®) <
0 (2.3)
Hence W(t)is
monotone(nonincreasing ) function
then

gi_)rgw(t)zl, —0 <[ <
we claim that [ > 0 otherwise [ <0

,we have two cases for y(t) to
consider :

Case 1:-
If y (t) is unbounded then there exist a
sequence {t, } such that

Jim ¢ = e, lim y(t) = o, and

y (t,) = max{y(t): t, <t < t,}

from (1.2) we get

Wt
= yt(tn) — P(t)y(x(tn)
- f R(s)y(a(s))ds

a~1(o(ty))
= y(tn) : P(tn)y(T(tn))
) [" Re)ds
a (o (tn))
= y(tn) - P(tn)y( tn)

tn
@) [" ks

a~1(o(ty)
=y(tn)[1—P(t.n)

as n — oo lim, ,,W(t,)=1=0.

Case 2:-
Let y(t)be bounded, that is
lim sup;_ y(t) = k < ocothen there
exist a sequence {s,} such that,
lim,,_, s, = k, and

() = max{y(£): 4,(s,) <t

< A2(sn)}
WhereA, (t) =
min{z(¢),0(0)}, 2(¢) =
max{t(t), a(t)}.
W (sy)
= y(sns) - P(Sn)Y(T(Sn))

— J R(s)y(a(s))ds

a~1(o(sn))

y(sn) - W(Sn)
= P(sp)y(z(sn))

+ f R(s)y(a(s))ds
a~1(o(sn)

< P(Sn)y(nn2

+y(1n) f R(s)ds

a~1(o(sp))

Sn

= Y [P(sn) + f R(s)ds |

a~1(o(sn)

asn —» o then k — [ < k which
implies  that [>0 ,this is a
contradiction
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The proof of lemma is complete. =

The proof of the following lemma is
similar tothe proof of lemma 2, so we
state it without proof.

Lemma 3.
Let y(t) be an eventually positive
solution of eq.(1.1) and set

w(t) =y(t) — P()y(z(®))

~[EOR@ I Y()ds (24)

and the following assumptions
hold.

H1: Q(®) —R(a™Yo(®)) o'(t) =0

H2'": lim sup;_.[P(t)

a(t)

f R(a™1(s))ds] <1,
o(t)

H3: a'(t) =1
Then W (t) is eventually positive and
nonincreasing function.

are

+

Main results:

The next result providesa sufficient
conditions for the oscillation of all
solutions of eq.(1.1)

Theorem 1.

Let W (t) defined as in (2.2) and the
assumptionsH1 -H2 hold,in addition
to the condition
lim inf,_o, [} [Q(s) —
R(a™(a(s))) (@ (o(s))'T[1 + P(a(s)) +

Je1(ofatey) REIArTds > - (3.1)
Then every solution of eq.(1.1)
oscillates.

Proof .Suppose y(t)be eventually

positive solution of eq.(1.1) then by
lemma 2 it follows that W(t) is
positive  nonincreasing  function,
differentiate (2.2) and use eq.(1.1) we
get (2.3)and from (2.2) we obtain
W (t) < y(t), hence

y() =W (t) + PO)y(z(t))

1626

+ R()y(a(s))ds
a 1(a(t))
>W() + POW(z(D))

+ R(s)W (a(s))ds
a~1(a(t))

> W () + POW(z(D))

+ W(a(t)) R(s)ds

a~1(o(t)
> W(t) + POW (L)
t

+ W(t) R(s)ds

a~t(a(®)
=W(t)[1+ P(t)
t

+ R(s)ds |
a"t(a(®)
y(a(t) = W(a(t)) [1+ P(a(t)) +

t
Jars(oe) RS ]

d
W'©) + [Q® ~ R@ @) 3 (o0®)| 1
+
o(t)
+P(0(t))] + R(s)ds |[W(a(t) ) <O
a‘l(a(a(t)))
bylemma 1, and the condition (3.1) the
last inequality cannot has eventually

positive  solution, which is a
contradiction. ]

Example 1.

Consider the neutral differential
equation:

o=y (e + (4
2Pe_%) y(t—m)— (P -
2e‘34—”) y(t-3)=0 (ED)

P(t) = P,where 0 < P < 1.178082.
3T
Q(t) =e™+2Pe +,R(t)
3

=P—2e +
We can see that:
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e og(t) < a(t), let P=0.92 then
°Q(t) -
R(a™ (o)) (e (a()))’
2.8552>0

elim sup;_[P(t) +
Jsoen RES)s] =
e liminf,_, f(:(t) [Q(s) —
R(a™(a(s))) (™ (a(s)))][1 +
P(c(s)) +

f;—l(c(c(s))) R(r)dr]ds =

1739 > 1
e

all the conditions of theorem 1 are
hold,so according to theorem levery
solution of eq.(E1 ) is oscillatory, for
instance the solution y(t) = e tsint
is sucha solution.

