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Abstract: 
The purpose of this paper is to find the best multiplier approximation of unbounded functions in   

𝐿𝑝,∅𝑛 –space by using some discrete linear positive operators. Also we will estimate the degree of the best 

multiplier approximation in term of modulus of continuity and the averaged modulus. 
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Introduction: 
                 Here we will review some researchers 

who have studied the approximation of unbounded 

functions and who have obtained important results 

in this field, for example In (2015), S. K. Jassim and 

(1) studied the approximation of unbounded 

functions in locally –global space 

 Lp,𝛿,𝜔(𝑋).In(2015),S. K. Jassim and Alaa A. Auad 

(2) estimated the degree of the  best one –sided 

approximation of unbounded functions by using 

some discrete operator in  Lp,𝜔-space (weighted 

space).Also the researchers have studied the 

approximation of bounded functions and obtained 

important results. For example, in (2016),Jafarov S. 

(3) studied the approximation of bounded functions 

by de la vallee-poussin sums in weighted Orlicz 

spaces.Again in (2016),Sadigova ,S. (4) studied the 

approximation of bounded functions by Shifting 

operators in Morrey Type Space. In this paper we 

will deal with unbounded functions by multiplier 

approximation and we shall use the Jackson 

polynomials and the Korovkin polynomials to find 

the best multiplier approximation of periodic 

unbounded functions in Lp,∅n(B), B = [0,2π]  in 

terms of the modulus of continuity and the 

Averaged modulus. First we introduce some 

definitions and some results that are used 

throughout this work.                                                                                                                                            

Definition 1 (5):         

A series ∑ 𝑎𝑛
∞
𝑛=0  is called a multiplier convergence 

if there is a Sequence  

{ ∅𝑛}𝑛=0
∞  such that  ∑ 𝑎𝑛

∞
𝑛=0  ∅𝑛 < ∞ , and we will 

say that {∅𝑛} is a multiplier for the convergence, for 

example.    

The series ∑
1

𝑛
∞
𝑛=1   divergent series and the 

sequence { 
1

𝑛
}
𝑛=1

∞
 convergent sequence since  

 ∑
1

𝑛
∙
1

𝑛
∞
𝑛=1 = ∑

1

𝑛2
∞
𝑛=1  which is convergent series 

then the series  ∑
1

𝑛
∞
𝑛=1   is a multiplier convergence.     

Note 1: 

 If  ∑𝑎𝑛 is convergent series then it is multiplier 

convergent, this by taken  

{ ∅𝑛}𝑛=0
∞ = {1}𝑛=0

∞    , but the reverse is not true  

Definition 2 (5):      

 For any real valued function 𝑓 if there is a 

sequence { ∅𝑛}𝑛=0
∞   such that   

∫ 𝑓∅𝑛(𝑥)  <  ∞𝐵
 ,   then we say that  ∅𝑛 is a 

multiplier for   the Integral   

Definition 3: 

 Let  𝐿𝑃,∅𝑛(𝐵), 1 ≤ 𝑝 < ∞   be the space of all real 

valued unbounded functions 𝑓 

such that   ∫ 𝑓∅𝑛(𝑥) 𝑑𝑥 < ∞𝐵
    with the following 

norm. 

‖𝑓‖𝐿𝑃,∅𝑛 = sup {(∫
|𝑓∅𝑛(𝑥)|

𝑝 𝑑𝑥
𝐵

)
1

𝑝 ∶ 𝑥 ∈ 𝐵}, 

where ∅𝑛 is the multiplier for the integral, and 

   𝐵 = [0,2𝜋] .  
For simplicity let us denote the norm  ‖𝑓‖𝐿𝑃,∅𝑛  by 

‖𝑓‖𝑝,∅𝑛   
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Definition 4:  

 For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) and 𝛿 > 0  we will define the 

following concepts.  

 𝜔 (𝑓, 𝛿)𝑃,∅𝑛 = 𝑠𝑢𝑝|ℎ|<𝛿‖𝑓(𝑥 + ℎ) −

𝑓(𝑥)‖𝑃,∅𝑛, the multiplier modulus of 

continuity of function 𝑓  

 𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛 = ‖𝜔
𝑘(𝑓, . , 𝛿)‖

𝑝,∅𝑛
  1 ≤ 𝑝 <

∞ , 𝛿 > 0 , 𝑘 ∈N 

Is the multiplier Averaged modulus of smoothness 

of 𝑓 of order 𝑘, where 𝑘𝑡ℎ modulus of smoothness 

for 𝑓 is defined by 

𝜔𝑘(𝑓, 𝑥, 𝛿)𝑝,∅𝑛 = 𝑠𝑢𝑝|ℎ|<𝛿 {‖∆ℎ
𝑘(𝑓, 𝑡)‖

𝑝,∅𝑛
∶ 𝑡 , 𝑡 +

𝑘ℎ ∈ [𝑥 − 𝑘𝛿

2
, 𝑥 + 𝑘𝛿

2
]} Where 

∆ℎ
𝑘(𝑓, 𝑥) = ∑ (

𝑘
𝑖
) (−1)𝑘−𝑖𝑓 (𝑥 −

𝑘ℎ

2
+ 𝑖ℎ) , 𝑥 ∓𝑘

𝑖=0

𝑘ℎ

2
∈ 𝐵 the 𝑘𝑡ℎ symmetric difference of the function  

𝑓 . 

Definition 5:  

 Let 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) then the degree of best multiplier 

approximation of a function 𝑓 with respect to 

trigonometric polynomial  𝑔𝑛 ∈ Π𝑛 is given by   

𝐸𝑛(𝑓)𝑃,∅𝑛 = inf{‖𝑓 − 𝑔𝑛‖𝑃,∅𝑛 , 𝑔𝑛 ∈ Π𝑛}    

where Π𝑛  be the set of all trigonometric 

polynomials.  

