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Abstract:

This treatise is an application of the characteristic-free resolution of Kg ; 5)F to the Lascoux resolution
of Ks7,3)F (characteristic zero resolution). From this, study, we gain the connection between the resolution
of Weyl module K5 7,3)F in characteristic free mode and in the Lascoux mode.

Keywords: Weyl module, resolution, free resolution, characteristic-free resolution, characteristic zero
resolution.

Introduction:

Let R be a commutative ring with 1 and F be a While in the last section we stratify the
free R -module. The divided power algebra  resolution gain it in the below section to the
DF = Y;s0D;F can be acquainted as the graded Lascoux resolution by itself track of authors in (8)
abelian algebra generated by x! where x € F and  and (9) with Capelli identities as in (10).

i is a non-negative integer, and D;F is the divided

power algebra of degreei. Characteristic-Free  Resolution of the
The resolution of partition (p + %, + £,,¢ +  Partition (8,7,3)
t,,7) Which is represented by below diagram and As in (3) for the case (p, g ,7) with » > 2 the
inour case t; = £, = 0. terms of the resolution are:
e e - ¥ Res(lp,a; 0D®D, @ a0 255y Res(lp g +
| 2 o e+1;,e+1D®D,_._10®

26120,62261 §§ZZ+1)y§§il+1)zRes([;ﬂ + 61 +

The authors in (1) and (2) clarify the 1,g+e;+ 16, —e1]) @Dy (e, 4¢,4+2)
description of the characteristic zero skeleton by
Lascoux in the resolution of skew-shapes. While the \yhere 2™ s the following bar complex
authors in (3), (4) and (5) exhibit the formulation of —ab
the terms of Lascoux resolution.

The authors in (6) exhibit the terms and the
exactness of the Weyl resolution in the case of o)
partition (8,7). As well in (7) they discuss the terms - = Z,,” =0
of characteristic zero complex in the case of the By stratify the above formulation for partition
partition (8,7,3) and the diagram for the complex of  (8,7,3)
characteristic zero in the case of the partition Res([8,7; 0])®93@Zezog§;+1)y Res([8,7 + e +
(8,7,?;)- " et o 1 . e+ 1)®D3_._1 @D

n the next section, we survey the terms o (e2+1)  (e1+1)
characteristic free resolution of Weyl module in the Y 20e,2e, 2372 Y23, 'zZRes([8+ey +1,7 +

0- ZabWZabW ---Zab

m—times

k K K
> Y215 kj=m Zc(lbl)WZéDZ)W "'Zc(lbm VS

case of the npartition (8,7,3) which is the €2t 1€z~ e1]) ®D3—(e, +e,+2) 1
generalization of the partition (3,3,3). So
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Zelzo,ez 2eq ng;z +1)yg§i1+1)z

Res([8+e;+1,7+e,+1;e, —e1])®
D3—(61+62+2) =

Z3,4Z312Res([9,8; 0))®D; BZ5 2312
Res([9,9; 1)®D,

Where Z5,4 is the bar complex

2
0 — Z34 — 23, — 0
gé?@,r is the bar complex

0 2
0 — Z34231 — Zg(.z)’%

gg)y is the bar complex

% (2

—Z;5 —0

2
Zg(z)yzzzy
D
2
Z3zyZ§2)y

a
0 — Z3,423,423,1 —

a
N ¢

(3) (3)
32 32

and Z3,z is the bar complex

614’
y—2,,,—0

d
0 — 2318 — 23— 0

Where x, ¢ and z stand for the separator variables,
and the boundary map is 9, + d,, + 9 .

Let Bar(M,A;S) be the free bar module on the
set S={ «x,y, z}, where A is the free associative
algebra generated by Z,,,Z5, and Z3; and their
divided powers with the pursue relations:

(@) (b)) _ (b)) (a) (@) (b)) _ &(b)»(a)
Z3y 23y = 23123, and  Z,7Z5 = 23°2,]
and the module M is the direct sum of D, ® D, ®
D, for suitable p,g and # with the action of
Z51, Z32, and Z5, and their divided powers.

The terms of the characteristic-free resolution
1 are:

o In dimension zero (X,) we have Dg®D,®D,
o In dimension one (X;) we have
o 2P Dy, ,®D,_,®Ds;with1 < b <7,

b eZ*

e 20 yDe®D,,, @Dy ;with1 < b < 3,
beZt

o In dimension two (X,) we have the sum of the
following terms:

o 280520 Dy 1 @Dy p ®Ds s with

ZS |b| :b1+b2 S7, blle EZ+
o Z3,42 %Dy, ,®Dg_p,®D, ; with

2<b<8beZt
« 204z 2Dy, ®Do_,®D; ; with

3<b<9beZt
* Z?Eg)y’zz(?)xD8+b®D10—b®D0 ; with
4<b<10,bezZ*

b b .

