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Abstract:

In this paper, the Azzallini’s method used to find a weighted distribution derived from the standard
Pareto distribution of type I (SPDTI) by inserting the shape parameter (0) resulting from the above method to
cover the period (0, 1] which was neglected by the standard distribution. Thus, the proposed distribution is a
modification to the Pareto distribution of the first type, where the probability of the random variable lies
within the period [S ),k > 0,6 = 1. The properties of the modified weighted Pareto distribution of the
type | (MWPDT]I) as the probability density function ,cumulative distribution function, Reliability function ,
Moment and the hazard function are found. The behaviour of probability density function for MWPDTI
distribution by representing the values of x :S This means, the probability density function of this

distribution treats the period (0,1] which is ignore in SPDTI.

Key words: Azzallini’s method , Cumulative distribution function , Modified weighted Pareto distribution
type IIMWPDTI), Reliability function , Standard Pareto distribution type I(SPDTI).

Introduction:

The weighted statistical distributions were  function forthe weighted distribution, f(x;)and
established in (1934)(1) by Fisher, who pointed to ~ F(6x;) are the probability density function and
develop and circulate standard statistical cumulative distribution function of the standard
distributions to match biased data samples, which  distribution respectively.
are often shown through medical science data and Gupt and Kundu (2009)(3) used the
some aspects of biology and other fields of science, Azzallini’s method to find the shape parameter for
Khatree (1989)(1) studied the statistical properties exponential distribution, resulting in a new type of
of some weighted length distributions and compared exponential distribution with two parameters.
them with the properties of their standard In (2013) (4) Mervat. M. studied the weighted of
distributions . the Weibull distribution and found its properties

The defect in the random sample selection of the ~ Shakhatreh (2012) (5) studied weighted exponential
population leads to bias in sample size and length, distribution in two properties.

which leads to the failure of standard statistical Improvement of the Azzallini’s method was
distributions in the treatment and interpretation of  achieved in (2014) (6) by Badmus et al. which was
these samples. used in the weighted Weibull model.

In (1978), Patil and Rao (2)presented some In (2015) (7) A. Mahdavi introduced two

concepts on how to use weighted distributions to new classes of weighted distributions by using the
correct the probability of events in biased samples  Azzallini’s method

and apply them to environmental models and Iden H. H. and Shayma G. S.(2017) (8)
human populations. Azzallini (1985)(2) introduced studied the methods to estimate the parameters for
a new technique to find weighted distribution from the Maxwell —Boltzmann distribution .

standard distribution summarized as follows : Filippo and Bozidar V. (2018) (9) studied
1 . e

fir(X) = ———f(x,)F(6x,) 1) the expansion of the AZl!ll’ll s method on two

" Pr(x,<0x)” 1 ! dependent random  variables of  different

Such thatf;, (x) is the probability density distributions
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The standard Pareto distribution type |
(SPDTI) has the probability density function (pdf)
and cumulative distribution function(cdf) are given
respectively by (10):

k
flx;a,k) = :aﬁ
@) )
Foak)=1-= , x2k>0a>
0 (3)
The mean and the variance of (PDTI) are
respectively given by:

x=>k>0a>0 ,

U, =E(x) = (aa—1) ,a>1 (4
ak?
V(X)—m,a>2 (5)

Main Result: Azzallini’s technique will be used to
find weighted distribution derived from Pareto
distribution type I, called Modified Weighted Pareto
distribution type (MWPDTI), and study the
statistical properties as mean ,variance, standard
deviation , cumulative distribution function,
Reliability function , hazard rate function,
Skewness , Kurtosis and ordered statistics of the
MWPDTI. The MWPDTI treated the period (0,1]
which was neglected by the SPDTI, such that the

. R k . .
value of the random variable is 5 N this

treatment the calculate probability values of the
random variable by using two parameters k,0 .
Thus, the MWPDTI includes the period

k k
50 x=5>06>1

Weighted Pareto Type I Distribution (WPDTI)
Lemma 1:

Let X;,X, are a non negative independent
random variables having Pareto type | probability
density functions (pdf) f(x;), f(x,) respectively
with parameters a,k,then the P.(0x; > x,) =