Definition 6 (6):  

For 𝑓 ∈ 𝐿𝑃,∅𝑛(𝐵) , 𝐵 = [0,2𝜋]  ,1 ≤ 𝑝 < ∞  let 

define the multiplier Jackson
'
s operator which is 

generated by the following kernel  

 Φ𝑛(𝑡) =
3

2𝑛(2𝑛2+1)
(
sin

𝑛𝑡

2

sin
𝑡

2

)

4

=
1

2
+
2𝑛(𝑛2−1)

2𝑛2+1
cos 𝑡 +

∑ 𝜌𝑘,𝑛 cos𝑘𝑡
2𝑛−2
𝑘=2     Where    

𝜌𝑘,𝑛  Is a constant depends on  ( 𝑘 , 𝑛 ) and  𝜌1,𝑛 =
2𝑛(𝑛2−1)

2𝑛2+1
  ,1 ≤ 𝑘 ≤ 𝑛 ,  𝑛 ≥ 1  as follows 

𝐾𝑛
∗(𝑓, 𝑥) =
3

2𝑛2(2𝑛2+1)
∑ 𝑓∅𝑛(𝑡𝑘,𝑛

∗2𝑛
𝑘=1 )(

sin𝑛
2
(𝑡𝑘,𝑛
∗ −𝑥)

sin 1
2
(𝑡𝑘,𝑛−𝑥)

)4    

Note 2:  For 𝑡𝑘,𝑛
∗ =

𝑘𝜋

𝑛
   , 1 ≤ 𝑘 ≤ 𝑛 , 𝑛 = 1,2,⋯   

we have    

𝐾𝑛
∗(𝑓, 𝑥) =

3

2𝑛2(2𝑛2+1)
∑ 𝑓∅𝑛(

𝑘𝜋

𝑛

2𝑛
𝑘=1 )(

sin𝑛
2
(
𝑘𝜋
𝑛
−𝑥)

sin 1
2
(𝑘𝜋
𝑛
−𝑥)
)4   

Definition 7 (6): 

For every trigonometric polynomial  Τ of order  <
𝑛 − 1  we have  
2

𝑛
 ∑ Τ(2𝑘𝜋

𝑛

𝑛
𝑘=1 ) =

1

𝜋
 ∫ Τ(𝑡)𝑑𝑡⋯⋯⋯(1)
2𝜋

0
   

Proposition 8: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞ we 

have 

 𝐾𝑛
∗(𝑓, 𝑥) = 1

𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡)Φ𝑛(𝑡 − 𝑥)𝑑𝑡  

𝐏𝐫𝐨𝐨𝐟: 

𝐾𝑛
∗(𝑓, 𝑥) =

3

2𝑛2(2𝑛2+1)
∑ 𝑓∅𝑛(

𝑘𝜋

𝑛

2𝑛
𝑘=1 )(

sin𝑛
2
(
𝑘𝜋
𝑛
−𝑥)

sin 1
2
(𝑘𝜋
𝑛
−𝑥)
)4 . 

Then using (1) we get  

𝐾𝑛
∗(𝑓, 𝑥) =
3

2𝑛2(2𝑛2+1)
∑ 𝑓∅𝑛(

2𝑘𝜋

2𝑛

2𝑛
𝑘=1 )(

sin𝑛
2
(
𝑘𝜋
𝑛
−𝑥)

sin 1
2
(𝑘𝜋
𝑛
−𝑥)
)4 =

 2𝑛
2

3

2𝑛2(2𝑛2+1)

2

2𝑛
∑ 𝑓∅𝑛(

2𝑘𝜋

2𝑛

2𝑛
𝑘=1 )(

sin𝑛
2
(
𝑘𝜋
𝑛
−𝑥)

sin 1
2
(𝑘𝜋
𝑛
−𝑥)
)4  

=
3

2𝑛(2𝑛2+1)
 1
𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡)(

sin𝑛
2
(𝑡−𝑥)

sin 1
2
(𝑡−𝑥)

)4 dt =

 1
𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡)dt 

3

2𝑛(2𝑛2+1)
(
sin𝑛

2
(𝑡−𝑥)

sin 1
2
(𝑡−𝑥)

)4 

= 1
𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡) Φ𝑛(𝑡 − 𝑥)dt    Where Φ𝑛(𝑡 −

𝑥) =
3

2𝑛(2𝑛2+1)
(
sin𝑛

2
(𝑡−𝑥)

sin 1
2
(𝑡−𝑥)

)4     we get 

𝐾𝑛
∗(𝑓, 𝑥) =  1

𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡) Φ𝑛(𝑡 − 𝑥)dt        ∎  

Definition 9 (6):  

For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞ ,let us 

define  

the multiplier linear positive Korovkin's operator 

which is generated by the following  kernel 

𝜑𝑛(𝑡) =
1

𝑛
𝑠𝑖𝑛2(𝜋

𝑛
)(

cos(
𝑛𝑡

2
)

cos 𝑡−cos
𝜋

𝑛

)

2

= 1

2
+

cos(𝜋
𝑛
) cos 𝑡 + ∑ 𝜌𝑘,𝑛  cos 𝑘𝑡

𝑛−2
𝑘=2   

where   𝜌𝑘,𝑛  is a constant depends on (𝑘, 𝑛) and   

𝜌1,𝑛 = cos
𝜋

𝑛
    as follows 

𝐾𝑛
∗∗(𝑓, 𝑥) =

2

𝑛2
  𝑠𝑖𝑛2(𝜋

𝑛
)∑ 𝑓∅𝑛(𝑡𝑘,𝑛

∗∗𝑛
𝑘=1 ) (

cos(𝑛2(𝑡𝑘,𝑛
∗∗ −𝑥))

cos(𝑡𝑘,𝑛
∗∗ −𝑥)−cos𝜋𝑛

)
2

  

