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Introduction: 
   The notion of probabilistic metric 

space was introduced by Menger [1]. It 

was represented as a generalization of 

the notion of metric space. Menger 

replaced the distance between the two 

points   and   by a distribution function 

       for real number   means that the 

distance between   and   is less than  . 

The notion of probabilistic metric space 

corresponds to the situations when we 

do not know exactly the distance 

between two points and we know only 

the possible probabilistic values of these 

distances. An important family of 

probabilistic spaces are probabilistic 

inner product spaces which were 

introduced by C. Sklar and B. Schweizer 

in 1983 [2]. The definition of 

probabilistic Hilbert space was also 

introduced in 2007 by Su, Y.; Wang, X.; 

and Gao, J. [3]. In the sequel, we shall 

define the compact operator on 

probabilistic Hilbert space and examine 

some important theorems about it. 

  

Preliminaries: 

Definition (1)[4] (Distribution 

function) 
   A distribution function (d.f.) is a 

function   defined on the extended real 

line  ̅         that is non-decreasing 

and left-continuous, such that       
  and        . The set of all d.f. 

will be denoted by  ; the subset of    

formed by the proper d.f.s, i.e. by those 

d.f.s   for which  

              and             
  

will be denoted by  .  

A special element of   is the function 

which is defined by  

       ,
         
         

 

and denoted by       
Definition (2) [2] 

     A function                     
is called triangle norm  

(t-norm) simply t-norm on         if it 
satisfies the following conditions, for all 

                 : 
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1.                                                    
2.                                               
3.                           

4.  (        )                           
 

The most important t- norms are the 

functions which are defined as follows. 

1.                      
2.            
3.                  
Definition (3) [2] 

  A triangle function is a binary 

operation on    which is commutative, 

associative, non-decreasing and has    as 

the identity element. In the other words, 

    a function            is called 

triangle function if for any   
                     : 

1.                                                     
2.                                                  
3.                                           

4.              (        )                
 

Definition(4) [5] 

(Modified probabilistic inner product 

space) 

   Let   be a real linear space and 

let        be a function, then the 

modified probabilistic inner product 

space is the triple         where F is 

assumed to satisfy the following 

conditions: 

 

 (MPIP-1)            
 

(MPIP-2)            

(MPIP-3)                      
(MPIP-4) 

           

{
 
 

 
     (

 

 
)                           

                                      

      (  ⁄  )           

 

where   is real number,     (  ⁄  )is 

the right hand limit of        at 
 

 
.   

(MPIP-5) 

If   and   are linearly independent then 

   
          (         )     

Where 

(         )    ∫       
 

  

            

Note that if   and   are linearly 

dependent, then  

                   

Where        

 

                  

 

{
 
 

 
     (

 

 
)                           

                                      

      (
 

 ⁄  )           

 

which is (MPIP-4). 

Then         is the modified 

probabilistic inner product space. 

Definition (5) [3] 

   Let        be a modified PIP-space, if 

∫          
 

  

 

is convergent  for all      , Then 
        is called a modified PIP-space 

with mathematical expectation. 

Theorem (6) [3] 

    Let         be a modified 

probabilistic inner product space with 

mathematical expectation. Let 

       ∫                     
 

  

 

then          is inner product space, so 

that        , is a normed space where 

    √               
Remark (7) [4] 

  For the definition of probabilistic inner 

product space, we must depend on the 

distribution functions that belong to   

rather than    because this notion 

should include that negative values of 

classical inner product space since the 

inner product space takes negative 

values; the set   provides therefore this 

part. 

  For all   in    define the distribution 

function  ̅ in    for all      as follows 
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 ̅   

 

{
 

 
                                 

                           

  (      )                          

                                

 

Where            represents the left 

limit at t. 

Remark (8) [6] 

   A notable example of a triangle 

function is the convolution which is 

define as follows  

(         )    ∫       
 

 

            

=                 

= (                 ) 

where             and satisfy 

          

Remark (9) [4]  

Note that for any continuous t-norm   

defined in (2), we have  

            (         ) 

for all         and      
 

Definition (10) [7] 

    Let         be a modified 

probabilistic inner product space, then: 

1. A sequence {  } in   is said to be   -

convergent to        
     and 

               such that 

                 

             
2. A sequence {  } in   is called 

 -caushy convergent if 

      and 

               such that 

           
        

               
3.         is said to be   complete  if 
each   caushy sequence in   is 

  convergent in  . 

Definition (11) [3] 

     Let         be a modified 

probabilistic inner product space then a 

linear functional   defined on   is said 

to be continuous if for all sequence 

{  }    that  -converges to      
then           .  

We call this type of continuity as 

sequentially continuous on        . 

Definition (12) [3] 

    Let         be a modified 

probabilistic inner product space with 

mathematical expectation, then if E is 

complete in     then E is called 

probabilistic Hilbert space, where    
 √           . 

Definition (13) [8] 

   Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation , let   be a 

linear operator defined on        , then 

  is said to be  -bounded Operator if 

there exists a constant      such that  

                 (
 

 
)               

     . 