20%— -1 . .
Y L where — is weighted Pareto type |

distribution.
Proof:
P (xy < 6x1)

o 0xq
= [ [ reoraoanax
Since _xland x, are independent Pareto type |

random variables and x > k,9 > 1 then
[o'e) le

[ | reoredndn
k k

(6)

9x1

f £ j £x) dxs | dy

870

® ak® ak“
a+1 a+1 dx; | dxy
ak® k*
fk i |1 g
© qk® ak?®
=L (fo_l gax12(x+1)dx1
f°° ak® f ak?® p
= —dx, — X
. xix+1 1 ) 9“x12“+1 1
1 [ 2ak?® 1 20%—1
- 1_271] X2+ A= 1-50e="2ge
k
Py <ox)=22 621 (7)
. 1 20 01
T P(x, <0x)) 209—1 -

By substituting eq. (7) in eq. (1) we get the
weighted probability density function (wpdf) of the
Pareto distribution type | (WPDTI) is f,, (x) given

<)o)

26¢ k@
fwla,k,0) = 5oe— | Zama

0%x*

2a0%k x4 1(1— ]O(tzd)
fw(a,k,0) = 2051 , 0=
Lx=2k>1,a>0 (8)
Lemma 2:
The function fw(x;a,k,0) =
20%k % x4~ 1(1—62(;“)

is

a probability  density

(269-1)
function of the Pareto random variable X.
Proof:

Apay—a— _ ke
[ F()dx = [ (ae k 1(1 and)> dx
Kk W k (202-1)
k¢ ak%x~*1
Letu = 1—9axa du=de
2920( 0 2920{ o)
_29“—1fk u(fu _29“—1fk (1_
Kk® ak%®x~a~
o) () dx
a [ee]
_ 920:(1 - gaxa)z
- 209 —1
“ b
90.’ a _ ka 2
T G Sl 0 | B
b—»oo (20« — 1)x2“

v fw(cak,0)is a welghted probability density
function (wpdf).

The eq.(8) is called weighted Pareto distribution
Type | (WPDTI).

The purpose of this paper is to expand the
standard Pareto distribution of type | by adding the
period in which the random variable lies within the
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period (0,1] which was neglected by the standard
Pareto distribution of type | which started from the
random variable values x = k > 1.

This treatment we call it MWPDTI.

Test the function f,(x) is a probability density
function (pdf) over the suggested new interval

[goo] ,x22>0,021 asfollow:

00 ana.,—a—1 k*
200%k%x 1—W

fw()dx = | ( - )dx
f;f zf (269 —1)

k“ ak%x—a-1
Letu = 1—9axa —>du=de
2920(
=29a_1fudu
k
0

2920! b
T 26% — 1(;}5‘30k <1

k< ak"‘xg"“1
- gaxa> < ga ) dx

=l
bl—>r£10 20 —1
k
o b
ana _ ka 2
boeo (207 — 1)x2% i
0
60{
T 2001 *1

~ fw(x) is not a probability density function(pdf)

20%-1

920{

. 20% —1
fwC a,k,0) = (—5z7) fw ()
fw(x ak,0)
S k@
3 296{_1 2a9“k“x @ (1_W)
=) (20— 1)
Zak“x‘“'l(l—%)
fu (o a,k,0) = T ,a>0,x >
§>0,921,k>0 9)
Lemma 3:
The function foa,k,0) =
2ak%x~%1 1—%
(Bx),a>QXZ§>Q92Lk>

9(1
0 is modified weighted probability density function
of the Pareto distribution type I.
Proof:

1 fubsak6)=0

(2) | fwx)dx
/

pa x =1
k¢ ak%x~*1
Letu=<1—9axa - du= @ dx
r r k< ak%x~ %1
=2}!.udu =2f 1—9axa @ dx
0
b

(eaxa _ ka)z b

hooo g2ay2a

k k
over [z, oo] to make it a (pdf) Multiply eq. (8) by 0 o
we get the modified weighted probability ~ As shown in Fig. 1.
density function is f,; (x; a, k, ) given by:
1
o=1 k=1 0=1 —
o=1 k=1 0=1.5 ———
o8 a=l k=l 0=  ——
o=1 k=1 0=3.3
06
04
0.2 N
0 2 3 4 5

Figure 1. (MWPDTI) pdf f;,(x; a, k, 8)
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Figure 2. Comparison between standard Pareto and modified weighted Pareto

Showing that the graph of modified weighted Pareto
is different from the Pareto distribution when
entering the shape parameter and the curve of shape

. k
parameter (0) is interest and process when x > ke

0. The MWPDTI take the value of x 2% and

SPDTI take the value of x > k > 1. As shown in
Fig.2.