Note 3:     For 𝑡𝑘,𝑛
∗∗ =

2𝑘𝜋

𝑛
   , 1 ≤ 𝑘 ≤ 𝑛 , 𝑛 = 1,2,⋯   

we have   

𝐾𝑛
∗∗(𝑓, 𝑥) =

2

𝑛2
  𝑠𝑖𝑛2(𝜋

𝑛
)∑ 𝑓∅𝑛(

2𝑘𝜋

𝑛
𝑛
𝑘=1 ) (

cos(𝑛
2
(
2𝑘𝜋

𝑛
−𝑥))

cos(
2𝑘𝜋

𝑛
−𝑥)−cos𝜋

𝑛

)

2

   

Proposition 10: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞ we 

have   

𝐾𝑛
∗∗(𝑓, 𝑥) = 1

𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡)𝜑𝑛 (𝑡 − 𝑥)dt   

𝐏𝐫𝐨𝐨𝐟: 
 By using (1) we have  

𝐾𝑛
∗∗(𝑓, 𝑥) =

2

𝑛2
  𝑠𝑖𝑛2(𝜋

𝑛
)∑ 𝑓∅𝑛(

2𝑘𝜋

𝑛

𝑛
𝑘=1 )(

cos(
𝑛

2
(2𝑘𝜋
𝑛
−𝑥))

cos(2𝑘𝜋
𝑛
−𝑥)−cos𝜋

𝑛

)

2

  

=

𝑛

2
   2
𝑛2
  𝑠𝑖𝑛2(𝜋

𝑛
)  2
𝑛
 ∑ 𝑓∅𝑛(

2𝑘𝜋

𝑛

𝑛
𝑘=1 )(

cos(
𝑛

2
(2𝑘𝜋
𝑛
−𝑥))

cos(2𝑘𝜋
𝑛
−𝑥)−cos𝜋

𝑛

)

2

    

=  1
𝑛
 𝑠𝑖𝑛2(𝜋

𝑛
)  1
𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡) (

cos (
𝑛

2
(𝑡−𝑥))

cos(𝑡−𝑥)−cos𝜋
𝑛

)

2
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=  1
𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡)  1

𝑛
 𝑠𝑖𝑛2(𝜋

𝑛
) (

cos(
𝑛

2
(𝑡−𝑥))

cos(𝑡−𝑥)−cos𝜋
𝑛

)

2

    

Thus   𝐾𝑛
∗∗(𝑓, 𝑥) = 1

𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡)𝜑𝑛 (𝑡 −

𝑥)dt   Where 

𝜑𝑛 (𝑡 − 𝑥) =  1
𝑛
 𝑠𝑖𝑛2(𝜋

𝑛
) (

cos(
𝑛

2
(𝑡−𝑥))

cos(𝑡−𝑥)−cos𝜋
𝑛

)

2

   ∎  

Auxiliary Results: 

 In this section we recall some lemmas and 

proved some results which will be used to prove the 

main results. 

Lemma 1: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞ There 

is a constant 𝐴(𝑝) depends on  𝑝   such that  

‖𝐾𝑛
∗(𝑓, 𝑥)‖𝑝,∅𝑛 ≤  𝐴(𝑝)‖𝑓‖𝑝,∅𝑛  

𝐏𝐫𝐨𝐨𝐟: 

𝐾𝑛
∗(𝑓, 𝑥) =  

1

𝜋
 ∫ 𝑓∅𝑛

2𝜋

0

(𝑡) Φ𝑛(𝑡 − 𝑥)dt 

‖𝐾𝑛
∗(𝑓, 𝑥)‖𝒑,∅𝒏 =Sup{(∫ |1

𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡) Φ𝑛(𝑡 −

2𝜋

0

𝑥)dt        |
𝑝
𝑑𝑥)

1
𝑝
}  

≤ Sup{(∫ |  𝑓 ∅𝑛(𝑡) 𝑑𝑡   |
𝑝2𝜋

0
𝑑𝑡 1

𝜋
 ∫ Φ𝑛(𝑡 −
2𝜋

0

𝑥) 𝑑𝑥 )
1
𝑝
} (Jensen inequality) 

≤ Sup{(∫ |  𝑓 ∅𝑛(𝑡)|
𝑝2𝜋

0
𝑑𝑡     )

1
𝑝
}  . 𝐴(𝑝) =

 𝐴(𝑝)‖𝑓‖𝑝,∅𝑛   Thus 

‖𝐾𝑛
∗(𝑓, 𝑥)‖𝑝,∅𝑛 ≤  𝐴(𝑝)‖𝑓‖𝑝,∅𝑛      ∎ Similarly we 

can prove the next result.   

𝐋𝐞𝐦𝐦𝐚 𝟐: 
 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞ there is 

a constant 𝐴(𝑝) depends on 𝑝   such that  

‖𝐾𝑛
∗∗(𝑓, 𝑥)‖𝑝,∅𝑛 ≤  𝐴(𝑝)‖𝑓‖𝑝,∅𝑛  

𝐋𝐞𝐦𝐦𝐚 𝟑 (𝟕): 
 For 𝑓 ∈  𝐿𝑃(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we have   

𝜏1(𝑓, 𝛿)𝑝  ≤ 𝛿‖𝑓
′‖𝑝 .Where   

𝑓′  is the first derivative of the function 𝑓 .   

