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Abstract:

In this paper, the Normality set N, will be investigated. Then, the study highlights some concepts
properties and important results. In addition, it will prove that every operator with normality set has non
trivial invariant subspace of .
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Introduction:

The Normality set of linear operators can be relationships it. In Section 5 we try proved the set
defined in the following form: N, ={T € N, has (n.i.s) for the operator A.
PB(H): AT* = T*A}, which is in non-empty set and Preliminaries
contains restricted normal operators. This set has In this section, we recall basic properties
many of the properties of which we reviewed some and other concepts.
with some important relationships. Through them Definition 1 (4, 5): For any operator T in B(H).
we will try to solve the problem of the invariant ~ The adjoint of T € B(#) is denoted by T*. The
subspace which is still not yet solved and thus we operator T € B(H) is said to be self adjoint, if
discussed in section 5. Many researchers have T*=T, normal if TT*=T*T, and unitary if
studied the properties on the normal operators. TT* =TT = 1.
Fuglede B. (1950) introduced the famous theorem Definition 2 (4): If M is closed subspace of , and
which is proved for any two bounded operators A, B T (M) € M, then M will be invariant subspace for
commute and B is normal then also commute with T, Also a subspace M is a reduced subspace for T,
adjoint of operator B (1). Putnam CR. (1951)  if both M and M+, where ML is the orthogonal
extended the Fuglede’s theorem for two operators complement of M, are invariant under
(2). The authors (3, 4) showed that the invariant  T(equivalently, if M is invariant for both T and T*).
subspace problemis incompletely unresolved  Aar is a hyper-invariant subspace for T, if it is
problem asking whether every bounded operator on  jnvariant for every operator that commutes with 7.

a  complex Banach spacesends some non-  Remark 1 (4): It is easily evidenced that M is
trivial closed subspaces to itself. The first form of jnyariant subspace for T, if and only if ML is

the problem as posed by P. Halmos was the first invariant subspace for T*.

example of an operator without an invariant  pefinition 3 (6): If A, B € B(), then A is similar
subspace and constructed by P. Enflo. (For Hilbert 4 B, if there exists invertible operator T € B(%),
spaces, the non-trivial invariant subspace (Briefly ¢ ,cn that AT = TB. This is denoted by 4=~ B,
n.i.s.) problem remains open). Enflo. Proposed a |\ hen 4 is similar to B.

counterexample to the invariant subspace problem Definition 4(6): If %, %, are Hilbert spaces, and

in 1975. The aim of this research is to study the A € B(H,) and B € B(7,), then A is quasi-similar
Normality set _Of A € PB(I) also we prove every 1, p i there exists two injective with dense range
operator  A:P(I) —> PA)  has  (NQS). paynded operators T, from #; to #, and T,from
Furthermore, in this research, first; we recall the H, to H,, such that T,A = BT, and AT, = T,B

properties and other concepts, seconc_j; give some This is denoted by A = B, when A is quasi-similar
important results on the Normality set and to B ’
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Definition 5 (6): Linear operators A, B € PB(H) are
unitarily equivalent (denoted by A = B), if there
exists unitary operator U € B(H), where UA =
BU; thatis, A = U*BU or equivalently B = UAU".
Theorem 1 (1): Let N be a normal operator on H,
for any bounded linear operator A if AN = NA,
then AN* = N*A.

Main Results:

Definition 6: For each operator A in B(H), we
defined new set is the Normality set of A is denoted
by Ny = {T € B(H): AT* = T*A}. Itis clear that it
IS non-empty set, since 0,1 € Ny and Ny; = Ny =
P(H), for every complex number a, where O, | is
the zero, unity operator on H, respectively.

The following proposition shows that the normality
set is closed on B(H).

Proposition 2: The operator A € B(H), then N, is
a closed linear subspace of B (FH).

Proof: let X,Y € Ny, and a,f € C. So that AX™
X*Aand AY* = Y*A.

Hence, A(aX + BY)* = @aAX* + fAY* =
ax*A+ BY*A = (aX + BY)*A. Therefore,

aX + Y € Ny.

Thus, N, is a linear subspace on B(H).

Assume {T,} be a sequence of operators in N,
convergent to T. So, AT," =T,"A, for every
positive integer n. Since A is continuous and
{T,} > T, then {T,,"} > T*, {AT,"} - AT*, and
{T,,”A} > T*A. Therefore, AT* =T*A, that is
T € N,

Then, Ny is a closed linear subspace of B(H). m
The following theorem shows that N, is proper
subspace of B(H); when A # al for every a € C.
Theorem 3: Let A € B(H). Then Ny = B(H), if
and only if, there exists @ € C, such that A = al.
Proof: Let {e,} be an orthogonal basis for H and
let U,U* be the Unilateral shift operator and it is
adjoint. Hence, Ue; = e;;, and U%e; 1 = ¢; for
everyi=1,2,..,U"e; = 0.

