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Abstract  
       In this work, the fractional damped Burger's equation (FDBE) formula   𝐷𝑡

𝛼𝑢 + 𝑢𝑢𝑥 − 𝑢𝑥𝑥 + 𝜆𝑢 = 0, 

𝑥∈ℝ, 𝑡 > 0 , 𝜆 > 0 is solved by Sumudu transform (ST) method . The purpose of the method is based on the 

application of ST method to nonlinear fractional partial differential equations (NLFPDE). Same initial 

conditions( IC) are selected to clarify this method. Also, the dependability of this method is given by several 

examples. In other words, some approximate solutions were gotten successfully. Finally, the curve 3D 

program is used for plotting the figures.  
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Introduction:  

         The NLFPDE is shown in many departments 

of Engineering, Physics and Applied Mathematical 

(1). Also,in several phenomena such as elastic 

viscosity, electromagnetic, material science, 

acoustic and electrical chemistry. In general, there 

is no way to give a precise solution to fractional 

differential equations (FDE) . Only approximate 

solutions can be inferred. Burger's equation (BE) is 

the characteristic equation used for many   

physically   interesting   problems and for   

convection-diffusion Phenomena. It is widely 

applied on water designing in unsaturated oil, soil 

dynamic in water, static flow difficulties, confusion 

and strong propagation, cosmogony and 

earthquakes(2). The BE was initially proposed by 

Bateman H.,(1915) (3) while modeling the weak 

viscous liquid motion. The non-linear partial 

differential equation was published in 1948 by 

Burgers J. M. (4) It is similar to the one-

dimensional Navier-stokes equation except for the 

term stress. Later he studied the B E by Cole J., 

1951 (5) who has given a theoretic solution based 

on Fourir series analysis, using the initial and 

border conditions. Gorguiis in 2005 (6) compared 

the transformation of Cole - Hopf   and 

Decomposition method to solve B E. The 

time_fractional BE was firstly treated by Momani 

S., (2006) (7) by the Adomian decomposition 

method.  Biazar and   Aminikhah in 2009 (8) solved 

BE by using the variation literation technique to 

find the Approximate solution , whichever is best 

than ADM.In (2014) Saad and Munaa  (9) used 

Bernoulli equation to solve BE. The ST method is 

an important transform method that was suggested 

in early 1993 by Watugala (10). It is a gadget for 

solving many kinds of PDEs in different fields of 

engineering and sciences. Different methods are 

common with a ST method as the homotopy 

analysis technique and the ST method Rathore, 

Kumr, Singh and Guptaa (2012) (11). Kurulay M. 

in (2010) (12) solved the space time fractional BE 

using differential transform method. Mohammad J. 

and Bashir A. (2013)(13) used laplace inversion 

technique method for solveing the fractional partial 

differential equations (FPDEs) 

In this study the fractional Damped Burgers' 

equation were solved to get approximately solution 

by using the Sumudu Transform (ST) method.  
This study is organized as follows: section two 

contains some definitions. Section three contains 

solution by ST method. Section four contains the 

conclusions.       
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Definitions 
Now, some definitions were stated of the fractional 

calculus and ST that will be used in this work. 

 
Definition ( 1)  

The real function 𝑓(𝑥), 𝑥 > 0, is said to be in the 

space  𝐶𝜇, 𝜇∈ℝ, if there exists a real number p (> 

𝜇), as  𝑓(𝑥) = 𝑥𝑝𝑓1(𝑥), where 𝑓1(𝑥) ∈ C [0,∞), and 

it is said to be in the space 𝐶𝜇
𝑙  if 𝑓(𝑙)(𝑥)∈𝐶𝜇, 𝑙 

∈ℕ0=ℕ⋃{0}.(14) 

 

Definition (2)  

On the (left side) is  Riemann Liouville fractional 

integral of order α ≥  0, of a function 𝑓(𝑥)∊𝐶𝜇, 𝜇 ≥ 

−1is known as:  

 𝐼𝛼𝑓(𝑥) =
1

𝛤(𝛼)
∫ (𝑥 − 𝑡)𝛼−1𝑥

0
𝑓(𝑡)𝑑𝑡, 𝑥 > 0                                                                             

(1)              

𝐼0𝑓(𝑥) = 𝑓(𝑥)  

Some properties of 𝐽𝛼can be found for 𝑓 ∈ 𝐶𝜇, 𝜇 ≥ 

−1, α, 𝛽 ≥ 0 and 𝛿 > −1, the following expressions 

are obtained; 

1. 𝐼𝛼𝐼𝛽𝑓(𝑥) =  𝐼𝛼+𝛽𝑓(𝑥) =  𝐼𝛽𝐼𝛼𝑓(𝑥); 

