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Abstract:

This paper contains an equivalent statements of a pre-T, space, where A = {(x,x)|x € X} and K =
{(x1,%2) € XxX| f(x;1) = f(x,)} are considered subsets of XxX with the product topology. An equivalence
relation between the preclosed set A and a pre-T, space, and a relation between a pre-T, space and the
preclosed set K with some conditions on a function f are found. In addition, we have proved that the graph C
of R is preclosed in XxX, if X/R is a pre-T, space, where the equivalence relation R on X is open.

On the other hand, we introduce the definition of a pre-stable (ypre-stable) set by depending on the
concept of a pre-neighborhood, where we get that every stable set is pre-stable. Moreover, we obtain that a
pre-stable (ypre-stable) set is positively invariant (invariant), and we add a condition on this set to prove the
converse. Finally, a relationship between, (i) a pre-stable (ypre-stable) set and its component (ii) a pre-
T, space and a (positively critical point) critical point, are gotten.

Key words: A preirresolute function, A pre-stable (ypre-stable) set, Preopen, Positively invariant,
Positively critical point.

Introduction:

This paper consists of three sections, section Moreover, section two has the name “A
one is called “Introduction”, where the contents of ~ Relation Between a pre-T, Space and Some Sets”,
this paper are explained and fundamental concepts  where we introduce an equivalent statements of a
are given. The concept of a preopen set lies in (1), pre-T, space.

where they have introduced "a preopen set A when In this section we study the relation
A cA’and its properties such as the intersection of ~ Detween a pre-T, space and the graph C of R, and
an open set and a preopen set is preopen". the sets A = {(x,x)|x € X},

Also, “the union of any family of preopen K = {(x1,X2)€ XxX|f(x;) = f(x;)}, which are
sets is a preopen set”, you can find it in (2). While ~ considered subsets of XxXwith the product
“its complement (i.e. preclosed)” you see it in (1).  topology. On the other side, an equivalence relation
References (1) and (3) show that, “the intersection ~ Detween the preclosed set A and a pre-T, space, and
of all preclosed sets containing A is called the  arelation between a pre-T, space and the preclosed
preclosure of A, denoted by ZP’ which is the Set K with some conditions on a function f are

smallest preclosed set containing A”. But (4) and (5) found. In addition, we have proved that the graph C

introduce a preneighborhood and a preopen function thR IS ErECIOS_’EdI'n XXX'I It X/R is a pre-T, space,
respectively. On the other side, many discussed ~ Where the equivalence relation R on X is open.
preopen sets and their relationship with other sets, Section three is called “A Pre-Stable Set ¥,

which explain in (7). By occasion, the concepts of where we introduce the def_inition of a pre-stable
“invariant, positively invariant and a stable set”, (ypre-stable) set by depending on the concept of

you find it in (8). Besides, stability plays a pre-neighborhood. We prove theorems on this set,
significant role in various areas of life, for example, which illustrate their chara(_;terlstlcs. For example,
in the field of pharmacy as in (9), in engineering W€ €t that every stable set is pre-stable. Moreover,
(10) and (11). In addition to mathematics (12), and we have obtained that a pre-stable (ypre-stable) set

(13), besides, in chemistry (14). is positively invariant (invariant), and we add a
Must,ansiriyah,University College of Science condition on this set to prove the converse. Finally,
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a (positively critical point) critical point, are gotten.
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Now we recall the following theorems and
definitions that we need:
Theorem 1.1.(2). A topological space X is called
pre-T, if and only if for each x,y € X and x#y,
there exist two preopen sets U and V such that
xeU,yeVandU NV = 4

Theorem 1.2.(3). Let (X)jerbe a family of
topological spaces and ¢ #A; < X; for each iel.
Then [l; A; is preopen in []; X; if and only if
A; is preopen in X; for each ieland A4; is a non
dense for only finitely many iel.

Theorem 1.3.(6).(2). A function from a topological
space X into a topological space Y is called:

(i) Preirresolute if and only if the inverse image of
any preopen set in Y is a preopen set in X.

(ii) Preirresolute if and only if the inverse image of
any preclosed set in Y is a preclosed set in X.

Definition 1.4.(2). A function from a topological
space X into a topological space Y is called almost
preopen if and only if the direct image of any
preopen set in X is also a preopen setinY.

Theorem 1.5.(2). Every homeomorphism function
is:
(i)
(i)

Definition 1.6.(8).

(i) A set S c X is called positively invariant, if xt €
S Vx €S, Vt €R*.

(i) A set S c X is called invariant, if xt €S Vx €S,
vVt € R.

(iif) A point x € X is called a critical point, if x =
xt Vt€E€R

An almost preopen function.
A preirresolute function.

Relation between a Pre-T, Space and Some
Sets:

This section is devoted to discuss a relation between a
pre-T, space and some sets, which is defined on a
product topological space. Besides, we include theorems
that we have proved in the following, where A =
{(x,x)|x € X} and K = {(x1,%,) e XxX| f(x1) = f(x5)}
are considered subsets of XxX with the product topology.

