Open Access Baghdad Science Journal P-1SSN: 2078-8665
2020, 17(3):882-888 E-ISSN: 2411-7986

DOI: http://dx.doi.org/10.21123/bsj.2020.17.3.0882

Best Multiplier Approximation of Unbounded Periodic Functions in
Ly, (B), B = [0,2m] Using Discrete Linear Positive Operators

Saheb K. AL- Saidy Naseif J. AL-Jawari Ali H. Zaboon”

Pepartment of Mathematics, College of Science, Mustansiriyh University, Bag*hdad, Iraq.

Corresponding author: sahebalsaidy@gmail.com , nsaif642014@yahoo.com, ali.zaboonl@gmail.com

ORCID ID: https://orcid.org/0000-0003-4956-5312,  https://orcid.org/0000-0002-6755-0483,  https://orcid.org/0000-0003-
1540-684X

Received 16/1/2019, Accepted 29/12/2019, Published 1/9/2020

- This work is licensed under a Creative Commons Attribution 4.0 International License.

Abstract:

The purpose of this paper is to find the best multiplier approximation of unbounded functions in
L, g, —Space by using some discrete linear positive operators. Also we will estimate the degree of the best
multiplier approximation in term of modulus of continuity and the averaged modulus.
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Introduction:

Here we will review some researchers  { @, },-o such that };_oa, @, <o, and we will
who have studied the approximation of unbounded  say that {@,,} is a multiplier for the convergence, for
functions and who have obtained important results  example.
in this field, for example In (2015), S. K. Jassimand  The series $'2.,%  divergent series and the
(1) studied the approximation of unbounded N
functions in locally —global space  sequence {;} __ convergent sequence since
Lp.s.0(X).In(2015),S. K. Jassim and Alaa A. Auad nl
(2) estimated the degree of the best one —sided |
approximation of unbounded functions by using  thenthe series ¥7°, ~ is a multiplier convergence.
some discrete operator in Ly ,-space (weighted Note 1:
space).Also the researchers have studied the If Y a, is convergent series then it is multiplier
approximation of bounded functions and obtained  convergent, this by taken
important results. For example, in (2016),JafarovS.  {@,}ro = {1}, ., but the reverse is not true
(3) studied the approximation of bounded functions Definition 2 (5):
by de la vallee-poussin sums in weighted Orlicz For any real valued function f if there is a
spaces.Again in (2016),Sadigova ,S. (4) studied the  sequence { @,,}5, such that
approximation of bounded functions by Shifting
operators in Morrey Type Space. In this paper we fB fOn(x) < o,
will deal with unbounded functions by multiplier S
approximation and we shall use the Jackson  Definition3:
polynomials and the Korovkin polynomials to find L€t Lpg,(B),1 <p <o be the space of all real
the best multiplier approximation of periodic ~ Valued unbounded functions f
unbounded functions inLyg (B),B=[02m] in  suchthat [, f@,(x)dx <o withthe following
terms of the modulus of continuity and the norm.

Averaged modulus. First we introduce some 1
definitions and some results that are used  [fllipg, =sUP {(fB [f@n ()P dx)v : x € B}'

11 1 . . .
Yn=13 - = Xm=15z Which is convergent series

then we say that @, is a
multiplier for the Integral

throughout this work. where @,, is the multiplier for the integral, and
Definition 1 (5): B =1[0,2m] .
A series Y3 ay, is called a multiplier convergence  For simplicity let us denote the norm ||£1|,,, by
if there is a Sequence 1l g o

p! n
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Definition 4:
For f € Lpg (B) and 6 >0 we will define the
following concepts.

e w (f,8)pg, = supp<sllf(x+h)—
f)lp,g,,, the multiplier modulus of
continuity of function f

o ¢ Dpo, =l D, 1=p<
0,5 >0,k eN

Is the multiplier Averaged modulus of smoothness

of £ of order k, where k" modulus of smoothness
for f is defined by

O (f, % 8)p0, = suppics {[8KF O, 1610+
kh € [x—%,x + "75]} Where

k _ vk (kY q\k=i _kh | . _
Ap(f,x) = i:o(i)( 1) f(x 5 +lh),x+
kz—h € B the k" symmetric difference of the function
f.

Definition 5:

Let f € Lp g, (B) then the degree of best multiplier
approximation of a function f with respect to
trigonometric polynomial g, € I1,, is given by
En(f)P,(Dn = inf{”f - gn”P,(bn;gn € Hn]
where I1,, be the set of all trigonometric
polynomials.