2. 𝐼𝛼𝐶 =
𝐶

𝛤(𝛼+1)
𝑥𝛼 , 𝐶 is constant ; 

3. 𝐼𝛼𝑥𝛿 =  
𝛤(𝛿+1)

𝛤(𝛼+ 𝛿+1)
𝑥𝛼+ 𝛿. (14)  

 
Definition (3)  

The Caputo fractional derivative (CFD)of 𝑓(𝑥) is 

known as; 

𝐷∗
𝛼𝑓(𝑥) = 𝐼𝑟−𝛼𝐷𝑟𝑓(𝑥) =  

1

𝛤(𝑟−𝛼)
∫ (𝑥 −

𝑥

0

𝑡)𝑟−𝛼−1 𝑓(𝑟)(𝑡)𝑑𝑡,α > 0                                      (2) 

For r −1 < α ≤ r, r ∈ ℕ, 𝑥 >  0 and  the Gamma 

function is Γ(.) . (14) 

 
Definition (4)  

Let r be the smallest integer that override α, the 

CFD of a function u (x,t) of order α > 0 is defined 

by; 

𝐷∗𝑡
𝛼 𝑢(𝑥, 𝑡) =  

𝜕𝛼𝑢(𝑥,𝑡)

𝜕𝑡𝛼 = 

{

1

𝛤(𝑟−𝛼)
∫ (𝑡 − 𝜏)𝑟−𝛼−1𝑡

0

𝜕𝑟𝑢(𝑥,𝜏)

𝜕𝜏𝑟 𝑑𝜏, 𝑟 − 1 < 𝛼 < 𝑟

𝜕𝑟𝑢(𝑥,𝑡)

𝜕𝑡𝑟 ,                                              𝛼 = 𝑟 ∈ ℕ    
                         (3)             

Which satisfies the following : 

1. 𝐷∗
𝛼𝐶 = 0, 𝐶 is constant; 

2. 𝐷∗
𝛼𝑥𝛿 =

𝛤(𝛿 + 1)

𝛤(𝛿 − 𝛼+1)
𝑥𝛿− 𝛼 , 𝑥 > 0,       𝛿 > −1; 

3. 𝐷∗
𝛼(∑ 𝑐𝑖

𝑚
𝑖=0 𝑓𝑖(𝑥 , 𝑡)) =  ∑ 𝑐𝑖

𝑚
𝑖=0 𝐷𝛼𝑓𝑖(𝑥, 𝑡), 

where 𝑐0, 𝑐1, …,𝑐𝑚 are constants. (14) 

 
Lemma 1  

If r−1< α ≤ r, 𝑓∈ 𝐶𝜇
𝑟, r ∈ ℕ and 𝛿  ≥ −1, so; 

𝐷∗
𝛼𝐼𝛼𝑓(𝑥) = 𝑓(𝑥)  and 

𝐼𝛼𝐷∗
𝛼𝑓(𝑥) = 𝑓(𝑥) − ∑ 𝑓𝑘(0+)

𝑥𝑘

𝑘!
𝑟−1
𝑘=0   , where 𝑥 > 

0. (14)  

 
Definition (5)  

ST over the following set of functions ,  

𝐴 =  {𝑓(t) ⎸∃ 𝑊, υ1, υ2 > 0, ⎹ f (𝑡) ⎹  <  e
│t│

𝜐𝑗  , if t ∈ 

(−1)j× [0, ∞)}                   (4)                            

Now, define     

Is defined as, for  𝑢 ∈ (−𝜐1, 𝜐2 ), then; 

𝕊 [𝑓 (𝑡)]  =  𝑄 (𝑢)  = ∫ 𝑓
∞

0
(𝑢t) e−t𝑑𝑡 =

∫
1

𝑢

∞

0
𝑓(𝑡)𝑒

−𝑡

𝑢  𝑑𝑡,                                                   (5) 

                                    

Some properties of the ST: 

1. 𝕊 [1] = 1;  

2. 𝕊 [
𝑡𝑟

𝛤(𝑟+1)
] = 𝑢𝑟, r > 0; 

3. 𝕊 [𝑒𝑎𝑡] = 
1

1−𝑎𝑢
; 

4. 𝕊 [α 𝑓(𝑥) ± β g (𝑥)] = α𝕊 [𝑓 (𝑥)] ±  β 𝕊 [g (𝑥)]. 