o 2894282 4yD.®D, 1y ®Ds_ ) ; With

2 < |b| =b1+b2 Sg, bl,bz EZ+

o 20y 7. ZDs®D;,, @D,y ;with1 < b < 2,
b ezt
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o In dimension three (X3) we have the sum of the
following terms:
o 2022 203 1Dy 1| @Dy 1y @Dy ; with
by, by, by € T
o 23,42 228D xDg 1, @Dy ®D; s with
3S |b| =b1+b2 S8andb122, bl,b2€Z+
b b .
o 224280275 2Dy 1y ®Do_ iy ®D, ; with
4 < |b| :b1+b2 S9andb123; bl!bZ EZ+
© Z32yZayy 25, %Dg.,®Do_p,®D; ; With
3<b<9beZ*
o 28422282 2Dy, 1y ®D1o_1p| @Dy ; with
5 < |b| :b1+b2 < 10andb1 24’; bl!bZ EZ+
o 20y 4z xDy,  ®D,o_,®D, ; with
cit+c;=3and4<b<10; b,c;,c, EZ*
® Z3,YZ3,42Z3,4Dg®D1o@Dy
¢ Z3,4%31325; %Do,,®Dg_p®D; ; with
1<b<8belZ*
o 23423122 %o, ®Do_, @Dy ; with
2<b<9bel*
* 232_#2329231399@@9@@0
o In dimension four (X,) we have the sum of the
following terms:
o 25 %23 %250 22 Y ¥ Do 1)@ D715 ®Ds
with4 < |b| =Yt b; < 7and by > 1;
bl! bZIb3F b4 € Z+
b b b
* Z32’9’22(11)7522(12)"22(13)75@%IbI®D8—IbI®D2 )
with4 < |b| = b, + b, + by < 8and b, > 2;
by, by, bs € I
b b b
° Z?g)’y’zz(f)xzz(f)xzz(f)xDS+IbI®D9—IDI®D1;
with5 < |b| = b, + b, + b3 <9and by > 3 ;
by, by, bs € T+
b b
° Z32’%232’#22(11)xzz(12)x278+|b|®D9—|b|®D1i
by, b, € Z*
b b b
® Zg)y’zz(f)xzz(f)xzz(13)xD8+IbI®DlO—IbI®D0;
With6 < |b| = b, + b, + b; <10 and b, > 4 ;
by, by, bs € T+
b b
o 2350y 255 Y251 2235 ¥Do 1y ®Dio- 5y @D
withc, +c, =3 and5 < |b| = by + b, <10
and b1 = 4‘, blle'Cl'Cz € Z+
o Z32%Z32%Z32’%Zz(?)x1)8+b®D1o—b®Do ; with
4<b<10,bezt
b b
° Z32%Z31zzz(11)xzz(12)x1)9+|b|®Ds—|b|®D1i
with2 < |b| = by + b, <8and by > 1;
by, b, € Z*
b b
o 2 Y2352,V 2237 4Dy 1) @Dy @D, ;
with3 < |b|=by+b,<9and b; = 2;
by, b, € ZF
. Zsz’%zsz’ébzslzzz(?)xﬂ%b®D9—b®Do ; with
2<b<9beZt
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o In dimension five (Xs) we have the sum of the
following terms:

o 2 2 X250 125 220 Der 1y @7
®Ds ;with5 < |b| = Y3, b; <7 and by > 1;
by, by, b3, by, bs € ZF

b b b b

° Z329’22(11)7522(12)7522(13)7522(14)xDS+IbI®D8—|bl
®D, ;with5 < |b| =Y} ,b; <8and b, = 2;
by, by, bs, by €

b b b b,

° Z’g)’%22(11)sz(lz)xZZ(13)xZZ(14)xD8+IbI®D9—|bl
®D; ;with6 < |b| =Y}, b; <9and b, = 3;
by, by, b3, by € ZF

b b b

° Z32’%Z32’9*22(11)7522(12)’522(13)75@&|b|®D9—|b|®

D, ;with5 < |b| = by + b, + b3 <9and b, = 3;
by, by, b; € Z*

3 b b b b

° Zs('z)’9’22(11)xzz(12)xzz(13)xzz(14)x1)8+IbI®D10—|bl
®Dy;with7 < |b| =Yt b; <10 and by > 4;
by, by, b3, by € ZF

b b b

o 202D 202 420 Dy
D10—|b|®D0 ;Wlth (o5} + Cy = 3 and
6 < |b| :b1+b2+b3 SlOandb124,
by, by, bs € Z*

b b

° Z32%Z32’5)232’9*22(11)xzz(12)x98+|b|®D10—|b|
®D, ; with5 < |b| = b; + b, <10 and by, = 4;
by, b, € Z*

b b b

'Z3z@x’z31522(11)sz(12)sz(13)7@9+|b|®Ds—|b|®
bl = 1, bl,bz,b3 € Z+

b b b

° 23(?’9’231322(11)’522(12)xzz(13)xD9+IbI®D9—|bl®

bl = 2, bl,bz,b3 € Z+
b b

. Zsz’%Zsz%Zs1522(11)5“2512)x2)9+|b|®7-)9—|b|®7-)0 ;
with3 < |b| = by + b, <9and by = 2;
by, b, € Z*

o In dimension six (Xg) we have the sum of the
following terms:

b b b b b b

° Zz(1l)xzz(12)xzz(13)xzz(14)xzz(15)xzz(16)xD8+IbI
®Dy7_ 5 ®D3 ; with 6 < |b| = Xf_1b; < 7 and
bl > 1, bl’ bz,b3,b4,b5,b6 € Z+

* Z3y Zz(?l)xzz(?z)xzz(l1)3)xzza1)4)xzza1)5)x98+|b|®
Dg_|p|®D; ; with 6 < |b| = ¥7_, b; < 8 and
b1 = 2, bl,bz,b3,b4,b5 € Z+