Lemma 4: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have  𝜏1(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝛿‖𝑓
′‖𝑝,∅𝑛 

Proof: 

       For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵),  there is a sequence {∅𝑛}𝑛=1
∞   

such that  ∫ 𝑓∅𝑛(𝑥)  <  ∞
2𝜋

0 ,
   

exists, using lemma (3) we get   𝜏1(𝑓∅𝑛, 𝛿)𝑝  ≤

𝛿‖(𝑓∅𝑛)
′‖𝑝  .Thus 

𝜏1(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝛿‖𝑓
′‖𝑝,∅𝑛        ∎  

Lemma 5: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have  𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝜏
𝑘−1(𝑓′𝛿)𝑝,∅𝑛 

Proof: 

 Let use the identity in (7) 

∆ℎ
𝑘𝑓(𝑡) = ∫ ∆ℎ

𝑘−1ℎ

0
 (𝑓′(𝑡 + 𝑢))𝑑𝑢    , ℎ > 0  Then  

𝜏𝑘(𝑓, δ)𝑝,∅𝑛 = ‖𝜔
𝑘(𝑓, . , δ)‖

𝑝,∅𝑛
=

sup{(∫ |𝜔𝑘(𝑓, x, δ)|
p2𝜋

0
𝑑𝑥 )

1
p
}   

=

sup{(∫ |𝑠𝑢𝑝 {(∫ |∆ℎ
𝑘(𝑓(𝑥)|

𝑝
𝑑𝑥 )

2𝜋

0

1
𝑝
} ∅𝑛(t) |

p
2𝜋

0
 𝑑𝑡)

1
p

}     

= sup{(∫ |𝑠𝑢𝑝 {(∫ |∫ ∆ℎ
𝑘−1ℎ

0
𝑓′(𝑡 +

2𝜋

0

2𝜋

0

𝑢) 𝑑𝑢    |
𝑝
∅𝑛(t) )

1
𝑝
}  𝑑𝑥 |

p

 𝑑𝑡)

1
p

}     

≤ sup{(∫ |𝑠𝑢𝑝 {(∫ |∆ℎ
𝑘−1 𝑓′(𝑡 +

2𝜋

0

2𝜋

0

𝑢) |
𝑝
𝑑𝑥 ∫ 𝑑𝑢 )

ℎ

0

1
𝑝
} ∅n(t) |

p

 𝑑𝑡)

1
p

}    

≤ sup{(∫ |𝑠𝑢𝑝 {(∫ |∆ℎ
𝑘−1( 𝑓′(𝑡 +

2𝜋

0

2𝜋

0

𝑢)) |
𝑝
𝑑𝑥 )

1
𝑝} (∫ 𝑑𝑢 )

ℎ

0
 ∅n(t) |

p

𝑑𝑡)

1
p

}        

≤ sup {(∫ |𝑠𝑢𝑝‖∆ℎ
𝑘−1(𝑓′(𝑡))‖∅n(t) . ℎ|

𝑝
𝑑𝑡

2𝜋

0
)
1
𝑝} 

≤ sup{(∫ |𝜔𝑘−1(𝑓′, 𝑥, 𝛿∗ )∅n(t) |
𝑝
𝑑𝑡

2𝜋

0
)
1
𝑝
} . ℎ 

≤ ‖𝜔𝑘−1(𝑓′, 𝑥, 𝛿∗ ) ‖
𝑝,∅𝑛
 . ℎ ≤ ℎ 

𝜏𝑘−1(𝑓′, 𝛿∗)𝑝,∅𝑛 ≤  𝛿𝜏
𝑘−1(𝑓′, 𝛿∗)𝑝,∅𝑛 Where  

𝛿∗ =
𝑘

𝑘−1
𝛿 Thus   

𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝜏
𝑘−1(𝑓′𝛿)𝑝,∅𝑛              ∎ 

Lemma 6: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we get 

𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝛿
𝑘‖𝑓(𝑘)‖

𝑝,∅𝑛
. Where 

𝑓(𝑘) is the 𝑘𝑡ℎ  derivative of the function 𝑓   

𝑷𝒓𝒐𝒐𝒇: 
From Lemma (5) we have  

𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝛿𝜏
𝑘−1(𝑓′, 𝛿)𝑝,∅𝑛  ≤

𝛿𝛿𝜏𝑘−2(𝑓′′, 𝛿)𝑝,∅𝑛  ≤ ⋯ 𝛿𝛿⋯𝛿⏟  
𝑘−1 𝑡𝑖𝑚𝑒

𝜏1(𝑓(𝑘−1), 𝛿)
𝑝,∅𝑛

  

Then using lemma (4) we have  
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𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛 ≤ 𝛿𝛿⋯𝛿⏟  
𝑘−1 𝑡𝑖𝑚𝑒

𝜏1(𝑓(𝑘−1), 𝛿)
𝑝,∅𝑛

≤

𝛿𝛿⋯𝛿⏟  . 𝛿
𝑘−1 𝑡𝑖𝑚𝑒

‖𝑓((𝑘−1)+1‖
𝑝,∅𝑛

= 𝛿𝑘‖𝑓(𝑘)‖
𝑝,∅𝑛

Thus  

𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛  ≤ 𝛿
𝑘‖𝑓(𝑘)‖

𝑝,∅𝑛
          ∎     

Lemma 7 (6): 

For any linear positive operator 𝐿𝑛(𝑓, 𝑥) of 

2𝜋 −periodic and continuous functions  𝑓  we have   

|𝐿𝑛(𝑓, 𝑥) − 𝑓(𝑥)|

≤ (𝐿𝑛(1, 𝑥)

+ 𝜋√𝐿𝑛(1, 𝑥) )𝜔(𝑓, 𝛽𝑛(𝑥))

+ |𝑓(𝑥)| . |𝐿𝑛(1, 𝑥) − 1| 

Where    𝛽𝑛(𝑥) = √𝐿𝑛(𝑠𝑖𝑛
2(𝑡−𝑥

2
) , 𝑥) 

Lemma 8 (7): 