(15,16) 

 
Definition (6)  

Let 𝑄(𝑢) be the ST of 𝑓(𝑡), as follows  

1. 𝑄(1/s)/s, is a meromorphic function, with 

singularities Re(s) < 𝛿,                                      

2. There exists a circular region Γ with radius R and 

positive constants, W and N with      

                       |
𝑄(1/𝑠)

𝑠
|<W 𝑅−𝑁 

So the function 𝑓(t) is; 

 

𝑓(𝑡)=𝕊−1[𝑄(𝑡)] =  
1

2𝜋𝑖
∫ 𝑒𝑠𝑡𝑄 (

1

𝑠
)

𝛾+∞

𝛾−𝑖∞

𝑑𝑠

𝑠
   =

∑ 𝑟𝑒𝑠𝑖𝑑𝑢𝑒𝑠[𝑒𝑠𝑡 𝑄(1/𝑠)

𝑠
] . (15) 

 

 

Lemma 2. (1, 15, 16) 

The ST 𝕊 [𝑓(𝑡)] of the Caputo fractional integral 

(CFI) is defined;  

        𝕊 [𝐷𝑡
𝛼𝑓(𝑡)] =  

𝐺(𝑢)

𝑢𝛼 − ∑
𝑓(𝑘)(0)

𝑢𝛼−𝑘
𝑛−1
𝑘=0 , where 

𝐺(𝑢) = 𝕊[𝑓(𝑡)] 
Then , that can be easily understood  

 𝕊 [𝐷𝑡
𝛼𝑓(𝑥,t)] = 

𝕊[𝑓(𝑥 ,𝑡)]

𝑢𝛼 − ∑
𝑓(𝑘)(𝑥 ,0)

𝑢𝛼−𝑘
𝑛−1
𝑘=0  , 𝑛−1 < α ≤ 

𝑛                           (6) 

                                     

Solution by ST method (16,17) 
To clarify the baser clue of Sumudu 

Adomian decomposition technique,   the following 

NLFPDE of the form: 

 𝐷𝑡
𝛼𝑢(𝑥 , 𝑡) = 𝑳 𝑢(𝑥, 𝑡)  +  𝑵𝑢 (𝑥, 𝑡)  +  𝑔 (𝑥, 𝑡)                                                                 

(7)                                    
With 𝑛 ‒ 1 < α ≤ 𝑛, ratio to the IC   
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𝜕(𝛼)𝑢(𝑥 ,0)

𝜕𝑡𝛼 = 𝑢(𝛼)(𝑥 , 0)|𝑡=0 = 𝑓(𝑥),  𝛼 = 0, 1, 

2,…, 𝑛 ‒ 1.                                                  (8) 

and  𝐷𝑡
𝛼𝑢(𝑥 , 𝑡)  is the CFD , 𝑔 (𝑥, 𝑡) is the exporter  

term,   𝑳   is   the   linear   factor and 𝑵 is the 

general nonlinear operator.  Now, the ST is fitted on 

two sides of equation (7) 

    𝕊[𝐷𝑡
𝛼𝑢(𝑥 , 𝑡)] = 𝕊 [𝑳 (𝑥, 𝑡)  +  𝑵𝑢 (𝑥, 𝑡)  +

 𝑔 (𝑥, 𝑡)]                                                         (9)                                  

Using the ST property (6) and substituting into (9) 

to get: 

𝑢−𝛼𝕊[𝑢(𝑥 , 𝑡)] − ∑ 𝑢−(𝛼−𝑘)𝑚−1
𝑘=0 𝑢(𝑘)(𝑥 , 0) =

𝕊[𝑳𝑢(𝑥 , 𝑡) + 𝑁𝑢(𝑥 , 𝑡) +  𝑔(𝑥 , 𝑡)]            (10)                                                                                                         

Simplifying Eq. (10), to obtain: 

𝕊 [𝑢(𝑥 , 𝑡)]  =  ∑ 𝑢𝑘𝑚−1
𝑘=0 𝑓𝑘(𝑥) +  𝑢𝛼𝕊[𝑳𝑢(𝑥, 𝑡)  +

 𝑵𝑢(𝑥, 𝑡)  + 𝑔(𝑥, 𝑡)]                             (11)   

                             

Now, solution by standard Sumudu decomposition 

method is an infinite series as defined:  

   𝑢(𝑥 , 𝑡) =  ∑ 𝑢𝑛
∞
𝑛=0 (𝑥, t)                                                                                                    

(12) 

                                                                                     

And the nonlinear term of [12] is decomposed as: 

  𝑁𝑢(𝑥 , 𝑡) = ∑ 𝐴𝑛
∞
𝑛=0 (𝑢)                                                                                                      

(13) 

                                                                                          

For some the Adomian polynomials  𝐴𝑛 of 𝑢0,
𝑢1, …  , 𝑢𝑛, … that are given by: 

𝐴𝑛(𝑢) =
1

𝑛!