2 b b. b b, b

® Z3(2)4</’ 22(11)’522(12)xzz(13)xzz(14)xzz(15)x2)8+|b|
Q®Dy_p|®D; ;with 7 < |b| = ¥7_; b; < 9 and
b1 2 3, bl,bz,b3,b4,b5 € Z+

b b b b,

M Z3zy*z32’y*zz(11)xzz(12)xzz(13)xzz(14)x1)8+|b|®
Dy_1p|®D; ; with 6 < |b| = X1, b; < 9 and
b1 = 3, bl,bz,b3,b4 € Z+

3 b b b b b

° 23(2)’9’ 22(11)7522(12)xzz(13)xzz(14)xzz(15)xD8+lb|®
Dyo-1»®Dg ;with8 < |b| = ¥7_; b; < 10 and
bl > 4’, bl’ bz,b3,b4,b5 (S Z+
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o 2 Y2y w25 22 w20 Do
®D10_|b|®D0 ;Wlth 1 + Cy = 3 and
7<|b|=Y¥{,b; <10and b, > 4;
bl, bz’ b3, b4’ Cl’ CZ E Z+

b b b
© 23y 25y Zs2 92 ¥Z3P 2231 2D 1 ®
and b1 = 4‘, bl'b2!b3 S Z+
o 23,42518Z 2282 220 1280 2Dy 1, @
Dg_p|®Dy ;with4 < |b| =¥, b; < 8and
by = 1; by, by, b3, by € ZF
¢ 202,220 222 204D @
Dy_p|®Dy ;with 5 < |b| =¥t b; <9 and
b1 = 2, bl,bz,b3,b4 € Z+
b b b
o Z3yy 23,y 2313253 2200 2B xDo 5@

D9_|b|®D0 ;Wlth 4 < |b| = bl + bz + b3 <9

and bl => 2, bl,bz,b3 S Z+

o In dimension seven (X;) we have the sum of the

following terms:

® 231%221%431%271X221%221%221%D15QDy®D3

* Z34 Zz(ll’l)xzz(?)xzzaf)xzz([lj“)xzz([l’*")xzz(ll’é)x

Dg+|b|®D8_|b|®D2 ,Wlth 7 < |b| = l~6=1 bi < 8
and b1 = 2; bl' bz, b3, b4_, b5, b6 € Z+

. Z32yZ32/y,Zz(l1’1)xZZ(t1’2)xZZ(tf)xzz(tl"‘)xZZ(If)x

Dg+p|®Do—|p|®Dy ;with 7 < |b| = X7 b; <9
and bl => 3, bl,bz,b3,b4,b5 € Z+

o 233y 2 2 X2 n 0 620 2 2

Dg+1p|®Do— 1| ®D; ;with8 < |b| = X_; b; <9
and bl > 3, bl' bz, b3, b4, b5, b6 € Z+
b b b b

L] Zgz’ngz’y)Zgz’y»zz(ll)xzz(lz)xzz(13)xzz(14)xD8+|b|

®D19—|p|®D; ;with 7 < |b| = ¥i,b; < 10

and bl > 4, bl' bz,bg,b4 € Z+

¢ B2y 2 a2 2 e a2

D8+|b|®D10—|b|®DO ;Wlth (o8] + Cy = 3 and

8<|b|=Y>_,b; <10and b, = 4;

bl,bz,bg,b4,b5,cl,C2 S Z+

2y 2052 200 k220 s

Dg.41p|®D10-1p|®Do ; With 9 < |b| = X, b; <

10 and bl > 4‘, bl' bz, b3,b4, b5, b6 € Z+

o 23,423,220 2282 £ 209 2 200 2209 Dy

®Dg_p|®D1 ;with 5 < |b| =¥, b; <8

and bl > 1, bl' bz,b3,b4, b5 S Z+

b b b b

o 230423925152 2282 2200 2200 xDy

®Dy_p®Dy ;with 5 < |b| = X b; <9 and

b1 > 2, bl,bz,bg,b4 € Z+

. zg)yzg 1zz2(?1)x2'2([1)2)x2'2(11’3)sz(;)”‘)sz(l;S)x

Doy 1p|®Dy_ 15| ®Dy ; with

6<|bl=Y:_,b; <9and b, >2;

b11b21b31b4—1b5 € Z+
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o In dimension eight (Xg) we have the sum of the
following terms:

® Z3,Y21%221%821%221X821%221%%21%D16

®Dy®D,

® Z3YL3Y Zz(?l)xzz(?z)xzz(?)xzz(?)xzz(l;S)x
Z§?6)xD8+|b|®D9—|b|®D2; with
8<|b|=3%5,b;<9andb, =3;
by, by, b, by, bs, b € ZF

2 3

° Za(,z)’y’zz(1)
®Dy®D,

b b b b b

. 232%232’%232%22(11)xzz(12)xzz(13)xzz(14)xzz(15)

Dg+15|®D10-(p|®Do; with 8 < |b| = ¥7_, b; < 10
and b1 = 4; bl' bz, b3, b4_, b5 (S Z+

R R R
209 2D 4 1p|®D1o- 15| ®Do ; With ¢ + c; = 3
and 9 < |b| =Y%_, b, <10and by = 4,
bl' bz, b3, b4_, b5, b6! C1,Cp € Z+

