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Abstract:

In this paper we generalize Jacobsons results by proving that any integer « in Q(\/H) (d>0,d isa
square-free integer), belong toW;. All units of Q(Vd) are generated by the fundamental unit &™, (n > 0)
having the forms

e =t+Vd,d % 1(mod4)
£= [(Zt — 12) al \/H],d = 1(mod4)
Our generalization build on using the conditions

t+l=c+et+1-10),
t=c+e 1+ (1 -0
This leads us to classify the real quadratic fields Q+/d into the sets Wy, W,, Ws ... Jacobsons results shows
that Qv/2, Q+/5 € W, and Sliwa confirm that Q+/2 and Q+/5 are the only real quadratic fields in W.

Keywords: Real quadratic fields, Fundamental units of real quadratic field, Integers of real quadratic field as
sum of finite units.

Introduction:
Thereal quadratic fields Q(68) of degree two B. Jacobsons (1) used the conditions

over the rational numbers with 8 = d, where d > 0 2=¢—g1
and d is a square free integer for if 6 = vVd isaroot 2 =& + &> - (1)

of the quadratic polynomial and proved that any integer a € Q(v/2) and Q(+/5)
x2+2ax+b=0 are written as a sum of distinct units, where
This leads to state that any integer « € Q(vd) has & =1++v2, & = (1 ++/5)/2 are the
the forms fundamental units of Q(v2) and Q(V5)
a =a+bVd,d # 1(mod4) respectively on the other words Q(v2), Q(V5) €
or a=(a+bVd)/2 ,d = 1(mod4) W;. Sliwa (2) proved that no other real quadratic
The fundamental unit of Q (+v/d) has also the forms fields belong to W;. Belcher (3) and (4) showed that
e=t+Vd,d % 1(mod4) there are seven real pure cubic fields Q(0),9° =

or e=[t-1D+ Vd)/2, d = 1(mod4) d=m’ 1 V.Vith negative d!scr!mina?e belong
toW; and infinitely many quantic fields in W, t >

. 1. Goldsmith. Pabst and Scott (5) proved a similar
The base of any integer a & Q(\/E) d # 1(mod4) result without the property of being distinct units.

is of the form < 1,bVd > and the base of any  The sum of unit of numbers of rings of quadratic
integer @ € Q(Vd) with d=1(mod4) is< field also discussed by Ashrafi and Vamos (6).
1,b(1 +Vd)/2 >. Further result given by Christopher (7) showing that

According to d % 1(mod4)or d = 1(mod4), for every positive integer N, there exists elements of
where norm(e) = N(¢) =& =41 and £ is the  the ring R which cannot be expressed as sum of at

conjugate of . most N units. Our result depends on using the
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and proving that any real quadratic field Q(vd)
belong to the set W, t > 1.

Preliminary Results and Definitions
Our main result depend on generalizing
conditions in (1) to be
2t=¢ete =1
which becomes

t+l=c+tel+(1-0), . (2)
when d # 1(mod4) and
t=ct+el+(1-0), .(3)

when d = 1(mod4).
Def (2.1): We define W,,t = 1 to be the set of all

real quadratic fields Q(vVd) in which every integer

a € Q(\/d) is represented as a sum of units with at
most t- repititions.
Def (2.2):An integer « € Q(+/d) is called t-integer,
if a can be written as a finite sum of units of Q (vd)
with at most t-repetitions.
Def (2.3): An integer @ € Q(V/d) is called a strong
t-integer if it is a t-integer and expressible as a sum
of at most (t +1) units of Q(\/d).
Def (2.4): We define the set W, (t = 1) to be the
set of all real quadratic fields Q (vd) such that every
integer of Q(V/d) is a t-integer.
Def (2.5):  Any positive integer n = 1 is called
square free integer if n is of the form
n=p1-P2-Pr

where py,p,, ... oy are distinct prime numbers.
Theorem (2.1) (4): If Q(6) is a real algebraic field
with one fundamental € > 1 say, then a necessary
condition for Q (@) to be in W; isthat € < 3.

More general than theorem (2.1) (4) is the
following result.

Theorem (2.2): If Q(0) is a real field and having
one fundamental unit e > 1,3 Q(6) € W; thene <
2t + 1.