𝑑𝑛

𝑑𝛿𝑛 [𝑵(∑ 𝛿𝑖∞
𝑖=0 𝑢𝑖)]⎹𝛿=0 ,   𝑛 = 0, 1, 

2,…                                                           (14)  

                                         

where 𝐴𝑛 for equation (14) can be obtained from 

the recurrent relation; 

                  𝐴𝑛 = ∑ 𝑢𝑖
𝜕𝑢𝑗

𝜕𝑥
0<𝑖<𝑛
0<𝑗<𝑛

      

Now, substituting equations (12) and (13) into (11) 

to get: 

𝕊[∑ 𝑢𝑛
∞
𝑛=0 (𝑥, 𝑡)] =

∑ 𝑢𝑘𝑚−1
𝑘=0 𝑓𝑘(𝑥) + 𝑢𝛼𝕊[𝑳 ∑ 𝑢𝑛

∞
𝑛=0 (𝑥, 𝑡) +

∑ 𝐴𝑛(𝑢)∞
𝑛=0 + 𝑔 (𝑥, 𝑡)]      (15) 

         

For two sides of equation (15), the following 

algorithm is obtained 

𝕊  [𝑢0(𝑥 , 𝑡)]   = ∑ 𝑢𝑘𝑚−1
𝑘=0 𝑓𝑘(𝑥) 

𝕊  [𝑢1(𝑥 , 𝑡)] = 𝑢𝛼𝕊[𝑳𝑢0(𝑥 , 𝑡)  +  𝐴0(𝑢 (𝑥 , 𝑡))  
+  𝑔(𝑥 , 𝑡)] 

𝕊  [𝑢𝑛+1(𝑥 , 𝑡)] = 𝑢𝛼𝕊[𝑳𝑢𝑛(𝑥 , 𝑡)

+  𝐴𝑛(𝑢 (𝑥 , 𝑡))],          𝑛 ≥  1. 
Applying inverse ST on the equations above to get 

the following:  

𝑢0(𝑥 , 𝑡) = 𝕊−1(∑ 𝑢𝑘𝑚−1
𝑘=0 𝑓𝑘(𝑥)) 

𝑢1(𝑥 , 𝑡) =  𝕊−1(𝑢𝛼𝕊[𝑳𝑢0(𝑥 , 𝑡) +  𝐴0(𝑢 (𝑥 , 𝑡)) +

 𝑔(𝑥 , 𝑡)])   

𝑢𝑛+1(𝑥 , 𝑡) =

𝕊−1(𝑢𝛼𝕊[𝑳𝑢𝑛(𝑥 , 𝑡) +  𝐴𝑛(𝑢 (𝑥 , 𝑡))]) , 𝑛 ≥  1. 

 In the same way the rest of components of the 

decomposition solution can be found. Then the 

approximate solution is given by; 

𝑢𝑛(𝑥 , 𝑡) = ∑ 𝑢𝑗
𝑛−1
𝑗=0 (𝑥, 𝑡)                    (16)    

Such that  

lim𝑛→∞ 𝑢𝑛(𝑥, 𝑡) =  𝑢 (𝑥, 𝑡)                               (17)  

Now applying ST method to solve the FDBE of the 

form:  

𝐷𝑡
𝛼𝑢 + 𝑢𝑢𝑥 − 𝑢𝑥𝑥 + 𝜆𝑢 = 0, 𝑥 ∈ ℝ,   𝜆, 𝛼, 𝑡 > 0                                                                   

(18) 

                                                        

Now,  solve equation (18) and take three cases: 

Case (1) 0<𝛼<1, 𝜆 arbitrary positive real number, 

with IC 𝑢(𝑥, 0) =  𝑥    

Case (2) 0<𝛼<1, 𝜆 =1, 𝑢(𝑥, 0)  =  𝑥2 

Case (3) 0<𝛼<2, 𝜆 =1, 𝑢 (𝑥, 0) = 1, 
 𝑢𝑡(𝑥, 0) = 𝑠𝑖𝑛𝑥  

 

Status 1 

Let the value of α be extended to be any positive 

real number and solving the case 0 < α ≤ 1 and 𝜆=2.  

If the IC 𝑢(𝑥, 0) = 𝑥. Now, taking ST of equation 

(18) and the ST property is used with the IC, to get: 

𝕊 [𝑢(𝑥 , 𝑡)]  = 𝑥 + 𝑢𝛼𝕊[−𝑢(𝑥 , 𝑡)
𝜕𝑢

𝜕𝑥
+

𝜕2

𝜕𝑥2 𝑢(𝑥, 𝑡) −

2𝑢(𝑥, 𝑡)].  