The Moments:

Lemma 4:

Let X be the MWPDTI random variable, then the r?
moments of the (MWPDTI) is E, (x™) given by:

2a%k"
Ey(x7) = ,
wx") 07 (r —2a)(r — a)
a>r k>0
Proof:
Bl = |, xhadx
g a
o 2ak%x~a1 (1 — 9{57)
E,(x") = fk x" 7a dx

[

1 *® 1
=50 (ﬁ( <2ak"‘xr‘“‘ <1 -
2

1
e

11_
Gbl_r&

a

fax<«

)

Jk 2ak%x" % 1qx
0

o)

1

S 9w Jk
]

b
(_L Zak“xr_“_ldx>]
2
b
(f 2ak2axwﬂa—1dx>]
k
2

ZakZaxr—Za—ldx]

o

———|lim
02¢% |p>oo

872

2ak* xra\ |°
= lim < )
2ak? T2\ [P
-2 gl—glo (r — 2a> k
[¢]
_ 2ak“ i (pr—a (k)r"“
T 89(r — ) b0 8
2ak?@ i (r-2a
02%(r — 200) b0
k r—2oua
) )
_ 2ak“ i (pr—a (k)r"“
T 89(r — ) [poo 8
2ak?*® i (-2
02%(r — 200) b0
k r-2a
(5 )
B (") = 2a%k”
wit' )= 0"(r—2a)(r—a) ’
a>r k>0 (10)

The mean, variance and standard deviation of
the (MWPDTI)

The mean of the (MWPDT]I) is E};, (x) given by:
Whenr =1 ineg. (10) we get the mean E};, (x)

EX (x) = 207k >1,0>1k
W(x)_9(1—2a)(1—a) A=
>0 (11)

In the same way calculate Ej,(x?) when r =2 in
eqg. (10) .

* 2y —
Ew(®) = G000
0 (12)
From the eqg.s (11) and (12) the variance of the
MWPDTI is Vary, (x) given by:
Var, (x) = Ey, (x*) — [Ey, ()]

2a%k?

,a>2,0=>1k>
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_ Zazkz ] _ [ Zazk 2 X Z(Zkat_a_l (1 _%)
2—a)(2—-206)67 6(1—a)(1—26) Ey(x) = f e
Vars (x) = (5a — a?k? k
M = @ = D@ - D2@a-1nez 7 e L pa-1
>2,0=21,k>0 (13) Letu = 1—9aa Hduszt
By eq.(13) The standard deviation of the modified X fc
weighted random variable X,, is Sdz, (x) given by: _ Zf o f <1 ke ><ak“t_“_1 >dt
Sd:, (x) = /Vary, (x) - ) waun= ) gata e
— 27,2 ) )
_ (5a—1a‘k e \2 [
(@ - 2)(a — D?(2a — 102 (1 _ G“t“)
Sd;, (x) = Zf
akV5a —1 (14) k
= 2
Va—-2(a—1)Q2a—-1)6 K@ \2 x
The cumulative distribution function of the  — <1 — )
MWPDTI oot
Lemma 5: 2a.,.2a ae a,.a 2a
The cumulative distribution function (cdf) of the _ &~ X~ —207k"x" +k
MWPDTI is F; (x) given by (eaejf‘;cj)g‘ )
o Ox—kD? ko Fo() = e x22>0,a>0,0 >
w0 =g X 25> 0,020, L)
=1 The accuracy of cumulative probability
Proof: distribution depends on the values parameter 6
P produced from the Azzallini’s method. If the values
Fy(x) = j fw(®) dt of 6 are increasing then the accurate of curve of
k cumulative distribution are increasing. As shown
v inFig.3.
08 a=106=1 k=01
a=16=3 k=01
a=16=10 k=01
Figure 3. The cdf function F;,(x) of the (MWPDTI)
The Reliability function of the MWPDTI 2ok ¥x—a-1 (1 Kk )
The reliability function of the MWPDTI is E;(x) H%x“
given by using eq.(15) : = o*
F(x) =1—-E:(x) [1 _ M}
- (S“x“—k“)z k 92ax2a
Fw(x)=[1_W ,0>1a>0x27> h*()_me“x“-l_ 2ak® Sk
0 (16) w\X) = oara_ka x(202xx—ka) ’ X=3
Hazard rate function of the MWPTI 0,¢d>06=21 (17
by eq.(9) and eq.(16) ; 6 = 1 the value of hazard function close to 1, and
foi(x) increasing 6 then the curve of hazard function are
hy, (x) = ) decreasing . As shown in fig(4).
w
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Figure 4. MWPDTI Hazard rate function h;, (x)