Proof:_ Since any integer in W; is a t-integer, then
we can write (t +1) in the form

t+1= cpeP + - +cqef, .. (4

where p, g € Z and [¢;| <t forall i, (p<i < Q).
The form (1) is the polynomial

bpe™ 4+ by_1e™ 1+ -+ by =0 .. (5

with b,,by # 0,b; € Z and at most one of the
b; = £(2t + 1) and the rest of the coefficients less

than or equal to t. Therefore (5) implies that
n-1

te
"< b <2t + D1 + —

SS(2t+1)+£
ee—-1D<2t+D(e-1D+t

ee—-1D)<@t+1De—-Rt+1)+t

349

£—1<(2t+1)—(t:1)
£<2t+2—(t:1)
sincet+1 > 2,then—%s_?2, therefore
8<(2t+2)—(t:1)s2t+<2—§)
whereas € > 1, then% =1,

Lne<2t+1
The result of theorem (2.1) (4) above follows when
t=1 ie e<3 and e<2t+1 is valid for all

Q(Vd) e W, t > 1.

The Main Results:
Our main result of this paper is given by the

following theorem:
Theorem (3.1): If Q(+/d) has the fundamental unit
e=t++Vdor[(2t—1)++d]/2 according to
d # 1(mod4)or d = 1(mod4), then Q(\/E) €
W, (t=1)
Proof: The proof is built on using the conditions
(2), (3) given above.
Assume that a any integer in Q(+/d ) 3
a= Zfzp a;et ... (6)
with a;,p,q € Z, (p<i<q), a;=01ifi & [p, ql,
we consider the case (I)

(i) d # 1(mod4),N(¢) =1 and (t+l) isa

strong t-integer in Q(+/d) which is
t+l=c+e+@-0).
Suppose that « in (6) is such that
iplail =m, m=>1,

and m minimal, we shall proceed by induction on

m, if m=1, then
q
Zlail = 11
i=p

and a; = 0, t1, therefore « is l-integer (t=1) see
definition (1).

Assume that, as in induction hypothesis, that for all
a € Q(+v/d) and

a=Ylal,m<M M= 2),

and we prove it for all @ € Q(+/d) withm =M, by
writing

(t+ Dk =1+ (1 —t)ek + 81, (p<k <)
and suppose that a; is the first coefficient in (6)
such that |ay| =t + 1 and |ay_1| < t for all k and
apply the condition (2) to the term a,e¥, then a
becomes

a=ayeP + -+ (g + D1+ (1 - ek +
el 4 tael ()
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or a=apeP + -+ (A — De¥t +
(t—Dek -kl 4ot qe? . (8)

according as a, = +(t + 1). Since|a,_,| < t, then
if necessary we need to repeat the application of
condition (2) on (7) or (8), which implies that either
a=apeP + -+ (agp + D2+ (1 - ) +
Q2-Dek+ ek 4+ ae? .. (9)

ora = ay,eP + -+ (ag_, — 1)ek=2 +
(t—De T+ (t—2)ek - 4 faged..
(10)

According asa,_, = *t, by taking -« in (7) and
(8), if necessary we obtain that|a,_; + 1| >t + 1.
Again and in similar application of (2) « will be of
the form (9) or (10). If we continue

applying (2) to (9) and (10) to the term (aj_, +
1)ek=2 | then after that a finite number of
applications we get that a of the form

a =Yk bjed + Xisprr 68" ... (11)

where 0 < |b;| <t, and |¢;| <t + 1, this reduce
every coefficient a; with i <k to the coefficient
b;, |b]-| < t and some of the b; non-zero, this shows
that

and Yi<k|bi| + Tiskalcil <M
and because M is minimal then

j<k izk+1
since X<k |bj| > 0, then ¥z p44lci] < M. Apply the

induction to

Z Cl'Si

izk+1
then a will be a t-integer.
(i) If N(e) = —1, then condition (2) consider to be
t+l=e—e1+(1-0),
and a similar procedure of (i) will lead to show that
a is a t-integer.
) If d=1(mod4) and (i) N(e) =1 and
considering condition (3), which is
t+l=c+et+(2-1),
and apply (¢) ona € Q(v/d) 3

q

a= Zaigl

P
Then by following the induction steps on }:|a;| =
m, m minimal and writing

(t+ Dk =14+ (2 -t)ek + 1, (p<k < q)
.. (12)

In a similar procedure of case (I) after the
application of condition (3), « will be either of the
form

*

af =

350

a=ayePl + -+ (a1 + D1+ (2 -0k +
ekl 4t qpel L (13)

Or  a=ayel + 4+ (agq— De" 1+
(t—2)ek =M1 4o aqe? L (14)
According as a; = +(t + 1). This implies that
Zdjsj + Z :
jsk izk+1
with |d;| < ¢, ¥isk+1le:l = ¢ +1 and some of the
d; non-zero and hence

j<k izk+1

and this completes the induction steps. Therefore a

is a t-integer.