If N,=P(H) then U,U* € Ny. Therefore,
U*A(e,) = AU%e; = 0, that is Ae; = ae, for some
a€C. For every n=>2, Ae,=AU"1e =

U Ae, = U 'ae; = ae,. S0, Ax =ax for
every x € H. Thus, A =al. The prove of the
converse is trivial. m

The evidence of the following corollary is a
consequence from the proof of the above theorem.
Corollary 4: If A # al, Va € C, then either U ¢ N,
or U* & Ny, where U, U™ be the Unilateral, bilateral
shift operators, respectively.

Lemma5: Let A € B(H). Then, NyNy = Ny.
Proof: Let X,Y € N4. S0, AX* = X*A and AY”
Y*A implies that AX™Y* = X*AY".
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Hence, A(YX)" = X*"Y*A = (YX)*A. Therefore,
YX € Ny; thatis, NyN, € Ny.

Conversely, assume that T € N4, so AT* = T*A and
sincel e NyorIT =T.

Hence, A(IT)" = AT* = T*A = (IT)*A. Therefore,
T € NyN,. Then NyN, = N,.m

Remark 2: It is clear that from Lemma (5), if € N,
,then T™ € N, for each n.

Lemma 6: A isnormal if and only if A € N,.
Theorem 7: If A is normal, then T € N, if and only
if T" € N,.

Proof: Let A be normal and T € N,. So, AT"
T*A. By using theorem (1).

AT =TA.ThusT* € N,.

The converse is similar. m

The following theorem shows the adjoint and
invertible of the set N,.

Theorem 8: Let A € B(H). Then Ny is satisfying
the following:

1- Ny =Npypa,p€C

2- N," = Ny that is Ny = (N4+)*. In particular, if
A is normal, then Ny = Ny = (Ny+)*. Where
N,* = {T*:T € N,}.

3- If Alisinvertible, then Ny = N 4-1.

4- If Y is invertible operator, then Y € N, if and

onlyif Y™1 € N,.
Proof: (1) It is easy by definition of N, and
proposition (2).
(2) Let S € Ny+. So, A*S* = S*A* take the adjoint,
there is AS = SA. Therefore, S* € N, that is
S€eN,*. Hence, N4, € N,". The converse is
similar, and let T € N4. So, AT* =T"A take the
adjoint, TA* = A*T or A*T = TA*. Thus T* € N4,
that is T € (N,4+)*, it is clear that if A is normal and
by Theorem (1), the required result is obtained.
(3) Suppose that A is invertible and T € N,; so,
AT* =T*A and T*A™ = A7IT*, that is T € Ny
or Ny © N,-1, the converse is similar.
(4) Suppose that Y is invertible operator thenY €
N, & AY* = Y*A.
So, Y 'M=AY"'oY leN,.n
The following propositions shows more properties
on the normality set.
Proposition 9: Let A, B, C € B(H):
1- If BE Ny, then A € Ng.
2- IfA€ Ngand B € N¢, then B € NycNN¢4.
Proof: (1) Assume that B € Ny, so that AB* = B*A
by take the adjoint, we have BA* = A*B; that is,
A € Np.
(2) Since A € Nz and B € N, given, so BA* = A*B
and CB* = B*C.
Hence AB*=B*A and CB* = B*C. Therefore
A(CB*) = A(B*C). Thus (AC)B* = B*(AC); that
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IS, B € Nyc. Similar way, we can proof B € N¢,.
Thus B € Ny¢NN;y. m
Proposition 10: Let A, B, C € B(H). Then:

1- NyNNg S Nyyp.

2- Ny NNy S Nyg N Ngyu.

3- NS* gvan for each integer number n. where
N* ={T™T € N,}.

4- Np = Nygen Nae.

Proof: (1) Suppose that T € N, N Ng; so, AT*
T*A, and BT* = T*B, by additive, there is (4 +
B)T* =T*(A+ B). Therefore, T € Ny,p, that is
Ny N Ng S Ny,p.
(2) If T € Ny N Ng, then ABT* = AT*B = T*AB,
S0, T € Nyg Or Ny N Ng S Nyp; similarly, BAT*
BT*A=T*BA. So, T € Ng,. Hence, Ny N Np
Np4.
Thus, Ny N Ng © Nyg N Ngy.
(3) Assume that T € Ny; so, AT*=T*A and
A’T* = AT*A =T*A%. Thus, A"T* =T*A™ for
every integer number n, that is T € N4n for every n.
Therefore, Ny € Nyn and by Lemma (5), there is
N,™ < N, for every integer number n. So, N,™ <
Ny € Nyn, the result is obtained.
(4) The prove is similar to prove (3). m
But the following example shows that Ny» # N,",
for some n > 1.

a b],

Example 1: Let A:[g g] and T=[C d

where a, a, b, ¢, d are real number and «, b are non-
zero. So, A is not invertible and nilpotent operator.
That is, A™ = 0, foreveryn > 1.

Hence, A"T* =T*A"™ and T € Nyn, for every
n> 1. But AT* # T*A. Therefore T ¢ N,. Since
N, € N,.ThenT & N,™ for each n.

Now, we shows the commute normal operators with
Ny.

Theorem 11: If the operator A € N, then, AN, =
N,A.

Proof: Assume that A is normal enough to prove
AT = TA for every operator T € Ny.