Definition (14) [8] 

      Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation and let 

                 be a linear 

operator, then   is said to be F-

continuous operator at      if for all 

     there exists corresponding     

such that for all     and 

                            

then if   is F-continuous operator at 

each point of  , T is F-continuous on 

         
 

Theorem (15) [8] 

   Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation, and let   be a 

linear operator defined on        , if   

is  -continuous operator on        , 

then   is sequentially continuous 

operator on        . 

  

Theorem (16) [8]  

     Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation and let 

                 be a linear 
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operator, then   is   -bounded operator 

if and only if   is F-continuous operator. 

The main results 
    In this section, we introduce the        

 -compact operators defined on 

probabilistic Hilbert space, and give 

some properties of them. 

Theorem (1) 

    Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation, then for all 

      and          we have 

                
  

  (       
          

  ) 

where   is any continuous t-norm 

satisfying          for all          
Proof: 

Let      
 ⁄  , i.e.         where  

        Let              

                and            
    . 

from conditions (MPIP-1) and (MPIP-5), 

 we have 

                      

 ∫         
 

 

                       

by the  remark (8), we have 

  (         
                   

      ) 

by the  remark (9), we have 

     (         
                   

      ) 

  (         
                   

      )          

on the other hand, we have by (MPIP-5) 

         
       

 ∫     (          )         
 

 

 

by the remark (8), we have 

  (                   ) 

by the remark (9), we have 

         (                   ) 

  (                   ) 

                               

also, by (MPIP-5), we have 

                   

 ∫       (            )         
 

 

 

by the remark (8), we have 

  (                   
    ) 

by the remark (9), we have 

                   

   (                   
    ) 

  (                   
    ) 

                       
substituting (2) and (3) in (1), we get 

   (             )         

 (            ) 

  (             ) 

  (        ) 

  (        )                       

          
           

   

                         

on the other hand 

                 
               , since           for 

any    in      . 
which implies 

                     
     

            

  (               
  )   

             

         

  (               
  )       

For any given       and        , 

let          
                 

         
  , we have 

                
   

  (             ) 

  (             ) 

   (   (        )) 

  (        ) 

        by(4), we get 

            

        (             )  
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              (       
          

  ) 

                                                          

Definition (2) 

    Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation, a subset   of 

  is called Probabilistic Bounded set if 

there exist      { } and 

         such that  

              for any   in    
 

Definition (3)  

   Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation, the 

probabilistic closure  ̅ of a subset   of   

is the set of all  

   , such that there exists a sequence 
{  }    that is  - convergent to  .  

If    ̅ then we call   a probabilistic 

closed set. 

Definition (4) 

    Let         be a modified 

probabilistic Hilbert space with 

mathematical   expectation, a subset   of 

  is called Probabilistic Compact set if 

each sequence {  }    has  - 

convergent subsequence. 

In the following, the compact operator 

will be defined on probabilistic Hilbert 

space, and call it the  -compact 

operator. 

 

Definition (5) ( -compact operator) 

   Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation, a linear 

operator                  is called 

an  -compact operator if for any 

Probabilistic Bounded subset   of  , 

then      is relatively probabilistic 

compact. 

Theorem (6) 

    Let         be a modified 

probabilistic Hilbert space with 

mathematical expectation, a linear 

operator                  is an    

 -compact operator if and only if for all 

Probabilistic Bounded sequence 

{  }    then {     } has  - 

convergent subsequence. 

Proof: 

  Assume that   is an  -compact 

operator, to prove for any probabilistic 

bounded sequence {  }    then 

{     } has  - convergent subsequence. 

  let {  } be a probabilistic bounded 

sequence in  , since   is an  -compact 

operator then by definition (5),      ̅̅ ̅̅ ̅̅ ̅̅  is 

a probabilistic compact set for all      
Then {     } has  - convergent 

subsequence. 

  Conversely, assume that for any 

probabilistic bounded sequence {  }  
  then {     } has  - convergent 

subsequence.  

to prove that   is an  -compact operator. 

     let   be a probabilistic bounded 

subset of    and let {  }      ̅̅ ̅̅ ̅̅ ̅, then 

by definition (3), there is a sequence 

{  } in      such that for given 

                   such that  

              
(   ⁄   )

              
(  ⁄   )

               
                                        
since         then          for 

some    in  , also,    is probabilistic 

bounded sequence, then by assumption 

      has τ-convergent subsequence 

 {   
}  { (   

)}, thus for all     

    ,           such that  

      
      

  ((  ⁄ )
 
)          

               
for some      
      

      
         

     
      

    
    

      
    

    

by theorem (1), and by choosing 

                 we get 

          
    

    
    

(   ⁄   )  

    
      

  (   ⁄   )) 

            

           
    {               }  
 thus   is an  -compact operator.  
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Remark (7) 

  The set of all convergent sequences is a 

linear subspace of sequences space. 