 If  𝑓  is a measurable bounded function on 
[𝑎, 𝑏] then  

 𝜔𝑘(𝑓, 𝛿)𝑝  ≤  𝜏
𝑘(𝑓, 𝛿)𝑝 ≤ (𝑏 − 𝑎)

1
𝑝  𝜔𝑘(𝑓, 𝛿)𝑝 

Lemma 9: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞ ,1 ≤

k ≤ n  , n ≥ 1 we get    
𝜔𝑘(𝑓, 𝛿)𝑝,∅𝑛  ≤  𝜏

𝑘(𝑓, 𝛿)𝑝,∅𝑛 

𝐏𝐫𝐨𝐨𝐟: 

𝜔𝑘(𝑓, 𝛿)𝑝,∅𝑛 = 𝑠𝑢𝑝 {‖∆ℎ
𝑘(𝑓)‖

𝑝,∅𝑛
} =

sup{
𝑠𝑢𝑝
|ℎ| < 𝛿 {

(∫ |(∆ℎ
𝑘(𝑓(𝑥))∅n|

𝑝
𝑑𝑥

2𝜋

0
)
1
𝑝}}  

≤ sup{
𝑠𝑢𝑝
|ℎ| < 𝛿 {(∫ ((𝜔𝑘(𝑓(𝑥), 𝑥 +

2𝜋−𝑘ℎ
2

0

𝑘ℎ

2
 , 𝛿)∅n)

𝑝
 𝑑𝑥)

1
𝑝}} 

≤ sup {
𝑠𝑢𝑝
|ℎ| < 𝛿

{(∫ ((𝜔𝑘(𝑓(𝑥), 𝑥 , 𝛿)∅n)
𝑝 𝑑𝑥

2𝜋−𝑘ℎ2

0+
𝑘ℎ
2

)
1
𝑝}} 

𝜔𝑘(𝑓, 𝛿)𝑝,∅𝑛 ≤  𝑠𝑢𝑝 {‖𝜔
𝑘(𝑓, . , 𝛿)‖

𝑝,∅𝑛
} ≤

 𝑠𝑢𝑝𝜏𝑘(𝑓, 𝛿)𝑝,∅𝑛 = 𝜏
𝑘(𝑓, 𝛿)𝑝,∅𝑛 .Thus 

𝜔𝑘(𝑓, 𝛿)𝑝,∅𝑛 ≤ 𝜏
𝑘(𝑓, 𝛿)𝑝,∅𝑛                 ∎ 

Main Results 

              We shall prove the direct inequality of  

𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋]  by Jackson and 

Korovkin polynomials in terms of Average 

modulus and the modulus of continuity. 

Theorem 1: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞ ,1 ≤

𝑘 ≤ 𝑛  we get  

 En(𝑓)P,∅n ≤
1

𝑛𝑘
 ‖𝑓(𝑘)‖

𝑝,∅𝑛
  

𝐏𝐫𝐨𝐨𝐟: 
 Let Π𝑛 be the set of all trigonometric polynomial ,
𝑓 ∈ 𝐿𝑝,∅𝑛(𝐵), then 

‖𝑓∅n(. )‖𝑝 = [∫ |𝑓∅n(𝑥)|
𝑝𝑑𝑥

𝐵
]

1

𝑝
 , exists 

Then by (Sendov Theorem in (8)) there is a 

polynomial  𝑇𝑛
∗ ∈ Π𝑛 such that  

‖𝑓∅𝑛(∙) − 𝑇𝑛
∗∅𝑛(. )‖𝑝 ≤ 𝐶1(𝑘)𝜔

𝑘(𝑓∅n(𝑥),
1

𝑛
)𝑝  

.Thus  
‖𝑓∅𝑛(∙) − 𝑇𝑛

∗∅𝑛(. )‖𝑝 = ‖(𝑓 − 𝑇𝑛
∗)∅𝑛‖𝑝 =

‖𝑓 − 𝑇𝑛
∗‖𝑝,∅𝑛 ≤ 𝐶1(𝑘)𝜔

𝑘 (𝑓∅n(𝑥),
1

𝑛
)
𝑝
  

= 𝐶1(𝑘)𝜔
𝑘 (𝑓,

1

𝑛
)
𝑝,∅𝑛

.Thus 

‖𝑓 − 𝑇𝑛
∗‖𝑝,∅𝑛 ≤ 𝐶1(𝑘)𝜔

𝑘 (𝑓,
1

𝑛
)
𝑝,∅𝑛

Now using 

lemma (9) and lemma (6) we get 

𝐸𝑛(𝑓)𝑝,∅𝑛 = inf𝑇𝑛∈𝜋𝑛{‖𝑓 − 𝑇𝑛‖𝑝,∅𝑛} =

‖𝑓 − 𝑇𝑛
∗‖𝑝,∅𝑛 ≤ 𝐶(𝑘)𝜔

𝑘 (𝑓,
1

𝑛
)
𝑃,∅𝑛

  

≤ 𝐶(𝑘)𝜏𝑘 (𝑓,
1

𝑛
)
𝑝,∅𝑛

≤
1

𝑛𝑘
 ‖𝑓𝑘‖

𝑝,∅𝑛
         Thus 

 𝐸𝑛(𝑓)𝑃,∅𝑛 ≤
1

𝑛𝑘
 ‖𝑓𝑘‖

𝑝,∅𝑛
  , where 𝑇𝑛

∗ is the best 

multiplier approximation of  𝑓              ∎ 

Theorem 2: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have  

‖𝐾𝑛
∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤ (1 + 𝜋)𝜏

1(𝑓, 𝛽𝑛
∗)𝑝,∅𝑛   

,where  𝛽𝑛
∗ =

√3

√4𝑛2+2
  

𝐏𝐫𝐨𝐨𝐟: 
Since 𝐾𝑛

∗(𝑓, 𝑥) is a linear positive operator we can 

using lemma (7) 