So, AT* = T*A. Since A is normal and by theorem
(1), there exists A*T* =T*A" by take adjoint,
implies AT =TA, that is ANy = N4A for all T €
Ny m

c

Relationships with N 4

In this section, the relation between two
operators on the set N, will be studied. Then, this
section will investigate whether the operator is
similar, quasi-similar, unitary or more than them.
Theorem 12: If A = B, then, N, = (T*) " INgT* =

Np-1gr.
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Proof: Suppose that A and B are similar, by
definition (2.4). Then 3T is invertible, where
A=TBT™,

Let XeN, implies that AX*=X"A4, so
(TBT~Y)X* = X*(TBT™1).

Hence, B(T™X*T) = (T~1X*T)B. Then
B(T*X (T*)™Y)* = (T*X (T*)~Y)*B. So,

T*X(T*)"' € Ng. Hence, X € (T*)"'NgT* and
N, S (T*)"INgT*.

Conversely, Suppose that (TH™IST* €
(T*)"INgT*. Hence S € Ng Implies that BS* =
S*B.  So, (T 'AT)S* =S*(T"'AT) and
A(TS*T™Y) = (TS*T M)A, (T*)7IST* € Ny,
(T) *NgT* € Nyand Ny = (T*)"'NgT*. m
Theorem 13: If A= B, then Ny =UN,U"
Nyay-.

Proof: Assume that A and B are unitarily
equivalent. So by definition (5) there exists a
unitary operator U, where UA = BU or A = U*BU.
Let TeN, implies that AT*=T*A. So,
(U*BU)T* = T*(U*BU).

Hence, B(UT*U*) = (UT*U*)B and B(UTU")"
(UTU*)*B. Thus, UTU* € Ng. That is UN,U*
Ng. Conversely, let § € Ny implies that BS*
S*Bsince B = UAU".

Hence, (UAU*)S™* = §*(UAU™), and A(U*S*U)

N

(U*S*U)A.

Then, A(U*SU)* = (U'SU)*A. There exists
U*SU € Ny, butS = U(U*SU)U*.

Thus, S € UN,U*. Then, Nz c UN,U*. Thus
Ny =UN,U*. m

Theorem 14: If A ~ B, then T;"NzT," < N, and
T,*N,Ty* € Np.

Proof: Suppose that A is quasi-similar to B if there
exists two injective with dense range bounded
operators T; from H; to H, and T,from H, to H;
st T;A = BT, and AT, = T,B.

Let X € N;. So, BX*=X"B and A(T,X'T;) =

(T,X*Ty)A.

Therefore, A(T,"XT,")* = (T;*XT,")*A.  Then
T,*XT,* € Ny, that is T, *NgT,* S N,.

Now, let YeN,. So AY"=Y*A. Hence
B(T,Y*T,) = (T,Y*T,)B.

Therefore, B(T,"YT,")* = (T,"YT;")*B. Then

T,*YT," € Ny, thatis T,"N,T,* € Np. m

Invariant Subspace:

It has been clarified that if A € B(H), then
N, is a non-empty set and closed subspace. The
following theorem shows that N4+ is invariant under
A.
Theorem 15: If A € B(H). Then A(Ny+) S Ny-.
Proof: Let AT € A(N4) where T € N4+ Hence
A*T* = T*A*. Therefore AT = TA.
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So that A*(AT)" = A*(T*A") = (TA)*A* =
(AT)*A*. Thus AT € N,-.

Corollary 16: Every operator A: B(H) - B(H)
has non-trivial invariant subspace.

Proof: If A = al for some a € C, then clearly every
subspace M < PB(H) is invariant. So, it is supposed
that A # al. It is clear that N4 # {0} since [ € N~
and N4+ # PB(H) theorem (3.3) and N, is a closed
subspace proposition (2) and by theorem (15).
Hence, N+ is a (n.i.s) for A.

Definition 7: Let x € H, then we defined the N,
be other form is Ny(x) = {T(x): T € Ny}.
Proposition 17: If x € 3, then N, (x) is a subspace
of H.

Proof: Let T(x), S(x) € Ny(x), where T,S € N,.
Since N, is subspace, then aT + BS € N, for every

a,B€C. So that aT(x)+BS(x)=(aT+
BS)(x) € Ny(x). Thus Ny(x) is a subspace for
every x € .

Theorem 18: If A € B(H), then ANy (x) S

N+ (x) forevery x € H.

Proof: Let AT(x) € ANy(x) where T € Ny-.
Hence A*T* = T*A* and AT = TA.

So that  A*(AT)* = A*(T*A*) = (TA)*A* =
(AT)*A*. Thus AT € N,-.

So implies that AT(x) € N4+(x). This enough
proof.

Corollary 19: If A € B(H), then Ny (x) is a
closed invariant subspace for A for every x € H.
Proof: Since N,:(x) is subspace and AN :(x) <
Ny(x), then Ny-(x) is a closed subspace and
ANy (x) © Ny« (x).

Conclusion:

In this paper, the normality set N, is
studied. This set has many of the properties of which
we reviewed some with some important
relationships, and tried to solve the famous problem
of the invariant subspace which is still not yet
solved, and some important results have been
submitted in this subject.
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