3

b Zéz)/y)zmxzz1xZZ1x221x221x221x221x1)15®
D,®D;

. Z32y,Z31zZZUI’1)xZZU1’2) xzz(%)xzz(?“)xzz(?*”)x
206 2Dy 4 1| @D @Dy ; With
7<|b|=%5,b; <8andb, = 2;
by, by, bs, by, bs, b € ZF

. Z32@Z32%Z31Z22(11)1)x22(11)2) xzz(’f)xzz(’j‘*)x
289 %Dy 15| ®Do_p| @Dy ; ith
6 <|b|=Y>_,b; <9andb, > 2;
by, by, b3, by, bs € ZF

« 204251220 22 (P 220V az (W a2 (P x
Z$29 %Dy 1 ®Do_ | @Dy ; with
7<|b|=3%5,b; <9andb, > 2;
by, by, b3, by, bs, b € ZF

o In dimension eight (Xy) we have the sum of the
following terms:

XZ 51 X891 X891 X891 X2L51XZ91XD1 7

3

b Z32’%Z32/y*zz(1) %291 %291XZ51%221XZ 51 %

Z212D17Q0Dy®D,
b b b b

. 232923292'32@2'2(11)sz(lz)xZZ(f)sz(l“)x
2309 2280 2D 1 15/ ®D10_1p| @Dy ; With
9<|p|=3%5,b;<10and b, = 4;
by, by, bs, by, bs, b € Tt
Z(Cl) Z(Cz) Z(‘l') Z VA VA VA Z

O Ly YLy YL Kb 1 XL KL XL X L1 X
22196@18@@0@@0 ,Wlth C1 + Cy = 3

. Z32y,231z22(1171)x22(1172) xZZ(lf)xZZ(ll"‘)xZZ(ll’S)x
206 22D 2Dy, 1| @Dg_( @Dy ; with
7<|b|=3%5,b; <8and b, >1;
by, by, b3, by, bs, bg, by, € ZF

o 2234239231520 220D 1709 27 (00)
289 2280 4Dy, 1| ®Do_ip @Dy ; with
7<|bl=Y7_,b; <9and b, = 2;
by, by, b3, by, bs bg € /Al

X
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o Zg)yzglzzz(ll’l)xzz(?) sz(l173)xZZ(l1"‘)xZZ(ll’5)x
289 2287 2Dy 4 15| ®Doip @Dy ; with
8<I|b|=%_,b;<9 and b, = 1;
by, by, bs, by, b, bg, b; € T

o In dimension eight (X;,) we have the sum of the
following terms:

4

° Z32%Z32%Z32%22(1) X281 X831 X291 X271 X
Z21%2214D18®@Dy®D

® 2344318581 X231X291 X851 X851 X551 X
Z21%4214D17@Dy®D;

° Z32%Z32%Z3lzzz(l121)xzz(l1)2) sz(l;S)xzz(llh)x

2892280 2 207 x Dy 1 ®Do_ | @Dy ; with

8<|b|=3X:_,b; <9and b, > 2;

by, by, bs, by, b, bg, b; € T

o 2424225251 2291229122212, %

221%221%2214D13®D, @Dy

Finally In dimension nine (X;;) we have

2

° Z32yZ32/y,Z31zZZ(1)xZZ1x2'21x2'21x2'21x

22122212221 XD1g@Dy @Dy

Lascoux Resolution of the Partition (8,7,3)
The Lascoux resolution of the Weyl module
associated to the partition (8,7,3) is

D1oF @ D¢F Q D,F
®
DoF Q@ DgF Q D1 F

DlOT ® D7:F ® DlT —

DoF @ DgF Q D3F

@ — DgF Q D, F Q D3F
DsF Q DgF Q D,F
Where the position of the terms of the complex
determined by the length of the permutations to
which they correspond.
Then the Lascaux complex has the correspondence
between its terms as pursue:
DgF @ D,F @ D3F > identity
DoF @ DgF ® D3F  (12)
DgF @ DgF Q D,F « (23)
D10F @ D¢F Q D,F « (123)
DoF ® DgF @ D1 F « (132)
D1oF @ D,F @ D, F & (13)

—

As in (8) the terms can be exhibit as pursue
XO = LO = MO

xl = L1®M1
Xz = Lz@Mz
x:; = Lg@Mg
Xj = M; for j =4,5,..,11

Where L, are the sum of the Lascoux terms and M,
are the sum of the others.

Now, we acquaint the map a,: M; —— L, as
pursue
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* Zz(i)x(v) — % 2512021 (V);
where v € D1y @ Ds @ Dy
«ZPx(v) 1 25,205 (v) ;
where v € D;; @ Dy @ Dy
© 232 (v) — 1 Z51205) (v);
where v € D12 X D3 Q D3
OZ(S)x(v) — = 221x6(4)(v)
where v € D13 ® D, @ Dy
02(6)95(17) — = 221x6(5)(v)
where v € D14 X D; Q D
« Z3(v) o 1 212059 (v) ;
where v € D15 X Dy K D3
® Z(Z)’y’(v) = Z32/g)632(v) ;
where v € D8 ® Dy Q@ D,

« 23y ) o 5 Z3,x05 (v);
where v € Dg Q D19 @ Dy

We ought to indicate that the map oy
implement the identity
6L1L001:5M1M0 L2
o Ly = My

