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Abstract

In this work, the fractional damped Burger's equation (FDBE) formula Dfu + uu, — uy, + Au =0,
x€ER, t >0, A >0 is solved by Sumudu transform (ST) method . The purpose of the method is based on the
application of ST method to nonlinear fractional partial differential equations (NLFPDE). Same initial
conditions( IC) are selected to clarify this method. Also, the dependability of this method is given by several
examples. In other words, some approximate solutions were gotten successfully. Finally, the curve 3D

program is used for plotting the figures.
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Introduction:

The NLFPDE is shown in many departments
of Engineering, Physics and Applied Mathematical
(1). Also,in several phenomena such as elastic
viscosity, electromagnetic, material  science,
acoustic and electrical chemistry. In general, there
iS no way to give a precise solution to fractional
differential equations (FDE) . Only approximate
solutions can be inferred. Burger's equation (BE) is

the characteristic equation used for many
physically interesting problems and for
convection-diffusion Phenomena. It is widely

applied on water designing in unsaturated oil, soil
dynamic in water, static flow difficulties, confusion
and strong propagation, cosmogony  and
earthquakes(2). The BE was initially proposed by
Bateman H.,(1915) (3) while modeling the weak
viscous liquid motion. The non-linear partial
differential equation was published in 1948 by
Burgers J. M. (4) It is similar to the one-
dimensional Navier-stokes equation except for the
term stress. Later he studied the B E by Cole J.,
1951 (5) who has given a theoretic solution based
on Fourir series analysis, using the initial and
border conditions. Gorguiis in 2005 (6) compared
the transformation of Cole Hopf and
Decomposition method to solve B E. The
time_fractional BE was firstly treated by Momani
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S., (2006) (7) by the Adomian decomposition
method. Biazar and Aminikhah in 2009 (8) solved
BE by using the variation literation technique to
find the Approximate solution , whichever is best
than ADM.In (2014) Saad and Munaa (9) used
Bernoulli equation to solve BE. The ST method is
an important transform method that was suggested
in early 1993 by Watugala (10). It is a gadget for
solving many kinds of PDEs in different fields of
engineering and sciences. Different methods are
common with a ST method as the homotopy
analysis technique and the ST method Rathore,
Kumr, Singh and Guptaa (2012) (11). Kurulay M.
in (2010) (12) solved the space time fractional BE
using differential transform method. Mohammad J.
and Bashir A. (2013)(13) used laplace inversion
technique method for solveing the fractional partial
differential equations (FPDES)

In this study the fractional Damped Burgers'
equation were solved to get approximately solution

by using the Sumudu Transform (ST) method.

This study is organized as follows: section two
contains some definitions. Section three contains
solution by ST method. Section four contains the
conclusions.
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Definitions
Now, some definitions were stated of the fractional
calculus and ST that will be used in this work.

Definition ( 1)

The real function f(x), x > 0, is said to be in the
space C,, u€R, if there exists a real number p (>
W), as f(x) = xPfi(x), where f;(x) € C [0,), and
it is said to be in the space C} if f(D(x)eC,,
€N =NU{0}.(14)

Definition (2)
On the (left side) is Riemann Liouville fractional
integral of order a > 0, of a function f(x)eC,, u >
—1is known as

1f () = 7 Jo o= D F (D),

1)

I°f(x) = f (%)

Some properties of J*can be found for f € C,, u >
—1, 0, B >0 and & > —1, the following expressions
are obtained,;

>

X 0

1 198 f(x) = 1B f(x) = IFI%f(x);
2. I%C = @ Cisconstant ;
r'(a+1)
a,s _ _T6+1) 415
3. [%x° = Taroin” . (14)

Definition (3)

The Caputo fractional derivative (CFD)of f(x) is
known as;

DEf(x) = I"%Df(x) = Jy -

)~ fO(e)dt,a >0 )
Forr—-1<oa<r,reN, x> 0and the Gamma
function isT'(.) . (14)

r(r-a)

Definition (4)
Let r be the smallest integer that override a, the
CFD of a function u (x,t) of order o > 0 is defined

by;

D&%u(x,t) = 9 ;‘fz‘t) =
t  _Nr—a-19"ulx1) _
P INGEES —gdvr—1<a<r

aﬁ;g,t)' a=re€eN
Which satisfies the following :
1. DZC =0, Cis constant;
2. DIx6 =LC*D yo-a x50 5>

r(é-oa+1)
3. DE(ZRocifilx, D) = T DOfilx, 1),
where ¢y, ¢y, ...,cy are constants. (14)