First we must prove the following  

1-𝐾𝑛
∗(1, 𝑥) = 1 

2- 𝛽∗𝑛(𝑥) = √𝐾𝑛
∗(𝑠𝑖𝑛2(𝑡−𝑥

2
) , 𝑥)  =

√3

√4𝑛2+2
 

Since   𝐾𝑛
∗(𝑓, 𝑥) =  1

𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡) Φ𝑛(𝑡 − 𝑥)dt         

then 

𝐾𝑛
∗(1, 𝑥) = 1

𝜋
 ∫ Φ𝑛(𝑡 − 𝑥)dt =  

1

𝜋
 ∫ Φ𝑛(𝑡)dt 
𝟐𝝅

𝟎

𝟐𝝅

𝟎
  

=

 1
𝜋
∫

(
1

2
+
2𝑛(𝑛2−1)

2𝑛2+1
cos 𝑡 + ∑ 𝜌𝑘,𝑛 cos 𝑘𝑡

2𝑛−2
𝑘=2 ) 𝑑𝑡2𝜋

0
   

𝐾𝑛
∗(1, 𝑥) =

1

𝜋
∫

1

2
 𝑑𝑡 +

1

𝜋
∫

2𝑛(𝑛2−1)

2𝑛2+1
cos 𝑡  𝑑𝑡 +

2𝜋

0

2𝜋

0
1

𝜋
∫   ∑ 𝜌𝑘,𝑛 cos𝑘𝑡 

2𝑛−2
𝑘=2

2𝜋

0
𝑑𝑡   

𝐾𝑛
∗(1, 𝑥) =

1

𝜋
[1
2
𝑡]
0

2𝜋
+
1

𝜋
  
2𝑛(𝑛2−1)

2𝑛2+1
 [sin 𝑡]0

2𝜋 +
1

𝑘𝜋
∑ 𝜌𝑘,𝑛[sin 𝑘𝑡]0

2𝜋2𝑛−2
𝑘=2   

𝐾𝑛
∗(1, 𝑥) =

1

𝜋
[1
2
  2𝜋] +0 + 0 = 1   Now 

(𝛽∗
𝑛
(𝑥))2 = 𝐾𝑛

∗ (𝑠𝑖𝑛2(
𝑡−𝑥

2
) , 𝑥)

=
1

𝜋
 ∫ 𝑠𝑖𝑛2(

𝑡−𝑥

2
)  Φ𝑛(𝑡 − 𝑥)dt

2π

0

 

(𝛽∗
𝑛
(𝑥))2 =

1

𝜋
 ∫ 𝑠𝑖𝑛2(

𝑡

2
) Φ𝑛(𝑡)dt

2π

0
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=
1

2𝜋
∫ (1 − cos 𝑡)Φ𝑛(𝑡)dt    
2𝜋

0
By  [𝑠𝑖𝑛2(𝑘𝑡) =

1

2
(1 − cos 2𝑘𝑡)] 

=
1

2
[
1

𝜋
∫ Φ𝑛(𝑡)dt
2𝜋

0
−
1

𝜋
∫ cos 𝑡 Φ𝑛(𝑡)dt
2𝜋

0
]  

=
1

2
[1 −

1

𝜋
∫ cos 𝑡 [

1

2
+
2(𝑛2−1)

2𝑛2+1
cos 𝑡 +

2𝜋

0

 ∑ 𝜌𝑘,𝑛 cos 𝑘𝑡 
2𝑛−2
𝑘=2 ] 𝑑𝑡]  

=
1

2
[1 −

1

2𝜋
∫ cos 𝑡 𝑑𝑡 −

1

𝜋
 
2(𝑛2−1)

2𝑛2+1
∫ 𝑐𝑜𝑠2𝑡 𝑑𝑡 −
2𝜋

0

2𝜋

0
1

𝜋
∑ 𝜌𝑘,𝑛 ∫ cos 𝑘𝑡  𝑑𝑡

2𝜋

0
2𝑛−2
𝑘=2 ]  

=
1

2
[1 −  0 − 

1

𝜋
 
2(n2−1)

2n2+1
 . π − 0] =

1

2
[1 −

2(n2−1)

2n2+1
] =

3

4n2+2
  Thus 

𝛽∗𝑛(𝑥) =
√3

√4𝑛2+2
   .Therefor 

‖𝐾𝑛
∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 =

𝑠𝑢𝑝 {(∫ |((𝐾𝑛
∗(𝑓, 𝑥) −

2𝜋

0

𝑓(𝑥)))∅𝑛|
𝑝
𝑑𝑥)

1
𝑝
}    

≤

𝑠𝑢𝑝 {(∫ |(𝐾𝑛
∗(1, 𝑥) +

2𝜋

0

𝜋√𝐾𝑛
∗(1, 𝑥))𝜔1 (𝑓, 𝛽∗𝑛(𝑥))∅𝑛 +

|𝑓(𝑥)| |𝐾𝑛
∗(1, 𝑥) − 1|∅𝑛|

𝑝
𝑑𝑥)

1
𝑝
}   

=

𝑠𝑢𝑝 {(∫ |((1 +
2𝜋

0

𝜋)𝜔1 (𝑓, 𝛽∗𝑛(𝑥)))∅𝑛|
𝑝

𝑑𝑥)

1
𝑝

}    

=
(1 +

𝜋)𝑠𝑢𝑝 {(∫ |(𝜔1 (𝑓, 𝑥, 𝛽∗𝑛(𝑥)))∅𝑛|
𝑝

𝑑𝑥
2𝜋

0
)