Definition 6 (6):
Forf € Lpg, (B),B =1[02n] ,1 <p < oo let
define the multiplier Jackson's operator which is
generated by the following kernel
sin’* * 1 2n(n?-1)
— 2 ==
P (t) = 2n(2n2+1)<sm§> T2 + 2n2+1 cost +

Y252 prncoskt  Where
Prn lsaconstant dependson (k,n)and p;, =

2 -1
M) 1 <k<n, n>1 asfollows
2n“+1

K(fX)=

3
m L1 fOn(tin) (G2 )"
Note 2: Fort;‘;,nzk?” 1<k<n,n=12,-
we have

sin (tkn x)

sins (t n—x)

K, %) = s f%("")(““z( e
Definition 7 (6):

For every trigonometric polynomial T of order <
n—1 we have

2 ﬁle(ZkT") =% foznT(t)dt ......... (1)
Proposition 8:

Forf € Lpg, (B),B =1[02n],1<p <o we
have

Ki(f,x) =2 [77 f8, ()P, (t — x)dt

883

Proof:

Ka

%) =557

2n? (Zn2 +1)

Then using (1) we get

K*

2n2(2n2+1) (2n2 +1)

2n
2

0=
e D O () s

3

kT
miGmry o okt [0 ED i

sin< (t x)

3 1

T F 0, (6)(

2n(2n2+1) = J0 sin

LT f0, (B)dt
=1 f(bn (t) ®,(t — x)dt Where &, (t —

x) =

Ki(f,x) = fj”fwn () @ (t — x)dt

S —(

XiZ [P CD (s

sin 2(t-x)

1n(

sinZ ( x)

4 _
i) -
sin= ( —x)

sinz ( ))
Y dt =

)4-

%(t—x)

2n(2n?+1) s

sinZ Z(t—x)

- 2n(2n2+1) (

)*

sinz (t x)

Definition 9 (6):

Forf € Lpg, (B),B =

define

the multiplier linear positive Korovkin's operator

1
in3(t-x)

which is generated by the following kernel

Pn(t) = Lsin®(Z) (#

cost—cos—

2
— 1

cos(%) cost + Y% prn coskt

where py , isaconstant depends on (k,n) and

_ T
p1n = cosZ as follows

Kx*(f, x) =

% sin? (%) Tt 0 (

Note 3: Fort;;, = %
we have
Ky (f,x) =

2 sin?(%) Sp-y fOn (”‘”)(

Proposition 10:

Forf € Lpg, (B),B =

have
* %k 2
K (f,0) =1 [ 7 f0n (D), (£ — x)dt
Proof:
By using (1) we have
Kp*(f,x) =
CEEm_x))
2 2(m 2km
n? sin ( )Z f(Z) ( )(Cos(zkn - COSE
n . - - cos(n(Zk—"—x))
5w 5‘”2(5) 2 Y1 [0 (D) (an—

1sin?(%) 2 7 8, (6) (

cos(g(t,*cfn—x))

cos(t,"(fn

os(3¢5 )

cos(=—=

cos(%(t—x))

cos(t—x)—cos%

sin 4 ( -x)

)

[0,27],1 < p < oo let us

)

—x)—cosz

[0,27],1 < p < o we

)

T
x)—cosy

;

2

1<k<n,n=1.2,--

)

(zkn )
oS —X COS—
n

)

2
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cos(g(t—x))

21 . T
= % fo f@n (t) %Slnz(;) <COS(f—X)—COS%

)2
Thus Ki*(f,x) =1 foznf(Dn ®)on (£ —
x)dt Where
2
) .

@n (£ —x) = Lsin?(%) <
Auxiliary Results:

In this section we recall some lemmas and
proved some results which will be used to prove the
main results.