Lemma 1

Ifr-1<oa<r feCi,reNand§ >-1, so;
DEI*f(x) = f(x) and
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1*DEf(x) = f(x) — Xk=t k(O*)xk—T , where x >

0. (14)

Definition (5)
ST over the following set of functions ,
Itl
A= {f(O]3IW,v,0,>0, [f(t) | < e ifte
(—1)x [0, 0)} 4)
Now, define
Is defined as, for u € (—v4,v, ), then;

SIf (O] = Q) = f) f (ut) e”tdt =
N3 (©)ew dt, (5)
Some properties of the ST:
1.S[1]=

S [F(r+1)] u', r>0;
3.5 [e¥] = m

4.S[afx)£Bg@@]=0aS[f ()] £ BS[g )]
(15,16)

Definition (6)
Let Q(u) be the ST of f(t), as follows
1. Q(1/s)/s, is a meromorphic function,
singularities Re(s) < &,
2. There exists a circular region I" with radius R and
positive constants, W and N with

W R

So the function £ (1) is;

with

fO=STQW] = o= [17 e*tQ

Y residues[est %/S)] . (15)

6%

Lemma 2. (1, 15, 16)
The ST S[f(t)] of the Caputo fractional integral
(CFI) is defined;

u )
S O] = W - ypt O where
G(uw) = S[f(t)]
Then , tG3) can be easily understood
(k
S [Def(x] = L&D g1 /OED g <<

n

®)

Solution by ST method (16,17)
To clarify the baser clue of Sumudu

Adomian decomposition technique, the following
NLFPDE of the form:

Dfu(x,t) = Lu(x,t) + Nu(x,t) + g (x,t)

(@)

Withn -1 <a <mn, ratio to the IC
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8@y (x ,0)
ot

2,...,n—1. (8)
and Dfu(x,t) isthe CFD, g (x,t) is the exporter
term, L is the linear factor and N is the
general nonlinear operator. Now, the ST is fitted on
two sides of equation (7)

S[Dfu(x,t)] = S[L(x,t) + Nu(x,t) +
g (x, )] (9)
Using the ST property (6) and substituting into (9)
to get:
u”*S[u(x, t)]
S[Lu(x,t) + Nu(x,t) + g(x,t)]
Simplifying Eqg. (10), to obtain:
S [u(x,t)] = Imduf fi(x) + u*S[Lu(x, t) +
Nu(x,t) + g(x,t)] (1)

=ul®(x,0)|t=0 = f(x), @ =0, 1,

— S u @ u®(x, 0) =
(10)

Now, solution by standard Sumudu decomposition
method is an infinite series as defined:

u(x,t) = Y=o Un (x, t)
(12)
And the nonlinear term of [12] is decomposed as:
Nu(x ,t) = Ln=04n ()
(13)
For some the Adomian polynomials A, of wu,,
U, e un,. that are given by:

A (u )_EW[ EZo8'u)l ls=o » n =01,
2,... (14)

where A,, for equation (14) can be obtained from

the recurrent relation;
6u
Z o<i<n Ui = ox
o<j<n

Now, substituting equations (12) and (13) into (11)
to get:

Sin=o un (x, )] =

Yiso uf fie () + u*S[L Yoo uy (x,t) +

Y=o An() + g (x,t)]  (15)

For two sides of equation (15), the following

algorithm is obtained

S [up(x, )] = Xice u® fi(x)

S [u(x,t)] = u*S[Lug(x,t) + Ay(u (x,t))
+g(x,t)]

S [upei(x,t)] = u“S[Lun(x,t)
+ An(u (x,0)],

Applying inverse ST on the equations above to get

the foIIowing

uy(x,t) = ST (ERss v fie ()

u(x,t) = S 1(u“S[Luo(x,t) + Ao(u (x,0) +

gx, )]

n = 1.
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Upp1(x,t) =

ST WES[Luy (x,t) + Ap(u (x, D)), n = 1.