Theorem 2.1. Let X be a topological space. A
subset A of X is preclosed if and only if VxgA 3
a preopen subset B of X ,which contains x and
BnNnA=090.

Proof: Clear.

Theorem 2.2. A topological space X is pre-T, if
and only if the set A is preclosed.

Proof: =

Let X be a pre-T, space and (x,y) £ A, that is x=y.
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Since X is pre-T,, then
JA,B ePO(XxX)s.t.xeA,yeBandANB = Q.
So A x Be PO(XxX) and (x,y) € Ax B.
Suppose that

(AxB)n A = 0.
Since if (zz)e(AxB) NA,
B which leads to a contradiction.
Hence by 2.1, we get that A is a preclosed subset of
xX .
< Let A be a preclosed subset of X xX.
Let x,ye X with =y . Then (x,y) A
Since A is a preclosed subset of xX , thenby 2.1 3 a
preopen subset B of X xX st (x,y)eB and

BNnA = 0.
Put

B - U(UL X Vl)
iel

Since B is a preopen set , then

Be| Jwx W

1€l
Bc U(Eo xV,)
i€l

Since (x,y) eB,Fjels.t.(x,y) 6710 X V_IO
Let A4 be the set which contains (x,y) and (UxV)
SOAcU xV',A e PO(XxX)
ButcB,s0A N A= Q.(i.e.(UxV) N A= Q)
Suppose that yz U.
If ye U and since y € V', we get that

unvsz=o
Hence, (U xV) N A=¢ . Which leads to a
contradiction
By the same way x# V.
Now either x U ,y V.
So there are preopen sets U and V4in X with e U ,
yeVy
UuUjand VU V4 are preopensubsets of X which
contains x and y respectively . By 1.2 , we have

(UUuU)DxVUVDeXixXy
(U U Ul) n (VU Vl) = @

Or xeU,y V. There exists a preopen set V4
which contains y.
VUV, isapreopensubsetof XandUn (VU
Vi) =0
By the same way if xg U,y e V.
If xeU,yeV,then U and V are preopen sets ,and
unv =¢
So X is pre-T, space.

then zeA N

0

Remark 2.3. From the proof 2.2 , we get that every
preopen subset B of X x X which contains (x, y)
with

B = Ui (U; x V;) , there exists a preopen set A
which contains (x,y) and U xV with
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Theorem 2.4. Let f be a preirresolute function from
a topological space X to a pre-T, space Y. Then the
set K is preclosed.

Proof: Let (x,y) eK.i.e f(x) #f(y).
Since Y is pre-T,, then there exist A and B preopen
subsets of Y suchthat f(x)e A, f(y) e B, and
ANB=290.
Since f is preirresolute, then f~1(4) and f~(B)
are preopen subsets of X.
So by 1.2, we get that

1A xf~Y(B) e PO(X xX),
where (x,y) € f~1(A) xf~Y(B).
Suppose that

FHA@ xfHB) nK = 0.
Since if (z1,2,) € (f71(4) xf~1(B)) n K, then
f(z1) = f(zp)and f(z;) €A, f(z,) e B.thatis
A N B =@, which leads to a contradiction.
So, K is a preclosed subset of X x X .

Theorem 2.5. Let f be a homeomorphism function
from a topological space X to a topological space Y
such that the set K is preclosed. Then Y is a pre-T,
space.

Proof: Let y, ,y, €Y such that y; =y, .
Since f is onto , then there exist x;,x, €X such
that f(x;) = y1 and f(x2) = 2.
i.e (x1,x) £K .
By 21 and 2.3 , we get that there exists
A € PO(X x X) which contains (x;,x,) and UxV
such that
AcU xV'andnK =9.
S0
UxV)YnNnK=29.
Suppose that x, £ U.
Sinceifx, e U ,and we have x, e V" .
ThatisU N V=@, so there exists ze U N V.
Hence (z,z) e UxV.
Therefore (z,z)e (UxV) N K which leads to a
contradiction.
By the same way x; ¢ V.
Now either x; U and x, £ V.
As in the steps of proof 2.2 , we get that U v U; and

VoV, are preopen subsets of X which contains
x,and X, respectively. To prove
hat (UvU)Xx(VUV))NK=0.