Lemma 1:

Forf € Lpg (B),B =[0,2m],1 < p < o There
is a constant A(p) depends on p such that
IKn(F, Dlpg, < ADf 0,

Proof:

cos(g(t—x))

T
cos(t—x)—cos

2w
G0 =1 [ 0,0 @ - v
0

(272 127 Fn () Pult -

I1Kn(f, 0)lp,0,, =SUP{

1

x)dt |p dx)i}

< Sup {( S f o) dt |Pdtl [T, (t -

x) dx )5} (Jensen inequality)

SSup{(fjﬂ f Ou(OI dt )5} AQ) =

A flp.o,
IKn (£, 0)lpo, < A@flpo, = Similarly we
can prove the next result.
Lemma 2:
Forf € Lpg (B),B =[0,2r],1 < p < oo there is
a constant A(p) depends on p such that
1K (f, o, < A@NSfIp0,
Lemma 3 (7):
Forf € Lp(B),B =[0,2m],1 < p < oo we have
71(f,8)p <6lf'll, Where
f' isthe first derivative of the function f .
Lemma 4:
Forf € Lpg, (B),B =[02n],1<p <oo we
have ' (f,8)pg, < 6lf'llpg,
Proof:

For f € Lpg, (B), there is asequence {@,};_;
such that fOanQn(x) <

exists, using lemma (3) we gét T1(fDn, 6)p <
SIfD) N, -Thus

™ (f, )po, <0lf'llpe,
Lemma 5:

884

Forf € Lpg (B),B=[02r],1<p <o we

have t*(f, po, < rk‘l(f’S)p,Q,n
Proof:
Let use the identity in (7)

ASF(E) = [TAET (F(¢ +w)du ,h >0 Then
™, )po, = [, O, =

sup {(f02n|wk(f, X, 6)|p dx )%}

sup {(fozn

; dt)%}

sup {(fj”lAﬁ(f(x) | dx )5} 9, (1)

sup {(foz" |y Akt frce+

1

p P
9

sup {(f02n|Afl_1 fl(t+

1
p P
dt>

sup {(fOZ”IAii‘l( 1t +

1 p %

) | dx )”k(fo" du) 0,(t) dt)
Thus

2 k=1/p1 14 L

< sup {(f; " [sup|[85~2 (£ ()| @n () . | de) )

1
< sup {(f02n|wk‘1(f’,x,6* )P () |pdt)p} h
< ”wk—l(fl’x,&*) ”p,G)n .h <h
L, 6 pg, < 5T, 6%),0, Where

P 5
u) du | ?,(0)) } dx

< sup (f()zﬂ

u) [Pdx [ du )%} n (D)

< sup (fozn

oF = %6 Thus
Tk(f' 6)p,®n =< Tk_l(f’6)p,(2)n ]
Lemma 6:

Forf € Lpg, (B),B =1[02n],1<p <o we get
(f,)po, <8 |FPI,, - Where

£ & is the k" derivative of the function f

Proof:

From Lemma (5) we have

™, )pg, < 6T 8)po,
S8TR2(f",8)pg, <+ 886 Tl(f(k‘l)ﬁ)p, o

i k—1time
Then using lemma (4) we have

<
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™(f,8)po, < 55 ) rl(f<k D 5)p®n

§6:8. 5||f(<k 1>+1|| —6"||f(")||p¢ Thus

k 1time
(8o, <8*|If ® Lo —~—
Lemma 7 (6):
For any linear positive operator L, (f, x) of
2m —periodic and continuous functions f we have

|Ln,(f, %) — f(x)]
< (Ln(l,x)

+ 1 Ln(1,3) ) 0(f, B ()
F IO |Lp(1,x) — 1]

Where ,Bn(x):\/ n(smz( %), x)

Lemma 8 (7):
If f isameasurable bounded function on
[a, b] then

WK (f,8), < T5(,8), < (b — a)? w*(f,8),
Lemma 9:

Forf € Lpg (B),B =
k<n,n2>1weget
W*(f, pg, < T, )po,
Proof:

W (f,8p0, = sup {18, } =
Sup{|h| < 5{(f2ﬂ|(A (F ()0, | dx)zo}}

[027] ,1<p<o,1<

< sup{| h| < 5{(f02”‘7((wk(f(x),x +
i 5)0,) dx)%}}
< sup{| e U (o o, x 00,7 dx)v}]

w*(f, )p,o, < sup{”a)k(f,.,c?)”pmn} <
supt®(f, 8)pg, = T°(f,8)pg, -Thus
w*(f, o, < ™(f, 8)po, ]

Main Results

We shall prove the direct inequality of
f € Lpg (B),B =[0,2m] by Jackson and
Korovkin polynomials in terms of Average
modulus and the modulus of continuity.
Theorem 1:
Forf € Lpg, (B),B =
k <n we get

Ea(Neo, <7 IF©ll, 4,

Proof:

[027],1<p<»,1<

Let IT,, be the set of all trigonometric polynomial ,

f €L,y (B), then

1FaOlly = [f, 1F@aCo)Pdx]”, exists

Then by (Sendov Theorem in (8)) there is a
polynomial T,; € II,, such that

If0n() — T @Bn(Ollp < Cl(k)w""(f%(x}%)p
.Thus
If0.C) — Ty @n(Ollp = I1(f = T)Dnllp, =

If = Tillpo, < C1000* (£0a00.5)
= ¢, (k)w* (f, %)Mn.Thus

* 1 .
If = Tillpo, < Ci()w* (£, Z)M)nl\low using
lemma (9) and lemma (6) we get

En(Npo, = infren {Ilf = Tallpg,} =
T <C(k =
If = Tillos, < CO0* (£.3),
1
<cor(r7) < lftl,, — Thus
En(pg, < % ||f"||p(b , where T is the best
multiplier approximation of f [ ]
Theorem 2:
Forf € Lpg (B),B =1[02m],1<p <oo we
have
IKZ(f,) = FOllpg, < A +m)T(f, B)po,
* V3
\Wwhere B, = —
Proof:

Since K, (f, x) is a linear positive operator we can
using lemma (7)

First we must prove the following

1-K:(1,x) =1

2- ,B*n(x) = \/K;;(smz = ") x) n2+

since K;(f,x) = 1 [77 f, (t) ®n(t — x)dt
then
Kn(1,x) =1 foz"tbn(t—x)dt = %foz"rbn(t)dt

1 21’1(1’12—1) 2n-2 )
2 =
%fon(2+ Pww) cost + i3 prncoskt)dt

2m1 2m 2n(n?-1)

K(zl )——f ~dt + - f oy cost dt +
T
=1 Zi"zzpkncoskt dt
" 2r 1 2n(n?-1 .
K;(1,x) = —[—t]o +— % [sint]3™ +

1 .

—YhL2” Prnlsinkt]g"

K:(1,x) = ;[5 2n] 40+ 0=1 Now
(B, ()% = Ky (sin?(55,x)

2T

=% f smz(—) d,(t —x)dt

0
2T

1 gt
=_ f sin?(5) @ (t)dt

0

B, (0)?
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iﬂfozn(l —cost)d,(t)dt By [Sin2 (kt) =

2
%(1 — cos Zkt)]
1T 2 1 p2
= = [y @y ()dt — = [ cost an(t)dt]
1 1 2¢m 1, 2(n?-1)
| 1——f cost[5+ o2y COStt
5% P €OS kt]dt]
_ l _ 1 _ 1 2(71. 21 _
T2 _1 anozcostdt T 2n2+1 f cos®t dt
_ T
;Zi’;zzpk'n fo cos kt dt]
_ 2_
Y
22_ T 2n2+1 2
Z(nz—l) = : Thus
2n2+1 4n +2
B* ( ) = m .Therefor
2 *
sup {(fo n|((Kn(f' x) =
1
f(x)))eﬁnlpdx)p}

<

sup {(fom |(Kﬁ(1, x) +
K5 (1,x) ! (f,ﬁ*n(x)) Dn +
F 1K (L,2) = 110, dx)ﬁ}

sup {(f |((1 +
mw' (f, ﬁ*n(x))) (z)n|p dx)%}

1+

ﬂ)sup{(f |( L(f, %8 (x)))(b | dx>%}

<1+ 7T)||w1(f'-'ﬁn)”n®n

= (1+ 1)1 (f, Bi)po, Where f; = o
Thus

IKa(f, ) = FOllpe, = (A +

o (f, Bdpg, ™

Corollary 3:

Forf € Lpg,(B),B =[02n],1<p <o we
have

1Kz (f,) = FOllpe, <

D £l

Proof:

Using theorem (2) and lemma (4) we have

886

1Kz (f,) = FOllpg, < A+ (f, Bidpo, <
(1+m)V3

A+ m)Ballf lpe, =z If'llpe, Thus
WK (f)) = FOllpe, <
(1+m)V3
2 I llpg,
Corollary 4:

Forf € Lpg (B),B =[0,2r],1<p <o we

have Kj(f,%) —— f(x)
Proof:
By theorem (2) we have

K2 (f,-) = FOllpe, = A+
)T (f, Bi)po, Then
hmn—>oo||Kr>;(f: ) -

fOllpg, <lim,_,(1+

)T (f, Br)p.o,,

= (1 + T[) lirnn—mo Tl(fl .B;;)p,(bn =
(1 + H)Tl(f' lirnn—mo ﬂ;{)p,@n

= (1 +m7'(f,0),, Thus
IKn(f,-) = fFOllpe, & 0Asn -
o Then K (f,) — f(x)

]
Theorem 5:
Forf € Lpg,(B),B =[02n],1<p <o we
have

1K™ (f>) = F(Ollp,

s
1—COSH

V2

< (A +mt(f, B pon

where Bp* =

Proof:

Since K;*(f, x) is linear positive operator we can
using lemma (7)

First we must prove the following

1-K*(Lx) =1

T
1—COSH

2-B (x)—\/K**(st( 4 x) =

V2
since Ky*(f,x) =2 [ fBn ()@ (t — x)dt
Thus
21 21
Ky (1,x) =~ f on (t—x)dt =~ f @n (D)dt

0 0

*% 1 1 T
K;*(1,x) = - (E + cos(g) cost
0

n-2
+ Z Pkn Coskt)dt

217,'1

K:*(1, )——f —dt+ f cosTcost dt +
2
;fon n- fpkncoskt dt

* % —_ 2 1 T . 2
i(n 1,x) = - [Et]o +— cos? [sint]§™ +
Elec;lEzpk,n [sin kt]§"
K:*(1,x) = %[; 2n] +0+0 =1 Now

P-1SSN: 2078-8665
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(B2 () = Ky (sin? (59, x) =

% fo Slnz(—) @n (t —x)dt

(Bi)?*(x) =1 [T sin? () @, (1) dt

= ifozn(l — CO0s t)(pn(t) dt By [Sinz (kt) =

%(1 — cos Zkt)]
1

ZEEI n(t)dt——f cost(pn(t)dt]

=1 1——f2ncost[ +cosZcost +

2

S22 prn coskt ||

=1 1——fzncost—lcosffzncosztdt—

21 T nJ0

Iy pknf cos kt dt]

1-0—-= cosr .m —0]=1[1—cosf]
T 2 n

1
1

1
21
Thus

/1—cos%
(x)—JK**(SLnZ( =X, x) =7
Therefor

1Kz (f,) = fOllpe, =
sup{(f |((K**(f x) —

f(x»)%lpdx)%}

<

sup {(foznl(l(;{*(l, x) +
Ty Kp* (1, %)) (f, By (2))8Bn +
If GOl 1Kn" (1, %) — 1|®n|pdx)5}

1+

n)sup{( "|(w(f % 8 (x>))®n|pdx)%}

< (A +mllo'(f,-, B2)lpg,
= (1 + 0T, B )pg, -Thus
1K () = FOllpg, < A+ (f, B )pg,, -

/1—cos%
with B =+———

NG |

Corollary 6:
Forf € Lpg, (B),B =[02n],1<p <oo we
have

1K (F) = FOllpo, <
1 T !
R T=cosZf llpg,

Proof:

Using theorem (5) and lemma (4) we have

1K () = FOllpg, < A+ (f, B )pg, <
A+ BN Nlp,p,

/1—cos%
= +m) 75— lIf'llpg,  Thus
K" (f,) = fFOllpe, <
2 T=co5f llpo,

Corollary 7:
Forf € Lpg (B),B =[02m],1<p <o we
have
u. C.
Ka(fox) — f(®)
Proof:
Using corollary (6) we get

1K™ (f5) = FOllpg, <
2 JT=co5ZIf 'llp, Then
hmn—wo”K**(f )_f( )”p@n <

1+
n—>oo(\/—n)w/ —cosZ|lf'llpe, =
1+
ﬂ £ g, limy oo /T —cOST =

1+ =
L2 ”) 13,0,/ T = Titi oo COS T =

(””) If'llg VI—1  Thus
IIK**(f )= f(llpg, = 0Asn -0 Then

Ky (f, %) — f(x) .

Conclusion:

By wusing the multiplier  Jacksons
operatorK, (f, x)and by the multiplier linear positive
Korovkin's operator K,*(f,x) we obtained the best
Multiplier approximation of f € L, 4 (B), B = [0,27]
and we estimated the degree of the best multiplier
approximation in terms of modulus of continuity and
the averaged modulus.
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