Mode of the MWPDTI

Lemma 6:

Let X be a nonnegative random variable having the
MWPDTI probability density function ,then the
mode of X is

1
k*Qa+ 1)]a
0%(a+1)
Proof:

d . —0
—fi(0) =

,a>0,0 =1

ka
d Za’kax_“_l (1 - W)
ka
2(—0( - 1)ak“x‘“‘2 (1 - W)
9(1
22 e 2% —2a=2
g2a =0
20k*((a + 1)0%x* — 2a + 1)k%)
- 92ax2(a+1) =0
—2ak®0%x%(a + 1) + 2ak**Qa +1) _ 0

92ax2(a+1)
2ak?*Qa+1) — 2a0%*x*(a+1) =0
2ak?*Qa+ 1) = 2a0%*x%*(a + 1)

_ 2ak**(2a +1)
C 2ak%0%(a + 1)
. KFQRa+1)
T 0%(a+1)

1

k*Qa+1)]«
[Feern | a> 0021

The median of the MWPDTI
Lemma 7:
Let X be a non negative random variable having the
MWPDTI probability density function, then the
median of X is my, (x) given by:

1

a

X

(18)

5 (%) [ V2ke r 6=>1,a>0
m,,(x) =|———| , >1,a
v lee(vz- 1)
Proof:
m 1
mi () = [, falodx =
0 L ra
m Zak“x“ (1—W) d _1
fz ga *=3
0
ke \" 1
1 — —_ —
(1-55) |, =3
02%%m?2* — 29"?k“m“ + k2* 1
92am2a =5
(H“m“ _ ka)z 1
92am2a =5
Z(H“m“ _ ka)Z — 92am2a’
\/2(9ama _ ka)z = ./92am2a
a — \/Eka
6%(v2 - 1)
1
\/Eka' :|E
my,(x)=|————| ,0=1,a>0 19
The Moment generating function
Lemma 8:

The moment generating function of the MWPDTI is
M, (x) given by;

b

My, (t) = gim [—
Proof:

My () = E(e™)

o 2ak%x~1 (1 -
otx

ka
fax<e

).

X

20(—1)*k*t*(T'(—a, —th) % — (-2, —tb)(—l)“k“t“]

874

02«

Sl

1 * a.—a—1,tx
@ﬁ{ 2ak%x e dx
0

[oe]