In the same way the rest of components of the
decomposition solution can be found. Then the
approximate solution is given by;

un(x, ) = Lo w; (%, ) (16)
Such that
lim,, L U, (x, t) = u (x,t) a7

Now applying ST method to solve the FDBE of the
form:

Dfu + uu,
(18)

— Uy +AUu=0,x€R, A a t>0

Now, solve equation (18) and take three cases:
Case (1) O<a<l, A arbitrary positive real number,
with IC u(x,0) = x

Case (2) 0<a<1, 2 =1, u(x,0) = x?

Case (3) O<a<2,1=1,u (x,0) =1,

u;(x,0) = sinx

Status 1

Let the value of a be extended to be any positive

real number and solving the case 0 < a <1 and A=2.
If the IC u(x,0) = x. Now, taking ST of equation

(18) and the ST property is used with the IC to get:

S u(x,t)] =x+u*S[—ul(x, t)— +— axz u(x t) —

2u(x, t)].

The inverse of ST as follows ;

Y=o Un (6, )=2x+S 7 uS[— X0 Ap (W) +
a [0.0) (0.0)

 Trotn (6,8 =280 un G, D] (19)

where A, (u) of (14) represents the nonlinear

term uu,.. The first components polynomials are 4,

SUgUoy, A1 = Uglix + Uy, A= UglUzy +
U Uy, + UyUg, and so on. The recursive relation

is given as:

Upg(x,t) = x

u;(x,t) = ST Hu%*S[- A (u)+ uo(x t) —
2uy(x, 0)]]

u,(x,t) =

S S [~ Apoy (W) + 3y tn 1 (6, 6) =

2up—1(x, 0] ]
Upon passing calculations, the following can be
obtained

—3xt%
u;(x,t) = r(a+1)
12 x t2¢
uy(x,t) = r(2a+1)
_ —48xt3%  or(ea+1) x t3¢
uz(x,t) = r@a+l) r@+DrEa+l)
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192 x t4@

I (4 a+1)
72 Ba+1) x t**

ra+1)r2a+1) r(4¢ a+1)
Etc.
Thus the solution of eq (18) is:

36I'(2a+1) x t*®
r'(a+1)2r(4a+1)

u(x,t) =

4

ulx,t) = Zui(x,t)
i=0
= up(x,t) + uy(x,t)
+ uy(x,t) + uz(x,t) +uy(x,t)
_ 3xt® 12 x t2@ _ 48 x t3¢%
r(a+1) ra+1) rGa+1)
oar(2a+1) x t3%

192 x t4%
r(a+1)2r(3a+1) ri4a+1)
36I'(2a+1) x t4®

r(a+1)2r(4a+1)

72I(Ba+1) x t4%
r(a+1)ra+1)r“4a+1)

In Fig. 1 is 2 dimensional plot of the surface
u(x,t) foro =08, -1<x<2and0<t<2

Figure 1. representing the solution when a = 0.8,
-1<x<2,0<t<2and 0<u<350.

Status 2

If 0 < a <1 and A=1, with the IC u(x,0) = x2.
Taking ST of equation (18) and the ST property is
used with the IC, consequently:

S [u(x,t)] =x%+ u“S[—u(x,t)g—z+

2
:7u(x, t) —u(x, t)].
The inverse of ST is given as follows;
Z?lozo Un (x,t) = x? + S_1[uas[_ Z%O:O Ay (u)
+ L Bty (1) = Bio ity (x,0)]]

(20)
where A, (u) of (14) represents the nonlinear
term uu,. The first components polynomials are A,
SUgUgy, A = UgUix + UslUoy, A= Uglayx +
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U Uy, + UyUg, and so on. The recursive relation
is given as:

uo(x,t) = x2

u(x,t) =F(;—0+£1)(2 —x2—2x%)

U (x,t) = r(zt;in (—4 —16x + x% + 6x3 +
10x*)

us(x,t) = mijl) (6 + 60x + 167x2 — 10x3 —
40x* — 60x5) + F(:i‘;‘:—%(z}x

+12x2% — 2x3 — 10x* — 12x%)

F:%o4
F(4ta+1) (328 — 132x — 827x2 —
778x3 + 90x* + 300x> + 150x°)

r2a+1) t*« _ _ 2 _
—F(a+1)21"(4a+1)(24 16x — 144x
286x3 + 20x* + 72x> + 84x°)
r3a+1) t**
r(a+)ra+1)ra+1) (32 —12x -
108x2 — 204x3 + 40x* + 132x5

+140x°)

u(x,t) =

Etc.