Since

UxV)YNK=29,

then

fa)nfv) = 0.
But f is open, so f(U) and f(V) are open subsets
of Y.

fFY'nfn)=0.
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Because of f is continuous, then f(TU)cf(U)" .
Hence fF(U)NfF(V) = 0.
By tha same way f(U) n f(V") = 0.
Now if ((UV U)x(V U V}))NK =0.
That is there exist (x;,a) e (UVU Uy)x (VU
V) NK.
Either there exists a e V and f(a) = f(xy).
But x; e, therefore f(x;) e f(U) N fFV)
which leads to a contradiction.
Or there exists (b,x;) e (UV U)x(VU V) n
K. And by the same way we get a contradiction.
Hence,

(v UDx(VU V))NK = 0.
Since f is a homeomorphism, then by 1.6(i), we get
that f(U U U,) and f (V U V;) are preopen subsets
of Y which contains y;and y, respectively .
Suppose that

fWuU)nfVuvy) =0
If there exists ze f(UVU;) n f(VU V), then
there exists a, e U U; such that f(a;) = z and
there exists b, eV U V; suchthat f(b;) = z .
Hence (a,, b,) €K.
So
(ay,b)e[(UVU)xV U V)DINK,
which leads to a contradiction.
Therefore
f(UuU) n f(vuvy) = @.
Or x;eUandx, V.
There existsV;which contains x,. So VoV is a
preopen subset of X.
Since f is a homeomorphism, then by 1.6(i), we get
that f(U) and f (V U V;) are preopen subsets of Y
which contains y; and y, respectively and

fAnfvun)= 0.
Similarly if x; #U and x, €V.
If x;, eU and x, eV, then f(U) and f(V) are
preopen subsets of Y which contain y;and
yrespectively and
fW) nfv) = 0.

Hence Y is a pre-T, space.

Corollary 2.6. Let f be a homeomorphism function
from a topological space X in to a topological space
Y. Then Y is a pre-T, space if and only if the set K
is preclosed.
Proof: Clear

Theorem 2.7. Let X be a topological space and R
be an equivalence relation on X where R is open .
Then the graph C of R is preclosed in Xx X if X/R
is a pre-T,space.

Proof:
Let w: X—X/R be a quotient function .
Let A be a diagonal set of X/R xX/R. Then

(yxp)~H(A) = C.
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Since X/R is pre-T, , then by 2.2, we get that A is a
preclosed subset of X/R xX/R.

So by 1.3(ii) and 1.6(ii), we get that (wxy)~1(A) is
a preclosed subset of X xX .

Hence C is a preclosed subset of X x X.

Pre-Stable Set:

In this section we introduce a pre-stable set,
a ypre-stable set, and a positively critical point,
where we get some results, that illustrate their
characteristics. The section includes what we have
obtained as follows:

Definition 3.1. We say that a set S is pre-stable if
every pre-neighborhood U of S has a positively
invariant pre-neighborhood V of S.

Theorem 3.2. Every stable set is pre-stable.
Proof: Clear.

Theorem 3.3. A set S is positively invariant if it is
pre-stable.
Proof:
Let x € S,and U is a pre-neighborhood of x, such
that U < S.
Since S is pre-stable, then there exists a positively
invariant pre-neighborhood V of x and V € U.
So

xteVcS VteR?
Therefore, S is positively invariant.

Definition 3.4. We say that a set S is ypre-stable if
every pre-neighborhood U of S has an invariant pre-
neighborhood V of S.

Corollary 3.5. A set S is invariant if it is ypre-
stable.
Proof: Clear.

Definition 3.6. We say that a point x € X is a positively
critical point, if x = xt Vt € R*.

Theorem 3.7. If a set S is positively invariant,
where every point in S is a positively critical point,
then S is pre-stable.
Proof:
Suppose that x € S, and suppose that U is a pre-
neighborhood of x such that U € S.
Since S is positively invariant, then

xteS VteR?t
But we have x a positively critical point, so
x=xt VteR*
Hence, it is easy to find a positively invariant pre-
neighborhood V of x withV € U
Which means that a set S is pre-stable.
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Corollary 3.8. If a set S is invariant, where every
point in S is a critical point, then S is ypre-stable.
Proof: Clear.

Theorem 3.9. A set S is pre-stable if and only if
every component of S is pre-stable.
Proof: Set
S=u;S;, i=12,..,n
Now let S be pre-stable.
Let x; € S,and U ; be a pre-neighborhood of x;
suchthat U; € S; , i=1,..,n
Since S is pre-stable, then there exists a positively
invariant pre-neighborhood V; of x; and V; € U;,
i=12,..,n. S0

XitiEVigUi, VtiER+,i
Which means that S; is pre-stable.
Conversely, suppose that S; is pre-stable.
Let x € S,and U is a pre-neighborhood of , such
that

1,2,...,n.

ves;cs, i=1.2,..,n
Since S; is pre-stable, then there exist positively
invariant pre-neighborhood V of x and V € U.

That means xt eV €S Vt € R*, therefore S is
pre-stable.

Corollary 3.10. A set S is ypre-stable if and only if
every component of S is ypre-stable.
Proof: Clear.

Theorem 3.11. (i) A point x € X is not a critical
point, if X is a pre- T, space.

(ii) A point x € X is not a positively critical point, if
X is a pre- T, space.

Proof: (i)Clear, since if x is a critical point, then
x=xt VteR.

There are pre-neighborhoods U and V of x and xt
respectively.

But U nV = @, which is a contradiction with X.
Hence x € X is not a critical point.

By the same way (ii) x € X is not a positively
critical point, with replace R by R*.
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