1

7 i zakZax—Za—letxdx]
)
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_ 2ak® oox‘“_letxdx _ 2(—1D)*k*t*('(—2a, —tx)
0 Jk B o
[Z] ©
2qk2% 2a(—1)2%k2*2%(T'(—20a, —tx)
_Wﬁ( x—Za—letxdx + 920( ,
2 )
. . 20(=1) Kt (I (=0, —th) ¥ —T(—2a,—th) (- 1) k%] [
wa(t) = 111—{1.}0 -= s g2 C2eth) ] g (20)
Such that T is incomplete gamma function. The characteristic function of the MWPDTI
The Characteristics Function IS Q. (it) given by:
Lemma 9:
3a b
2ak*t*(0%(—1) 2 I'(—a, —ith) — k*t%(—1)3%T'(—2a, —ith
Qux(it) = lim | - Gl LR ) (—D™IC ) ,a>1,t#0
b—-oo 9201
k
a oo g
— Zak x~ ¥ 1pitx
Proof: ox  Jk
* N\ itx 2]
wa(lt) - E(e ) ka ZakZa %) a1 itx
o [2ak%x (1 - —eaxa) _Wf& x~H e dx
= f eltx dx 6
k 0«
o [ 2(=1)3%ak?%t2*(T'(—2a, —ith)
o = lim
1 . b—oo o«
=— [f 2ak%x~ % lelt*dy
0% | Jk
) 3a b
1 [ _ 2a(—1) 2 k*t*(I'(—a, —ith)
_Q_a ; ZakZax—Za—leltxdx] — e
(7 k
0
kot [0 ga 3a b koc [04 3a g
2ok*t —1)2T'(—a, —ith) — K*t*(—=1)°“T'(—2a, —itb
Qux(it) = gir‘go — GG 62)“ (D™ ) ,a>1,t#0 (21)
K
)
Such that T" is incomplete gamma function. kurtosww
Skewness 20k
The skewness of the MWPDTI is C.S,, given by: (- 2a)(1- a))
* x E(x) —
C.S;, E[ 5 ] - ( ] 2a?k )22
By using eq. (11) and (14) we have X (1 -2a)(1 —a)
C.Sy, Proof:
2 3 . k4-
[ (x B 2a%k ) kurtosis;,[X] = 2
—F 01 -2a)(1 —a) 22) 2 ,
akvVsa — 1 | _E [(x —E(x)) ] —3E [(x —E(x)) ]
|\ Va—2(a—1DQ2a-10 / | - 212
Kurtosis [(x —E@) ]
Lemmal0: E [(x — E(x)) ]
The kurtosis of the MWPDTI is
kurtosis;,[X] given by: [(X — E(x)) ]

By eq.(11) we get
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2a%k
0(1-2a)(1—a) a)

st |

(#le-
e

The order statistics of the MWPDTI

73 | (23)

kurtosis;, [X
2a%k
Tl -2001—a)

If X1y X2y - X(ny denotes the order
statistics of a random sample x4, x,, ..., x,, from a
continuous population with (cdf) Fx(x) and (pdf)
fx(x) , then the (pdf) of the " order statistics X,
is gy (x) inthe form

Lemma 11:
* "(2“"“"_“ (1~ gz )\ (0%x% — k%)2\"" ©%x —kD2\\"
gw(x) = |\ ga /l f2ay2a 1- 92ay2a fOT r
=12, ..,n

By eq. (9) , €qg.(10) and eq.(16) we get

* ! % " r—1
9w () = 5oy @ (Fax () (1 -
for r=1,23,..,n

aya _ ka)z

Proof:
-1
fron@ = (I (Fx@)) (1 - R (GO)T
Fx ()™ for r=123,..,n
2ak%x %11 - _k® 2
3 n! 0%x™ (6%x* — k%)
S r=-D!'(n—n) 6 f2cx2a
=12, ..,n
gw(x) =
n<2ak“x‘“‘1(1—9§7)> ((eaxa_ka)z)r—l -
6(1 gzaxza

( )>” forr=12,..,n

Conclusion:

The modified weighted distribution of pareto
distribution depends on the values of shape
parameter 6 obtained from the method of this
research which effect directly on the probability
density function, survival function and hazard
function. In this paper interduce new probability
density function contains the shape parameter 6
which given a new weighted distribution for the
Pareto distribution type I.

And study the statistical properties for the
suggested modified weighted probability density
function and other properties which appear by using
Azzalini's method to weighted pareto distribution.

The suggested distribution deal with the interval

(o, g] which neglects by standard Pareto distribution

type I.
The modified weighted standard Pareto

distribution type | can be used in a state of the
standard Pareto distribution type I, in values for the
random variable x less than 1 to near the value of x
is 0, otherwise the standard Pareto distribution type
I in which the values of x startup the value 1 to .

(gaxa_ka)z
gzaxza

(24)
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