\@/

Where &, the component of the boundary of the
fat complex which conveys £ to £,.
We employ the registration &, , . r,, 6., , », €tc.
Thus we can acquaint d,: L; —— L as

0, = 5L1L0
It is plainsman to exhibit that 9, implement 2, for
example we adopt one of them:

(62,2, °01) (Zz(i)x(v)) =
Or,z, 001 (3 2010 )

-1 (6216(4)(1])) = 0 (0) = Sppng, (zz(?x(v))
As long as we can acquaint d,: L, —— £L; by
0y =8p,0, +01°6.,mm,

Proposition 3.1: (4), (5) and (8)
The composition 9, o d, equal to zero.
Proof:
01005(8) =6;,1,° (6,2,(¢) + 016,,0,(3))
=08r,0,°00,0,(¢) +
5L1L0 ° 015L2M1 (@)
But 6., 2,01 = Oa,,- Then we attain
01005(9) =6,1,°60,2,(¢) + a0, 61,0, (@)
Which equal to zero, because of the properties of
the boundary map 6, so we attain d, o d, = 0.

459

Now, we have to acquaint g,: M, — L,
such that

Oa,z, +01° Oppyn, = (6L2L1 t+o,0 6L2]v[1) ° 0y

.. 3

We acquaint this map as pursue:
©Z2,1xZ512(v) +— 0;wherev € D1y @ Ds Q D5
o Zz(i)xzmx(v) — 0; wherev € D11 @ Dy Q D4
o ZleZZ(?x(v) — 0; wherev € D11 @ Dy Q D5
o Zz(i)xzux(v) +— 0; wherev € D;, @ D3 ® D5
o ZleZZ(i)x(v) +— 0; wherev € Dy, @ D3 Q D5
-zz(?ng?x(v) — 0; wherev € D1, @ D3 Q Ds
o Zz(i)xzmx(v) — 0; where v € D13 Q@ D, Q Dy
o ZleZZ(i)x(v) +— 0; where v € D13 @ D, Q D5
OZZ(?l’)xZZ(?x(v) — 0;wherev € D13 ® D, ® D3
OZZ(i)xZZ(i)x(v) — 0;wherev € D13 ® D, @ D3
. Zz(i)xzmx(v) — 0; wherev € D1, @ D; ® D;
o Zuxzz(i)x(v) +— 0; where v € D1, @ D1 @ D,
ozz(i)xzz(i)x(v) — 0; wherev € D14, @ D1 ® Dy
OZZ(‘;)xZZ(?x(v) — 0; where v € D1, ® D; Q D3
OZZ(i)xZZ(‘;)x(v) — 0; where v € D1, ® D; Q D3
o Zz(?)xzmx(v) +— 0; where v € D15 Q Dy ® D5
o Zuxz(s)x(v) — 0; where v € D15 @ Dy Q D5
-zz(i)ng?x(v) — 0; where v € D15 @ Dy ® D5
ozz(i)xzz(i)x(v) — 0; where v € D15 @ Dy ® D5
OZZ(‘;)xZZ(i)x(v) — 0; where v € D15 @ Dy ® D;
OZZ(i)xZZ(‘;)x(v) — 0;where v € D15 Q@ Dy @ D5
¢ 2324253 %(0) — 3 ZsayZ5y 2051 (v);

where v € D;; @ Ds @ D,
© Z3yZi)x(v) > T ZopyZ %05 (v) ;

where v €Dy, @ Dy @ D,
¢ 23,9237 %(v) — < Ty 2053 (v) ;

where v € D13 Q D3 ® D,
* Z32/ywzz(?x(v) — 1_15 Z32%Zz(i)

where v € D1, @ D, ® D,
© 232423 %(v) — = Zopy 2 %05y (v);

where vE€E D15 D, ® D,
* Zaz’d”vzz(?)x(v) — 2_18 Zngy»Zz(i)

where v € D1, @ Dy @ D,
© Z3,yZ3y(v) — O' where v € Dg @ Dy ® D,

zPy (3)x(v) 3 Zaop237 205, () -
Zgz/gnglza (v)) Where VE Dn ® D ® D,

2047 2() — 35 By 25y %0105, (v) -
—Z32yZ31Z(')21 w); Where vED, ®Ds Q Dy

Z§2) Zz(i)x(v) '_’3_10 Z32/y)Z(2) 6(2)631(17) -
%Z32%Z31562(i) (v) ;where v € D13 Q@ Dy ® Dy

x0, (4) 1 );