The inverse of ST as follows ; 

∑ 𝑢𝑛
∞
𝑛=0 (𝑥, 𝑡)=𝑥+𝕊−1[𝑢𝛼𝕊[− ∑ 𝐴𝑛

∞
𝑛=0 (𝑢) +

𝜕

𝜕𝑥2
∑ 𝑢𝑛

∞
𝑛=0 (𝑥 , 𝑡) − 2 ∑ 𝑢𝑛

∞
𝑛=0 (𝑥 , 𝑡)]]           (19)   

                          

where 𝐴𝑛(𝑢) of (14)     represents the nonlinear 

term 𝑢𝑢𝑥. The first components polynomials are 𝐴0 

=𝑢0𝑢0𝑥,  𝐴1 = 𝑢0𝑢1𝑥  +  𝑢1𝑢0𝑥,  𝐴2= 𝑢0𝑢2𝑥  +
 𝑢1𝑢1𝑥  +  𝑢2𝑢0𝑥 and so on. The recursive relation 

is given as: 

𝑢0(𝑥 , 𝑡)  =  𝑥 

𝑢1(𝑥 , 𝑡) = 𝕊−1[𝑢𝛼𝕊[− 𝐴0(𝑢) +
𝜕2

𝜕𝑥2 𝑢0(𝑥 , 𝑡) −

2𝑢0(𝑥 , 𝑡)]] 

                               ⋮ 
𝑢𝑛(𝑥 , 𝑡) = 

𝕊−1[𝑢𝛼𝕊[ [− 𝐴𝑛−1(𝑢) +
𝜕2

𝜕𝑥2 𝑢𝑛−1(𝑥 , 𝑡) −

2𝑢𝑛−1(𝑥 , 𝑡)] ] 
Upon passing calculations, the following can be 

obtained   

𝑢1(𝑥 , 𝑡) =  
−3𝑥𝑡𝛼

𝛤(𝛼+1)
  

𝑢2(𝑥 , 𝑡) =
12 𝑥 𝑡2𝛼

𝛤(2𝛼+1)
  

𝑢3(𝑥 , 𝑡) =
−48 𝑥 𝑡3𝛼

𝛤 (3 𝛼+1)
−

9𝛤(2𝛼+1) 𝑥 𝑡3𝛼

𝛤(𝛼+1)2𝛤(3𝛼+1)
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𝑢4(𝑥 , 𝑡) =
192 𝑥 𝑡4𝛼 

𝛤 (4 𝛼+1)
 +  

36𝛤(2𝛼+1) 𝑥 𝑡4𝛼

𝛤(𝛼 +1)2𝛤(4𝛼+1)
+

72𝛤(3𝛼+1) 𝑥 𝑡4𝛼

𝛤(𝛼+ 1) 𝛤(2 𝛼+1) 𝛤(4 𝛼+1)
  

Etc. 

Thus the solution of eq (18) is: 

 

𝑢(𝑥 , 𝑡 ) = ∑ 𝑢𝑖(𝑥, 𝑡)

4

𝑖=0

=  𝑢0(𝑥 , 𝑡)  +  𝑢1(𝑥 , 𝑡)  
+  𝑢2(𝑥 , 𝑡)  +  𝑢3(𝑥 , 𝑡)  + 𝑢4(𝑥, 𝑡) 

             = 𝑥 −
3𝑥𝑡𝛼

𝛤(𝛼+1)
 +  

12 𝑥 𝑡2𝛼

𝛤(2𝛼+1)
 −  

48 𝑥 𝑡3𝛼

𝛤(3𝛼+1)
−

9𝛤(2𝛼+1) 𝑥 𝑡3𝛼

𝛤(𝛼+1)2𝛤(3𝛼+1)
 +    

192 𝑥 𝑡4𝛼

𝛤(4𝛼+1)
   

            + 
36𝛤(2𝛼+1) 𝑥 𝑡4𝛼

𝛤(𝛼+1)2𝛤(4𝛼+1)
+  

72𝛤(3𝛼+1) 𝑥 𝑡4𝛼

𝛤(𝛼+1)𝛤(2𝛼+1)𝛤(4𝛼+1)
 

 

 
          In Fig. 1 is 2 dimensional plot of the surface 

𝑢(𝑥, 𝑡) for α = 0.8 ,   –1 < 𝑥 <2 and 0 < 𝑡 < 2 

 
                             

 
Figure 1. representing the solution when α = 0.8, 

–1 < 𝒙 <2, 0 < 𝒕 < 2 and   0 < 𝒖 < 350. 
 
Status 2 
  
If 0 < α ≤ 1 and 𝜆=1, with the IC 𝑢(𝑥, 0)  =  𝑥2.  