094 <1

Theorem 2.
Let W (t) defined as in (2.4) and the
assumptionsH1 -H2 hold and

lim inf,_.c, f,,[Q(s) -
R(a~(a(s)))a'(s)]ds > 1 (3.2)

Then every solution of equation (1.1)
oscillates.

Proof.Assume for the sake of
contradiction that y(t) is eventually
positive solutionof eq.(1.1).then by
lemma 2 it follows thatW(t) is
eventually positive and non increasing
function, differentiate (2.2)and use
(1.1) we get
w'(t)
=-[e®
—R(@ (@)’ (t) Jy(a®) <0
< -[e®
—R(a (@)’ (®) W(o(®)
<0
then

w'(t)

+[Q(®)

— R(a" (a(®))' OIW (o))

<0
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it follows from lemmaland condition
(3.2) that the last inequality has
noeventually  positive solution.The
proof is complete .
Theorem 3.

Let W (t)be defined as in (2.2) and
the assumptionsH1’,H2" andH3 hold
and suppose that

lim inf,c, f[Q(s) —
R(a™1(0(s))0’(s)][1 + P(o(s)) +

[29 Rt (w)du 1ds > (33)

Then every solution of equation (1.1)
oscillates.

Proof.
The proof is similar to the
proof of theorem 1 and we omitted it.

Example 2.
Consider
differential equation;

[y(t) — (% — %sin 2t) y(t — 271)], +
{2~ don2)s (- 2)-

Ly H) -0
to(E2)

the neutral

>

We can see that
¢ Q) - R(@(o(0)@(o(®) =

2 >0
10

t

o P(t)+ fa((a_l(a(t))t)R(s)ds =
0.971238< 1
eliminf;_ f;(t)[Q (s) —

= ' —br. 1
R(a (a(s))a (s)]ds =53
all the conditions of theorem 2 or
Theorem 3 are hold and so according

to Theorem 2 or Theorem 3 every
solution of eq.(E2 ) are oscillatory, for

. . t
instance the solution y(t) = ———
y( ) %+%sin2t

is such solution.m

Theorem 4.
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Let W(t) defined as in (2.4) and the
assumptionsH1',H2’, H3 hold,
suppose that

t
li{g(i)onf J. [Q(s)

o(t)
—R(a!(0(s)))0’(s)] ds
> % (3.4)

Then every solution of equation (1.1)
oscillates.

Proof.The proof is similar to the proof
of theorem 2.and will be omitted.

Example 3.
Consider the neutral differential
equation:

R (| =N ()

- =)
=0 (E3)

Solution:We can see that

e Q) —R(@ Yo(®))(a(ao(®)) =
0
e PO+ f;((a_l(a(t))t)R(s)ds =
0.63123

<1

eliminf,_.o, [}, [Q(s)
R(a™Y(a(s))a'(s)]ds =
1.785 > -,

all the conditions of theorem 4 hold
and so according to theorem 4 every

solution of eq.(E3 ) are oscillatory for
instance the solution y(t) = sintis
such a solution. =

References:

1. HussainA. Mohamad ,Zainab A.
Abdullah and Intisar H. Qasem
2011: Oscillations of First Order
Linear Delay Differential Equation
with  positive and  negative
coefficients. Baghdad Sci. J. :806-
809.

2. Gyori I. and Ladas G. 1991:
Oscillation  Theory of Delay
Differential Equations. Clarendon
press-Oxford,1%ed.

3. Kong Q. ,Erbe L.H. and Zhang
B.G. 1995: Oscillation Theorem
for  Functional Differential
Equation , marcel Dekker, 3" ed.

4. Pandian S.,Purushothaman G.2012:
Oscillation of Impulsive Neutral
Differential Equations with Several
Positive and Negative Coefficients.
J. Math. Comput. Sci. 2(2012),No.
2, 241-254.

5. Rath N . ,Mishra P. andPadhy, L.
N.2007: On Oscillation and
Asymptotic Behavior of aNeutral
Differential Equations of First
Order with Positive and Negative
Coefficients . EJDE (01):1-7.

6. Weiping YanJurang Yan2010:
Conditions for Oscillation of a
Neutral ~ Differential  Equation
.Hindawi Publishing Corporation
IJDEV0I.2010:1-7.

cilabaal) cld I g8 A e Sastlacall ALl el alaal) Gudds
Adlal) g A gall

Ay Arals — Sl o slal) A Slazaly Il o

1628

-

sADAl)



Baghdad Science Journal Vol.11(4)2014

sadlaal) Alalanll ¥ alaall Jgla asen ol A0S 5 2y ) 5 juiall o g ) Giamy ) il o5l 138 A
JEIL Al 5 s gall O alaadl cld Y1 A5 0 o

(1.1) [y(® - P@y(r®)] + e®y(a(®) - R®Y(a(®)) =0
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