x0, (6) 1 ();
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2542 x(v) > &5 23y 2L %057 931 (0) -
§Z329Z31z021) ) ; Where VE Dy @ D3 Q D,y
20 yZDaW) o = Zayp2i %08} 05, (v) —
%232/5(,23126 ); Where VEDsQRD, D,
e 20920 W) - = ZyZ P 00505, (v)
%zg,zyzmzam (v) 'Where VEDs @D, ®D,
.Z(Z) (9)x(v) 72 Z329Z§i)x6(6)631(v) -
1232(42312621 (v) ;where v € D17, @ Dy Q Dy
OZ(Z)yZ32y(v) — 0; where v € Dg @ D10 Q D,
° 232/@2’3(?@(17) — Owhere vEDg R Do QD
e 20y 2@ () - 1 232@/,2(2) 0P (v) -
—z 2P az(?a(”(v)
3 Z32%Z31Zaz(i 032(v);
where v € D1, @ Dg Q Dy
23392572 W) 5 239237 %02,057 (v) —
_23292(2) 82(?1’)8(2)(17)
5232’9*231282(?632(19) ;
where v € D13 ® D5 ® D,
Z;;)yZ(G)x(v)H Z32y,22(i)x6(2)6(2)(v)
EZ3ZyZ§i)x6(4)8(2)(v)
gZ32yZ31z821 032 (v);
where v €D, @ D, Q Dy
Z 9230 2 (V) > - 23,y 257 %05y 057 (v) —
_23292(2) az(i)a(z)(v)
EZ32%Z31352(?)532 ();
where v € D15 ® l)3 ® Dy
ZS)y,Z(S)x(v)H Z32y,22(?x6(4)6(2)(v)
Ezgzyzﬁ)xa“)a(”(v)
5232%2313521 032 (v);
where v € D1 ® D2 ® D,
ng Z(g)x(v) —— Z32/y,Z(2) 62(?6(2) ) +
izny*z(z) a(6)632331(17)
where v € D17, @ D1 Q D,
. zg)yzﬁ")x(v) — 52329,22(?9662(?6(2) v);
where v € D153 Q@ Dy @ D,
° Z§§)yz31z(v) = §Z32%231Z632(V) ;
where v € Dy Q Dy Q D,

It is plainsman to exhibit that o, which is
acquainting above implement 3, for example we
adopt one of them:

Where v € D15 @ D, @ D,

(Breyz, + 01 © Oag0e) (224250 x(v))

460

= 0'1(272(? xa(Z)(U) + Z(G) xa32631(v) +
zz( 202 (v) — z3< 30! (v) )
- Zz1 6(6)6(2)( )"‘ 221x621 03203, (V) +
‘Zz1 0(4)0(2)(17) - —Z32y,632621)(v)
And
1
(8rpz, + 010 5@%)(@ 23,422 20005, (v) —
1
—Z32y)Z31z62(?) »))
= 0-1 (105 Zz(i) x6(4)a32631(17) +

Ez(z) 203,04t 631(v)>+

Ezm 6(4)6(2)(17) Z3296§i)631(v)—
(Zé%a(W ))+2 2,00 02 ) +

‘22195521 03203, (V) + - Zz1 6(4)5(2)( )+

;Z32’y*a31621 ()

1
- 52217052(?032631(1;) + — 221 6(4)6(2)( ) —
1

1
—Z32/y)62(?631(v) - —Z3zya32621 )+

7
1 2
Zyx 6(6)6(2)(17) + 722196621 03,031 (V) +

7

1221 6(4)6(2)(v)+ Z32/y‘631621)(‘lj)
—22196621 632631(17) + = Zlea(‘l')a(z)(v)
2232%6326 (v)+ Zz1 5(6)0(2)(17)

Proposition 3.2:
We have exactness at £;, i = 1,2,3.
Proof: see (4), (5) and (8).

Now by employ @, we can also acquaint
63:£3 —)Lz by 63 = 6L3L2 + g, ° 6L3M2

Proposition 3.3:
The composition 9, o d, equal to zero.
Proof: The oneself track employ in proposition 2.

We requirement to acquaint g3: M3 —— L,
which implement
Oz, + 020 Onn, = (5L3L2 toz0 5L3M2) ° 03

4
As pursue:
® 231%23122512(v) — 0
wherev € D11 @ D, Q D5
o Zz(i)memex(v) —0;
where v € Dy, @ D3 Q Dy
o anZz(i)mex(v) — 0;
where v € D12 ® D; Q D4
o 2'21x221xZ x(v) —0;
where v € D1, @ D3 Q Dy
o Zz(i)memex(v) —0 ;
where v € D13 Q D, ® D5
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. ZleZZ(i)mex(v) — 0;
wherev € D13 Q D, Q D5
. ZleanZZ(i)x(v) — 0;
where v € D13 @ D, @ Ds
° Zz(i)xzz(?xzmx(v) —0;
where v € D13 @ D, @ Ds
. Zz(i)xznxzz(?x(v) —0;
where v € D13 ® D, @ Dy
. meZz(i)sz(?x(v) —0;
where v € D13 Q D, Q D3
. Zz(i)xzmxzmx(v) —0;
where v € D1, @ D1 @ Dy
° meZz(i)mex(v) — 0;
where v € D14, @ D1 & D3
° ZleZerzz(i)x(V) — 0;
where v € D14, @ D1 Q D5
2302 22y 2(0) — 0;
where v € D14, @ D1 Q D5
. Zz(i)xzmxzz(?x(v) —0;
where v € D1, Q D1 Q D3
. Zz(i)xzz(i)xznx(v) — 0;
where v € D14, Q@ D1 Q D5
. Zz(i)xzmxzz(i)x(v) —0;
where v € D14, @ D1 Q D3
o ZleZZ(i)xZZ(i)x(v) —0;
where v €D, Q@ D1 Q D5
o ZleZZ(i)xZZ(i)x(v) —0;
where v € D14, @ D1 Q D3
. Zz(i)xzz(i)ng)x(v) — 0;
where v € D1, @ D1 Q D5
o Zz(i)xznxzmx(v) —0;
where v € D15 Q Dy Q D5
. mezz(i)xzmx(v) — 0;
where v € D1 @ Dy Q D3
. ZleanZZ(i)x(v) —0;
where v € D15 Q Dy Q D5
. Zz(i)xzz(i)xzz(i)x(v) —0;
where v € D15 Q@ Dy Q D5
. Zz(i)xzz(i)ng)x(v) —0;
where v € D15 Q Dy Q D5
222 22 x(v) — O;
where v € D1 @ Dy @ D3
OZZ(i)xZZ(i)xZux(v) — 0;
where v € D1 @ Dy @ D3
. Zz(?l’)xanZz(i)x(v) — 0;
where v € D15 Q Dy Q D5
o mezz(i)xzz(?x(v) — 0;
where v € D1 @ Dy @ D4
o Zz(i)xzz(i)xznx(v) — 0;