Thus the solution of eq (18) is:

u(x,t) = Yrtow(xt) =uo(x,t) +u(x,t) +
Uy (x,t) +uz(x, t) + uy(x, t)

— 2 t 2 9.3
=x +I"(a+1)(2 X —2x°) +

(—4 — 16x + x? + 6x3 + 10x*)

tZlZ

ra+1)

t30{

(6 + 60x + 167x% — 10x3 —

r(3a+1)
4 5 ra+1)t3%
40x* — 60x>) + Tt )T GarD (4x +

12x% — 2x3 — 10x* — 12x°) +
(328 — 132x — 827x% — 778x3

+

tha
r(4a+1)

rQQa+1) t*@

4 5 6 —
+90x* 4+ 300x> 4+ 150x°) +I‘(a+1)2F(4a+1) (24
16x — 144x?

—286x3 + 20x* + 72x> + 84x°) +

r3a+1) t**
T@rDrasDraarn G2 —12x
—108x? — 204x3 + 40x* + 132x° +
140x°)

In Fig. 2 is 2 dimensional plot of the surface
u(x,t) foron=0.8, 0<x<landO<t<l1
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Figure 2. representing the solution when o = 0.8,
0<x<1,0<t<land-150<wu<50.

Status 3

If 0 < o < 2 and A=l, with the
ICsu (x,0) =1,
uy(x,0) = sinx .with the IC u(x,0) = x2
Taking ST of equation (18) and the ST property is
used with the IC, then:

S[u(x,t)] = 1 + tsinx + u“S[_u(x,t)g_';_,_

2
%u(x, t) —u(x, v)].
The inverse of ST is given as follows;

Z;?:O Up (x' t) =

1+ tsin + ST u*S[— Yo An (W) +
523 Zottn (,8) = S un Cx, D]
(21)

where A, (u) of (14) represents the nonlinear
term uu,. The first components polynomials are 4,
= UoUox, Ay = Uglhyx + Uglloy, A= Uglpx +
Ui, + Uyugrand so on. The recursive relation is
given as:

ug(x,t) = 1 + tsinx

£ = = t% 2 sinx t%*1  cosx to*?
ui(x,t) = r(a+1) r(a+2) r(a+2)
cosx sinx t%*2

r'(a+3)

t2a 4 cosx t?%+1  3ginx t2atl
Uy (x,t) = -
(2a+1) rQ2a+2) rQa+2)

5 cosx sinx t2%*2  (cosZx—sin?x)t2**?2

ra+3) r2a+3)

4T (a + 3)sinx cosx t2a+2
r'(a+2)r(2a+3)
r(a+3)(sin?x—cos?x)t?%*2  r(a+2)cosx t2+1

r'(a+2)r(2a+3) r'(a+1)r(2a+2)
2Ir(a+4) cos?x sinx t2+3

r(a+3)r2a+4)

Etc.

Thus the solution of eq (18) is:

u(x,t) =Y ou;(x,t) = uglx,t) + uy(x, t) +
u,(x,t)

. t% 2 sinx t*t1
= 1 + tsinx — - -
r(a+1) r(a+2)
cosx t**1  cosx sinx t%+? t2a
r'(a+2) r(a+3) ra+1)
4 cosx t?**1  3ginx t2e*t1
rQa+2) ra+2)
5 cosx sinx t2%*2  (cos?x—sin?x)t2®*?
r2a+3) r2a+3)
4T (a + 3)sinx cosx t2*+2
r'(a+2)r(2a+3)
r(a+3)(sinx—cos?x)t2%*2  r(a+2)cosx t2¢+1
r(a+2)r(2a+3) r(a+1)r(2a+2)
2I'(a+4) cos®x sinx t2%+3
r(a+3)r(2a+4)

In Fig. 3 is 2 dimensional plot of the surface
u(x,t) foro=0.8, 0<x<3and0<t<5

Figure 3. representing the solution when a = 0.8,
1<x<3,1<t<5and-10<wu<20.

Conclusions:

The primary objective of this work is to
suggest an effective technique for solving nonlinear
fractional BE. This method was a power tool to
solve various kinds of nonlinear problems. The
time-fractional BEs are chosen with the ICs to
illustrate the proposition technique. In this paper,
using different types of figure to solve the Burgers’
equations by using the Sumudu transform method.
To solve the linear and nonlinear partial differential
equations, ST method can be used and it can be
applied to one and 2-diimensional fractional
equations with accurately and successfully.
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