Proof: 

Since {  } is  -convergent to   
   then           and       , 
         such that 

            ( 
 

 ⁄   )               

                                                 
Since {  } is  -convergent to   
              and       
         such that 

            (   ⁄   )                

                                          

                               

                                 

by theorem (1), and by choosing  

                , we get 

               ((  ⁄ )
 
)  

          ((  ⁄ )
 
)  

                            
           
    {               }  

thus {     } is   convergent 

sequence to    . 

  To prove {     } is  –convergent 

sequence to    for all     { } 
since {  } is  -convergent to   
             and      , 
          such that 

                        

               
If      then  

                            (   ⁄ )

                   

                                        .   

If      then  

                  

                              
 

 ⁄     

   *            (    ⁄ )+ 

                                 

                                                       

thus {     } is  –convergent sequence 

to   . 

  

 

Theorem (8) 

   Let    and    be  -compact operators, 

then       ,     are  -compact 

operators for all     { }. 
Proof: 

Let {  } be a probabilistic bounded  

sequence in  , since    is an   -compact 

operator, then {      } has  - 

convergent subsequence {      }, and 

since    is an  -compact operator then 

{      } has τ- convergent subsequence 

{      }. suppose        is 

 –convergent to      that is    
  and      ,            such that 

                  ( 
 

 ⁄   )           

                                                     

 suppose        is  –convergent to 

   , that is      and     , 

         such that 

                    (   ⁄   )        

                                                   
by the Remark (7), we get  

                                                 

              
              {               } 

then {             } is   convergent 

subsequence to    . 

thus       is an   -compact operator. 

To prove     is an  -compact operator 

for any    in   { }  
let {  } be a probabilistic bounded 

sequence in  , since    is an  -compact 

operator, then {      } has τ-convergent 

subsequence {      }  

   suppose        is  –convergent to 

     that is       and       
          such that 

                                     

                                             
by the Remark (7),  

we get                                  

                           ,       { }  
thus     is an   -compact operator 

  

Theorem (9) 

Let         be a modified probabilistic 

Hilbert space with mathematical 

expectation, and let            
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       be an  -compact operator and 

let                   be an  - 

continuous operator, then      and       

are an  -compact operators. 

Proof: 

  Let {  } be a probabilistic bounded 

sequence in  , since    is an  -compact 

operator, then {      } has subsequence 

{  (   
)}, which is    –convergent to 

     
 since     is  - continuous operator, then 

by theorem (15),    is sequentially 

continuous on        , that is 

,  (  (   
))- is  –convergent to 

       thus      is an   -compact 

operator. 

 To prove      is an  -compact 

operator, and let {  } be a probabilistic 

bounded sequence in  , then by 

definition (2) there exist      { }   
          such that          

       

         for all     

since     is  - continuous operator, then 

by theorem (16),    is an 

  -bounded operator, thus        
such that  

          
           

(
  

 ⁄ )         

      

then {      } is a probabilistic  

bounded sequence in    but    is 

  -compact, then {  (      )} 

 has  –convergent subsequence. 

thus       is an  -compact operator.                                                 

                                                      

References: 
[1] Menger, K. 1942. Statistical Metrics, 

Proceedings of the National Academy 

of Sciences, pp: 535-537. 

[2] Schweizer, B. and Sklar, A. 1983. 

Probabilistic Metric Spaces, New 

York, Amsterdam, Oxford: North 

Holland. 

[3] Su, Y.; Wang, X. and Gao, J. 2007. 

Riesz Theorem in Probabilistic Inner 

Product Spaces, International 

Mathematical Forum, pp: 3073-3078. 

[4] Guillen, B. and Harikrishnam, P., 

2014. Probabilistic Normed Spaces. 

London, Imperial College Press. 

[5] Su, Y. 2001. On Definition of 

Probabilistic Inner Product Spaces, 

Acta Analysis Functionalis Applicate, 

pp: 193-196. 

[6] Chang; Yeol Jao and Sheh-sin. 1994. 

Nonlinear operator theory in 

probabilistic metric space. Nova 

science publisher. Huntington, New 

York, 11743. 

[7] Su, Y.; Wang, X. and Gao, J. 2008. 

Approximation Of Fixed Points For 

Nonlinear Operators in Probabilistic 

Inner Product Space. International 

Journal of Applied Mathematics, pp: 

1-9. 

[8] Radhi I. M. A. and Rana Aziz y. Al-

Muttalibi. 2015. Certain types of 

linear operators on probabilistic 

Hilbert space, Global Journal of 

Mathematical Analysis, pp: 81-88. 

 

 المؤثر المرصوص في فضاء هيلبرت الاحتمالي
 

 رنا عزيز يوسف المطلبي   راضي أبراهيم محمد علي

 
 .جاهعت بغذاد، العلىم للبناثكليت قسن الزياضياث، 

 

 الخلاصة: 
هذا البحث يقذم تعزيف الوؤثز الوزصىص في فضاء هيلبزث الاحتوالي وبعض الخصائص الزئيسيت 

 لهذا الوؤثز.

 

، فضاء هيلبزث الأحتوالي، الوؤثز  τالوجوىعاث الوقيذة الاحتواليت، التقارب هن نىع  الكلمات المفتاحية:

 الوزصىص.
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