Taking ST of equation (18) and the ST property is 

used with the IC, consequently:  

𝕊 [𝑢(𝑥 , 𝑡)]  = 𝑥2+ 𝑢𝛼𝕊[−𝑢(𝑥 , 𝑡)
𝜕𝑢

𝜕𝑥
+

𝜕2

𝜕𝑥2 𝑢(𝑥, 𝑡) − 𝑢(𝑥, 𝑡)].  

The inverse of ST is given as follows; 

∑ 𝑢𝑛
∞
𝑛=0 (𝑥, 𝑡) = 𝑥2 + 𝕊−1[𝑢𝛼𝕊[− ∑ 𝐴𝑛

∞
𝑛=0 (𝑢)  

+
𝜕

𝜕𝑥2
∑ 𝑢𝑛

∞
𝑛=0 (𝑥 , 𝑡)  − ∑ 𝑢𝑛

∞
𝑛=0 (𝑥 , 𝑡)]]  

                                                                     (20)               

where 𝐴𝑛(𝑢) of (14)     represents the nonlinear 

term 𝑢𝑢𝑥. The first components polynomials are 𝐴0 

= 𝑢0𝑢0𝑥,  𝐴1 = 𝑢0𝑢1𝑥  +  𝑢1𝑢0𝑥,  𝐴2= 𝑢0𝑢2𝑥  +

 𝑢1𝑢1𝑥  +  𝑢2𝑢0𝑥  and so on. The recursive relation 

is given as: 

 

𝑢0(𝑥 , 𝑡) = 𝑥2 

𝑢1(𝑥 , 𝑡) = 
 𝑡𝛼

𝛤(𝛼+1)
(2 − 𝑥2 − 2𝑥3) 

𝑢2(𝑥 , 𝑡) =  
 𝑡2𝛼

𝛤(2𝛼+1)
(−4 − 16𝑥 + 𝑥2 + 6𝑥3 +

10𝑥4) 

𝑢3(𝑥, 𝑡) =  
  𝑡3𝛼

𝛤(3𝛼+1)
(6 + 60𝑥 + 167𝑥2 − 10𝑥3 −

40𝑥4 − 60𝑥5) +
𝛤(2𝛼+1)𝑡3𝛼

𝛤(𝛼+1)2𝛤(3𝛼+1)
(4𝑥 

              +12𝑥2 − 2𝑥3 − 10𝑥4 − 12𝑥5)  

𝑢4(𝑥 , 𝑡) =  
  𝑡4𝛼

𝛤(4𝛼+1)
(328 − 132𝑥 − 827𝑥2 −

778𝑥3 + 90𝑥4 + 300𝑥5 + 150𝑥6) 

                  +
𝛤(2𝛼+1) 𝑡4𝛼

𝛤(𝛼+1)2𝛤(4𝛼+1)
(24 − 16𝑥 − 144𝑥2 −

286𝑥3 + 20𝑥4 + 72𝑥5 + 84𝑥6) 

                 +
𝛤(3𝛼+1) 𝑡4𝛼

𝛤(𝛼+1)𝛤(2𝛼+1)𝛤(4𝛼+1)
(32 − 12𝑥 −

108𝑥2 − 204𝑥3 + 40𝑥4 + 132𝑥5   

                 +140𝑥6) 

Etc. 

Thus the solution of eq (18) is: 

𝑢(𝑥 , 𝑡 )  = ∑ 𝑢𝑖(𝑥, 𝑡) =4
𝑖=0 𝑢0(𝑥 , 𝑡) + 𝑢1(𝑥 , 𝑡) +

𝑢2(𝑥 , 𝑡) + 𝑢3(𝑥, 𝑡) + 𝑢4(𝑥 , 𝑡)  

               = 𝑥2 +
 𝑡𝛼

𝛤(𝛼+1)
(2 − 𝑥2 − 2𝑥3)  +

 
 𝑡2𝛼

𝛤(2𝛼+1)
(−4 − 16𝑥 + 𝑥2 + 6𝑥3 + 10𝑥4) 

 

           +
  𝑡3𝛼

𝛤(3𝛼+1)
(6 + 60𝑥 + 167𝑥2 − 10𝑥3 −

40𝑥4 − 60𝑥5) +
𝛤(2𝛼+1)𝑡3𝛼

𝛤(𝛼+1)2𝛤(3𝛼+1)
(4𝑥 +

             12𝑥2 − 2𝑥3 − 10𝑥4 − 12𝑥5) +
  𝑡4𝛼

𝛤(4𝛼+1)
(328 − 132𝑥 − 827𝑥2 − 778𝑥3 

           