1
𝑝

}  

≤ (1 + 𝜋)‖𝜔1(𝑓, . , 𝛽𝑛
∗)‖𝑝,∅𝑛  

= (1 + 𝜋)𝜏1(𝑓, 𝛽𝑛
∗)𝑝,∅𝑛   where  𝛽𝑛

∗ =
√3

√4𝑛2+2
      

Thus  

‖𝐾𝑛
∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤ (1 +

𝜋)𝜏1(𝑓, 𝛽𝑛
∗)𝑝,∅𝑛        ∎  

 

Corollary 3: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have  

‖𝐾𝑛
∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤

 
(1+𝜋)√3

√4𝑛2+2
 ‖𝑓′‖𝑝,∅𝑛    

𝐏𝐫𝐨𝐨𝐟: 
Using theorem (2) and lemma (4) we have  

‖𝐾𝑛
∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤ (1 + 𝜋)𝜏

1(𝑓, 𝛽𝑛
∗)𝑝,∅𝑛 ≤

(1 + 𝜋)𝛽𝑛
∗‖𝑓′‖𝑝,∅𝑛 =

(1+𝜋)√3

√4𝑛2+2
 ‖𝑓′‖𝑝,∅𝑛 Thus  

‖𝐾𝑛
∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤

 
(1+𝜋)√3

√4𝑛2+2
 ‖𝑓′‖𝑝,∅𝑛         ∎  

Corollary 4: 

For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have   Kn
∗ (𝑓, x)

u .    c .
→     𝑓(x) 

𝐏𝐫𝐨𝐨𝐟:   
By theorem (2) we have  
‖𝐾𝑛

∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤ (1 +

𝜋)𝜏1(𝑓, 𝛽𝑛
∗)𝑝,∅𝑛    Then 

lim𝑛⟶∞‖𝐾𝑛
∗(𝑓, . ) −

𝑓(. )‖𝑝,∅𝑛  ≤ lim𝑛→∞(1 +

𝜋)𝜏1(𝑓, 𝛽𝑛
∗)𝑝,∅𝑛    

= (1 + 𝜋) lim𝑛→∞ 𝜏
1(𝑓, 𝛽𝑛

∗)𝑝,∅𝑛 =

(1 + π)𝜏1(𝑓, lim𝑛→∞ 𝛽𝑛
∗)𝑝,∅𝑛  

= (1 + π)𝜏1(𝑓, 0)𝑝,∅𝑛     Thus 

‖𝐾𝑛
∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛   →   0 As n →

 ∞ Then  Kn
∗ (𝑓, x)

u .    c .
→     𝑓(x)                ∎   

Theorem 5: 

For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have  

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤ (1 + 𝜋)𝜏

1(𝑓, 𝛽𝑛
∗∗)𝑝,∅𝑛 

where   𝛽𝑛
∗∗ =

√1−cos
𝜋
𝑛

√2
 

𝐏𝐫𝐨𝐨𝐟: 
Since 𝐾𝑛

∗∗(𝑓, 𝑥) is linear positive operator we can 

using lemma (7) 

First we must prove the following  

1-𝐾𝑛
∗∗(1, 𝑥) = 1 

2-𝛽𝑛
∗∗ (𝑥) = √𝐾𝑛

∗∗(𝑠𝑖𝑛2(𝑡−𝑥
2
) , 𝑥)  =

√1−cos
𝜋
𝑛

√2
 

Since  𝐾𝑛
∗∗(𝑓, 𝑥) = 1

𝜋
 ∫ 𝑓∅𝑛
2𝜋

0
(𝑡)𝜑𝑛 (𝑡 − 𝑥)dt   

Thus 

𝐾𝑛
∗∗(1, 𝑥) =

1

𝜋
 ∫ 𝜑𝑛 (𝑡 − 𝑥)dt  

2𝜋

0

=
1

𝜋
 ∫ 𝜑𝑛 (𝑡)dt  

2𝜋

0

 

𝐾𝑛
∗∗(1, 𝑥) =

1

𝜋
∫ (

1

2
+ cos(

𝜋

𝑛
) cos 𝑡

2𝜋

0

+∑𝜌𝑘,𝑛  cos 𝑘𝑡

𝑛−2

𝑘=1

)𝑑𝑡 

𝐾𝑛
∗∗(1, 𝑥) =

1

𝜋
∫

1

2
 𝑑𝑡 +

1

𝜋
∫ cos 𝜋

𝑛
cos 𝑡  𝑑𝑡 +

2𝜋

0

2𝜋

0
1

𝜋
∫   ∑ 𝜌𝑘,𝑛 cos 𝑘𝑡 

𝑛−2
𝑘=1

2𝜋

0
𝑑𝑡  

 𝐾𝑛
∗∗(1, 𝑥) =

1

𝜋
[1
2
𝑡]
0

2𝜋
+
1

𝜋
  cos 𝜋

𝑛
[sin 𝑡]0

2𝜋 +
1

𝑘𝜋
∑ 𝜌𝑘,𝑛[sin 𝑘𝑡]0

2𝜋2𝑛−2
𝑘=2  

𝐾𝑛
∗∗(1, 𝑥) =

1

𝜋
[1
2
  2𝜋] +0 + 0 = 1   Now 
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(𝛽𝑛
∗∗)2(𝑥) = 𝐾𝑛

∗∗(𝑠𝑖𝑛2(𝑡−𝑥
2
) , 𝑥) =

1

𝜋
 ∫ 𝑠𝑖𝑛2(𝑡−𝑥

2
)  𝜑𝑛 (𝑡 − 𝑥)dt 

2π

0
  

(𝛽𝑛
∗∗)2(𝑥) = 1

𝜋
 ∫ 𝑠𝑖𝑛2(𝑡

2
)  𝜑𝑛(t) dt

2π

0
      

=
1

2𝜋
∫ (1 − cos 𝑡)𝜑𝑛(t) dt    
2𝜋

0
By  [𝑠𝑖𝑛2(𝑘𝑡) =

1

2
(1 − cos 2𝑘𝑡)] 