(i) A similar procedure can be followed by
considering the condition (3) with N(g) = —1
and applying
t+l=e—c1+@2-1),

which also, imply that « is a t-integer too.

As an immediate consequence of theorem (3.1).

Corollary (3.1):  Any integer of Q(vd),d >0

expressible as a t-integer, t > 1.

Corollary (3.2): If Q(Vd) € Wyy1\W,, then

every integer of Q(+/d) is a t-integer plus a single

unit.

Corollary (2) implies that Q (v/13) belong to W, and

not in W, since the fundamental unit of Q(+/13) is

e=(3++13)/2,N(¢) = -1 and

3=¢—¢1 ... (15

2=e—¢c1—-1 ..(16)

and by theorem (2),e = [(2¢ — 1) +V13]/2, with t

=2forifa € Q(v13) 3

a=—-¢1+2+¢

Apply (16), then a becomes

a=—<l+(e—ect-1+e

a=—-2et+4+2e—-1

again apply (16), then

a=—(—e1-1Del+(e—e1-1e-1

L

a= e

by simplifying this , then
a=e?+et—eg+e2-3
put3 =& —e7 1, then

a=c?+el—e+el—(e—¢1)
a=¢e 2421 —-2e+¢?
a=e2+4+2e 1 —(e—e1=1e+¢2
a=e?+2e1+e+1
a=(24+et+e+1)+e?

This last form of a shows that Q(V13) € Wy, /W,
andt=1.

Theorem (3.2):  suppose that Q(vd),d > 0 with
fundamental unit e = t +svd or e = [(2t — 1) +
svd /2, then Q(vd) € WA\W,_4, (t > 1).
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Proof: If d % 1(mod4),e =t +sVd, s, t €N,
then the proof followed if we show that any integer

a € Q(\/d) is not (t-1)-integer by writing
m

t= ZCiSi

i=k

with |¢;| <t —1, k,m € Z. If m > 1, then
m-—1 m-—1
smﬁlcmlemSZci£i+t<(t—1) Z g+t
i=k i=—o0
em-1
<(t—1)1_l+t
&
m

&
<(t—1)——=+te™
e—1

eMm < —(t_l)fm + tem 1
o
where m > 1,¢™1 > 1. Therefore
t—1 t
1< + -
e—1 ¢

€2 —2te+t<0

since e =t ++/t%2 £+ 1, then

e<t+t?—t<t+t?—-1<c¢
a contradiction. By the same way and if d =
1(mod4), we get
2e < 2t—1)+/ (2t —1)2 — 4t

<QRt—-1)+JQ2t-1)2-4
= 2t

also, a contradiction. Hence Q(Vd) € W,_,, (¢t >

1).

Theorem (3.3):  There are a finite number of
QWd)eWw,, teN.

Proof: If d # 1(mod4) and € =t +d is the
fundamental unit of Q(Vd),d >0 the proof

followed by showing t € (%18”;—1) from theorem

(2.2) we have that
e<2t+1,(t=1)

By writing
2t=c+ ¢t
2t—1<e<2t+1
e—1 e+1
5 <t< >
Therefore,

t—1<Vd<t+1

and if d = 1(mod4) we get also and by the same

way
+Vd

1
t—1< <t+1

Thus, therefore finite number of Q(\/d) € W,.

Conclusion:

The conclusion of our result is declared by
some of the real quadratic fields below by applying
theorem (3.1) and considering the fundamental unit

€ € Q(vd), where both Q(V3),Q(V13) € W,

follows from corollary (3.2).
Q(Vd) € wy,
Q(Vd) € W,,d = 3,13
Q(Vd) € Ws,d = 10,21,29
Q(Vd) e w,,d = 15,53
Q(Vd) € Ws,d = 26,77,82,85
Q(Vd) € W, d =35
As an open question there is a possibility to
represent integers of imaginary quadratic fields
Q(Vd),d < 0,d = —1,—2,—3 as sum of units of
this field of certain repetition ¢,t > 1. this may also
classifying the imaginary fields in W,.

d=25
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