+ 90𝑥4 + 300𝑥5 + 150𝑥6) +
𝛤(2𝛼+1) 𝑡4𝛼

𝛤(𝛼+1)2𝛤(4𝛼+1)
(24 −

16𝑥 − 144𝑥2 
          −286𝑥3 +  20𝑥4 + 72𝑥5 + 84𝑥6)  +

 
𝛤(3𝛼+1) 𝑡4𝛼

𝛤(𝛼+1)𝛤(2𝛼+1)𝛤(4𝛼+1)
(32 − 12𝑥 

           −108𝑥2 − 204𝑥3 +  40𝑥4 + 132𝑥5  +
140𝑥6) 

 

          In Fig. 2  is 2 dimensional plot of the surface 

𝑢(𝑥, 𝑡) for α = 0.8,   0 < 𝑥 <1 and 0 < 𝑡 < 1 
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Figure 2. representing the solution when α = 0.8, 

0 < 𝒙 < 1, 0 < 𝒕 < 1 and –150 < 𝒖 < 50. 

 

Status 3 
 

If 0 < α ≤ 2 and 𝜆=1, with the 

ICs 𝑢 (𝑥, 0) = 1, 
 𝑢𝑡(𝑥 , 0) = 𝑠𝑖𝑛𝑥 .with the IC 𝑢(𝑥, 0)  =  𝑥2.  

Taking ST of equation (18) and the ST property is 

used with the IC, then:  

𝕊 [𝑢(𝑥 , 𝑡)]  =  1 +  𝑡 𝑠𝑖𝑛𝑥 + 𝑢𝛼𝕊[−𝑢(𝑥 , 𝑡)
𝜕𝑢

𝜕𝑥
+

𝜕2

𝜕𝑥2 𝑢(𝑥, 𝑡) − 𝑢(𝑥, 𝑡)].  

The inverse of ST is given as follows; 

 
∑ 𝑢𝑛

∞
𝑛=0 (𝑥, 𝑡) =

1 +  𝑡 𝑠𝑖𝑛 + 𝕊−1[𝑢𝛼𝕊[− ∑ 𝐴𝑛
∞
𝑛=0 (𝑢) +

𝜕

𝜕𝑥2
∑ 𝑢𝑛

∞
𝑛=0 (𝑥 , 𝑡) − ∑ 𝑢𝑛

∞
𝑛=0 (𝑥 , 𝑡)]]                                                                                                                  

(21)                                                                                

                                                                                                                                                                                                                                                                                                                                                                                        

where 𝐴𝑛(𝑢) of (14)     represents the nonlinear 

term 𝑢𝑢𝑥. The first components polynomials are 𝐴0 

= 𝑢0𝑢0𝑥,  𝐴1 = 𝑢0𝑢1𝑥  +  𝑢1𝑢0𝑥,  𝐴2= 𝑢0𝑢2𝑥  +
 𝑢1𝑢1𝑥  +  𝑢2𝑢0𝑥and so on. The recursive relation is 

given as: 

 

𝑢0(𝑥 , 𝑡)  =  1 +  𝑡 𝑠𝑖𝑛𝑥  

𝑢1(𝑥 , 𝑡)  =  
 − 𝑡𝛼

𝛤(𝛼+1)
−

 2 𝑠𝑖𝑛𝑥 𝑡𝛼+1

𝛤(𝛼+2)
−

 𝑐𝑜𝑠𝑥 𝑡𝛼+1

𝛤(𝛼+2)
−

 𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥 𝑡𝛼+2

𝛤(𝛼+3)
   

𝑢2(𝑥 , 𝑡)  =  
  𝑡2𝛼

𝛤(2𝛼+1)
+

 4 𝑐𝑜𝑠𝑥 𝑡2𝛼+1

𝛤(2𝛼+2)
+

 3𝑠𝑖𝑛𝑥 𝑡2𝛼+1

𝛤(2𝛼+2)
+

5 𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥 𝑡2𝛼+2

𝛤(2𝛼+3)
+

(𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥)𝑡2𝛼+2

𝛤(2𝛼+3)
 

               

+
4𝛤(𝛼 + 3)𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 𝑡2𝛼+2

𝛤(𝛼+2)𝛤(2𝛼+3)
−

𝛤(𝛼+3)(𝑠𝑖𝑛2𝑥−𝑐𝑜𝑠2𝑥)𝑡2𝛼+2

𝛤(𝛼+2)𝛤(2𝛼+3)
+

𝛤(𝛼+2)𝑐𝑜𝑠𝑥 𝑡2𝛼+1

𝛤(𝛼+1)𝛤(2𝛼+2)
 

               + 
2𝛤(𝛼+4) 𝑐𝑜𝑠2𝑥 𝑠𝑖𝑛𝑥 𝑡2𝛼+3

𝛤(𝛼+3)𝛤(2𝛼+4)
  

Etc. 