=
1

2
[
1

𝜋
∫ 𝜑𝑛(t) dt
2𝜋

0
−
1

𝜋
∫ cos 𝑡 𝜑𝑛(t) dt
2𝜋

0
]  

=
1

2
[1 −

1

𝜋
∫ cos 𝑡 [

1

2
+ cos 𝜋

𝑛
cos 𝑡 +

2𝜋

0

 ∑ 𝜌𝑘,𝑛 cos 𝑘𝑡 
𝑛−2
𝑘=2 ]]  

=
1

2
[1 −

1

2𝜋
∫ cos 𝑡 −

1

𝜋
cos 𝜋

𝑛
∫ 𝑐𝑜𝑠2𝑡 𝑑𝑡 −
2𝜋

0

2𝜋

0
1

𝜋
∑ 𝜌𝑘,𝑛 ∫ cos 𝑘𝑡  𝑑𝑡

2𝜋

0
𝑛−2
𝑘=2 ]  

=
1

2
[1 −  0 − 

1

𝜋
  cos 𝜋

𝑛
  . 𝜋 − 0] =

1

2
[1 − cos 𝜋

𝑛
]    

.Thus 

𝛽𝑛
∗∗ (𝑥) = √𝐾𝑛

∗∗(𝑠𝑖𝑛2(𝑡−𝑥
2
) , 𝑥)  =

√1−cos
𝜋
𝑛
 

√2
     

Therefor 

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 =

𝑠𝑢𝑝 {(∫ |((𝐾𝑛
∗∗(𝑓, 𝑥) −

2𝜋

0

𝑓(𝑥)))∅𝑛|
𝑝
𝑑𝑥)

1
𝑝
}  

≤

𝑠𝑢𝑝 {(∫ |(𝐾𝑛
∗∗(1, 𝑥) +

2𝜋

0

𝜋√𝐾𝑛
∗∗(1, 𝑥))𝜔1(𝑓, 𝛽𝑛

∗∗ (𝑥))∅𝑛 +

|𝑓(𝑥)| |𝐾𝑛
∗∗(1, 𝑥) − 1|∅𝑛|

𝑝
𝑑𝑥)

1
𝑝
}  

=
(1 +

𝜋)𝑠𝑢𝑝 {(∫ |(𝜔1(𝑓, 𝑥, 𝛽𝑛
∗∗(𝑥)))∅𝑛|

𝑝
𝑑𝑥

2𝜋

0
)

1
𝑝
}  

≤ (1 + 𝜋)‖𝜔1(𝑓, . , 𝛽𝑛
∗∗)‖𝑝,∅𝑛  

= (1 + 𝜋)𝜏1(𝑓, 𝛽𝑛
∗∗)𝑝,∅𝑛 .Thus  

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤ (1 + 𝜋)𝜏

1(𝑓, 𝛽𝑛
∗∗)𝑝,∅𝑛 , 

with    𝛽𝑛
∗∗ =

√1−cos
𝜋
𝑛
    

√2
   ∎  

Corollary 6: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have  

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤

 
(1+𝜋)

√2
√1 − cos

𝜋

𝑛
‖𝑓′‖𝑝,∅𝑛    

𝐏𝐫𝐨𝐨𝐟: 
 Using theorem (5) and lemma (4) we have 

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤ (1 + 𝜋)𝜏

1(𝑓, 𝛽𝑛
∗∗)𝑝,∅𝑛 ≤

(1 + 𝜋)𝛽𝑛
∗∗‖𝑓′‖𝑝,∅𝑛  

= (1 + 𝜋)
√1−cos

𝜋
𝑛
    

√2
 ‖𝑓′‖𝑝,∅𝑛         Thus 

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤

  
(1+𝜋)

√2
√1 − cos

𝜋

𝑛
‖𝑓′‖𝑝,∅𝑛    ∎  

 Corollary 7: 

 For 𝑓 ∈  𝐿𝑃,∅𝑛(𝐵), 𝐵 = [0,2𝜋] , 1 ≤ 𝑝 < ∞  we 

have    

Kn
∗∗(𝑓, x)

u .    c .
→     𝑓(x)   

Proof: 

Using corollary (6) we get  

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤

  
(1+𝜋)

√2
√1 − cos

𝜋

𝑛
‖𝑓′‖𝑝,∅𝑛 Then  

lim𝑛→∞‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛 ≤

lim𝑛→∞
(1+𝜋)

√2
√1 − cos

𝜋

𝑛
‖𝑓′‖𝑝,∅𝑛 =

(1+𝜋)

√2
  ‖𝑓′‖𝑝,∅𝑛 lim𝑛→∞√1 − cos

𝜋

𝑛
  =

(1+𝜋)

√2
 ‖𝑓′‖𝑝,∅𝑛√1− lim𝑛→∞ cos

𝜋

𝑛
=

 
(1+𝜋)

√2
 ‖𝑓′‖𝑝,∅𝑛√1 − 1       Thus 

‖𝐾𝑛
∗∗(𝑓, . ) − 𝑓(. )‖𝑝,∅𝑛   → 𝟎As𝒏  → 𝟎   Then 

Kn
∗∗(𝑓, x)

u .    c .
→     𝑓(x)              ∎   

 

Conclusion: 
By using the multiplier Jackson

'
s 

operator𝐾𝑛
∗(𝑓, 𝑥)and by the multiplier linear positive 

Korovkin's operator 𝐾𝑛
∗∗(𝑓, 𝑥) we obtained the best 

Multiplier approximation of 𝑓 ∈ 𝐿𝑝,∅𝑛(𝐵), 𝐵 = [0,2𝜋] 

and we estimated the degree of the best multiplier 

approximation in terms of modulus of continuity and 

the averaged modulus.  
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