461

where v € D1 @ Dy @ D3
. Zz(i)xZuxZZ(i)x(v) —0;
where v € D1 @ Dy @ D3
02219622(?9622(‘;);\:(17) — 0 ;
where v € D15 Q@ Dy ® D5
o Zz(‘;)xzz(i)xzux(v) — 0;
where v € D15 Q Dy ® D5
. Zz(z;)mesz(?x(v) —0;
where v € D15 @ Dy & D3
o ZleZZ(Z;)xZZ(?x(v) —0;
where v € D1 @ Dy @ D3
o Z32y22(i)x221x(v) — 0;
where v € D11 @ D5 ® D,
0232922(?1’)x221x(v) — 0 ;
where v €Dy, @ Dy, ® D,
. Z32y22(?x22(?x(v) —0;
where v € D1, @ Dy ® D,
« 23,425V 22,1 2(v) — 0;
where v € D13 @ D3 ® D,
. Z32y22(?x22(?x(v) — 0;
where v € D13 Q D3 ® D,
. Z32y22(i)x22(?x(v) —0;
where v € D13 @ D3 D,
i Z3zyzz(i)x2’21x(v) —0;
where v € D1, ® D, ® D,
. Z32yzz(i)xzz(i)x(v) —0;
where v € D1, @ D, ® D,
. Z32y)22(?x22(?x(v) —0;
where v € D1, @ D, ® D,
. Zgzyzz(i)xzz(i)x(v) — 0;
where v € D1, @ D, ® D,
« 23,4239 x2,12(v) — 0 ;
where v € D15 ® D1 @ D,
. Z32y)22(i)x22(?x(v) —0;
where vE€E D15 @D, Q D,
. Zgzyzz(?xzz(i)x(v) —0;
where vE€E D15 @D, D,
. Z32/g)22(‘;)x22(i)x(v) —0;
where vE€E D15 D, ® D,
¢ 2332 22M 2(w) — 0;
where vED;s @D, Q D,
© 23,428 22,1 2(v) — 0 ;
where v € D1, @ Dy @ D,
¢ 23,4222 P x(v) — 0;
where v € D14 Q@ Dy ® D,
¢ 2342220 2(v) — 0;
where v € D1, @ Dy @ D,
. Z32/yzz(i)xzz(i)x(v) —0;
where v € D14 Q Dy ® D,
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°2Zs, /y,ZB)xZ(S)x(v) — 0;
where v € D1, ® Dy @ D,

. Z3zyZ(4)xZ(4)x(v) — 0;
where v € D14 @ Dy Q D,

° 232%232%2(3)95(17)
= —5232@()2’31522196621(17) ;
where v € D;; @ Dg @ D4

° Z3zyZ32yZ§i)x(v)
= _%232’54’23@2217002(?(”);
where v € D1, @ Ds @ D,

° 232%232%2(5)95(”)

= = 5232’%231Z221x02(i) v);

where v € D13 & D, D,
s Z3zyZ32yZ§?)x(v)

1
== Ez3z’y)z31zzz1xaz(‘1}) (v);

where v € D1, @ D3 Q D,
® Z32yZ32yZZ(Z)x(v)

1
== 5232’%2315221”62(? );

where v € D1z @ D, ® Dy
° Z32%Z32%Z§§)x(v)

1
- 5232%23132219562(? ();

where v € D14 @ D1 Q D,
® Z32yZ32yZ(9)x(v)

== 5232%23132219562(? (v);

where v € D17 @ Dy Q D,
OZ(Z)yZ(3)xZZIx(v) — 0 ;
where v E Dy, ® Ds Q D,
OZ(Z)yZ xZ5,2(v) — 0 ;
where v € D13 ® Dy, ® Dy
. Z(Z)yz(3)x2(2)x(v) — 0;
where v € D13 ® Dy, ® Dy
'Z(Z)%Z(S)xzmx(v) —0;
where v € D1, @ D3 ® Dy
OZ§2 y,ZM) Z(Z)x(v) — 0;
where v € D1, @ D3 Q D,
ngz y,ZZ(i)xZZ(?l’)x(v) — 0;
where v € D14, @ D3 ® D,
2,'3(2 y,Z(i)mex(v) — 0 ;
where v € D15 @ D, @ D,
e 22423 x2P x(v) — 0;
where v € D15 @ D, @ D,
e 2Py zW 22 x(w) — 0 ;
where v € D;: ® D, @ D,
e 2PyzPxzPx(w) — 0 ;
where v € D;: ® D, @ Dy
OZ(Z)y,meme(v) — 0;
where v € D1, @ D1 @ Dy