Thus the solution of eq (18) is: 

𝑢(𝑥 , 𝑡 )  = ∑ 𝑢𝑖(𝑥, 𝑡) = 𝑢0(𝑥 , 𝑡) + 𝑢1(𝑥 , 𝑡) +2
𝑖=0

𝑢2(𝑥 , 𝑡)   

               =   1 +  𝑡 𝑠𝑖𝑛𝑥 −
  𝑡𝛼

𝛤(𝛼+1)
−

 2 𝑠𝑖𝑛𝑥 𝑡𝛼+1

𝛤(𝛼+2)
−

 𝑐𝑜𝑠𝑥 𝑡𝛼+1

𝛤(𝛼+2)
−

 𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥 𝑡𝛼+2

𝛤(𝛼+3)
+  

  𝑡2𝛼

𝛤(2𝛼+1)
 

                    +
 4 𝑐𝑜𝑠𝑥 𝑡2𝛼+1

𝛤(2𝛼+2)
+

 3𝑠𝑖𝑛𝑥 𝑡2𝛼+1

𝛤(2𝛼+2)
+

5 𝑐𝑜𝑠𝑥 𝑠𝑖𝑛𝑥 𝑡2𝛼+2

𝛤(2𝛼+3)
+

(𝑐𝑜𝑠2𝑥−𝑠𝑖𝑛2𝑥)𝑡2𝛼+2

𝛤(2𝛼+3)
+

                   
4𝛤(𝛼 + 3)𝑠𝑖𝑛𝑥 𝑐𝑜𝑠𝑥 𝑡2𝛼+2

𝛤(𝛼+2)𝛤(2𝛼+3)
−

𝛤(𝛼+3)(𝑠𝑖𝑛2𝑥−𝑐𝑜𝑠2𝑥)𝑡2𝛼+2

𝛤(𝛼+2)𝛤(2𝛼+3)
+

𝛤(𝛼+2)𝑐𝑜𝑠𝑥 𝑡2𝛼+1

𝛤(𝛼+1)𝛤(2𝛼+2)
            

                +
2𝛤(𝛼+4) 𝑐𝑜𝑠2𝑥 𝑠𝑖𝑛𝑥 𝑡2𝛼+3

𝛤(𝛼+3)𝛤(2𝛼+4)
  

 

          In Fig. 3 is 2 dimensional plot of the surface 

𝑢(𝑥, 𝑡) for α = 0.8 ,   0 < 𝑥 <3 and 0 < 𝑡 < 5 

 

 
 

Figure 3. representing the solution when α = 0.8, 

1 < 𝒙 < 3, 1 < 𝒕 < 5 and –10 < 𝒖 < 20. 

 

Conclusions:  
The primary objective of this work is to 

suggest an effective technique for solving nonlinear 

fractional BE. This method was a power tool to 

solve various kinds of nonlinear problems. The 

time-fractional BEs are chosen with the ICs to 

illustrate the proposition technique. In this paper, 

using different types of figure to solve the Burgers’ 

equations by using the Sumudu transform method. 

To solve the linear and nonlinear partial differential 

equations, ST method can be used and it can be 

applied to one and 2-diimensional fractional 

equations with accurately and successfully. 
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 (Sumudu ( )STتقريباً باستخدام طريقة التحويل )  Burgers Dampedحل معادلات 
 

            ورود رياض عبد الحسين 
    

 رند مهند فوزي

 بغداد, العراق. قسم المحاسبة, كلية الاسراء الجامعة,

 

 الخلاصة:
𝐷𝑡في هذا البحث , يتم حل معادلة بيركر دامبت الكسرية من الصيغة 

𝛼𝑢 + 𝑢𝑢𝑥 − 𝑢𝑥𝑥 + 𝜆𝑢 = 0  𝑥∈ℝ, 𝑡 > 0 , 𝜆 > 0 

بواسطة طريقة تحويل سومودو.تعتمد الطريقة المقترحة على تطبيق طريقة تحويل سومود على معادلات تفاضلية جزئية غير خطية.  يتم 

توضيح هذه الطريقة. كما يتم اعطاء موثوقية الاسلوب في بعض الامثلة. نتيجة لذلك نجحنا في الحصول على بعض اختيار الشروط الابتدائية ل

 الحلول التقريبية . اخيراُ, يستخدم برنامج منحني ثلاثي الابعاد لرسم الاشكال.

 
 الكسرية damped Burger, معادلة  Caputoحساب التفاضل و التكامل الكسري, مشتقة ,  Sumuduتحويل : الكلمات المفتاحية

 

 