. Z(Z)yzz(?xz(z)x(v) — 0;
where v € D1 ® D1 D4
. Z(Z)yz(s)xz(?’)x(v) — 0;
where v € D1, @ D; @ D,
. Z(Z)yz(4)xz(4)x(v) — 0 ;
where v € D1 @ D; @ D,
. Z(Z)yz(3)xz(5)x(v) —0;
where v € D1 @ D; @ D,
° Z3(2 ’é’*zz(?xzux(v) — 0 ;
where v € D17 @ Dy @ D,
Z3(2 yzz(z)xzz(?x(v) — 0;
where v € D1; @ Dy ® D,
© 233 Y250 2257 2(v) — 0;
where v € D1; @ Dy ® D,
Z3(2 y,Zz(i)xZZ(‘;)x(v) — 0;
where v € D1, @ Dy D,
o Z(Z)yzz(‘;)xz(s)x(v) —0;
where v € D17, @ Dy ® D,
) Z(Z)yZB)xZ(@x(v) — 0;
where v € D17, @ Dy ® D,

® 234234 Z3,9(v) — 0;
where v € Dg Q D19 X Dy

o Z(Z)/y,Z32y,Z(4)x(v)

— 6232y231z221x621631(v) -
%232%23@2217562(?632(17) ;
where v € Dy, Q D ® D,
Zg(g)’%zw’%zz(i)x(v)

= 1_122329’23182219562(?631(17) -

7
5232%23152219562(2)632(77) ;
where v € D13 Q Ds Q D,
Zéé)/y»zgzyz(G)x(v)

= 5232923152219562(2)631(17) -

1
EZ32’%Z31Z2219¢62(‘;)632(U) ;
where v €D, @ Dy, Q Dy
23(?@,:232@;2(7)95(17)

= 5232’%231 zZleaz(?am(v) -

3
%Z3zyz3lz221x02(i)632(v) ;
where v € D15 @ D3 Q D,
Zéé)y)zny)zz(?)x(v)

1
= _232%23152219562(?631(17) -

168232%231522190621 03,(v) ;
where v € D1, ® D, ® Dy
Zég)yzny,zz(?x(v)

— = 232%231522195621 03,(v) +

72 Z32/yZ31z221x021 03,(v) ;
where v € D17, @ D1 Q D

462
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© 23y Z3y 25" % ()

= 5232@23152217562(?631(77) ;

where v € D15 Q@ Dy Q Dy

Z32’Q*Z( (4)75(17)

= —§Z32%Z31zzz1xaz(i)a32(v)i

where v € D1, @ Dg Q Dy

Z32443, (2) (S)x(v)

= —3232%231Z221x62(?a32(77)i

where v € D13 ® Ds Q@ D,

Z32443, (2) (6)75(”)

= —5232%23@2219562(?632(”):

where v € D1, ® Dy, Q Dy

Z32%Z§§)@qu)x(”)

= _%232’5’23132219562(?632(17)2

where v € D15 @ D3 Q D,

Z3292§3)y22(§)x(v)

= —%'232’%2313221”62(?632(17):

where v € D1, ® D, Dy

Z32yzg)yzg)x(v} — 0;

where v € D1, @ D; Q Dy

Z32y,Z3(.§)/g,ZZ(10)x(v) —0;

where v € D13 Q Dy Q Dy
(3)92(4)

1

i 6232’9*23132219562(? 03, (v) —

xZ5,2(v)

1
1_8232’%23152219562(?632(17) ;
where v € D13 @ Ds Dy
ZS)/y»Zz(i)xZle(v)

1
= ——Z32/y»2'315221x62(i)631(v) -

_2329231522195621 032(v) ;
where v €D, @ Dy, Q Dy

Z3 () yZz(i)xZ @) 2 (v)

= —5232’9*23152215“62(31,)631(77) -

1
gZ32/y*Z315221x62(41})632 w);

where v €D, @ Dy, Q D,

23 4280x2,,x(v)

= —5232%23152217562(‘;)631(0) -

1
%232%23152217562(?632(”) )
where v € D15 @ D3 Q D,
Z(g)/y)zﬁ)xz(z)x(v)

= —5232’9’*23152217562(?631(77) -

4
EZ3Z%Z3152217562(?632(U) )
where v € D15 @ D3 @ D,

° Z(3)yZ(4)xZ(3)x(v)
= —§Z32’9’*Z315221xaz(i)631(77) -

463

1 5
5232%23152219552(1)632(17) ;
where v € D15 Q@ D3 X Dy
Z;g)yzmxzmx(v)
= __232923152217552(?631(”) -
315232923152215\5621 03,(v) ;
where v € D14 @ D, ® Dy
Z( Z(G) Z(Z)

32 YZp1 %257 (V)
= —3232923152217552(51))531(17) -
1
5232%23152219062(?632(17) ;
where v € D14 & D, ® Dy
Z( Z(S) Z(3)

32 YZp1 %257 (V)
= —3232923152217552(51))531(17) -
2
5232’9)23152217052(2)632(17) ;
where v € D14 @ D, Q D
232 %2 2 (W)
= _3232’9)23152219062(?631(17) -
5
;Z32’£4*Z315221x62(?632(17) ;
where v € D14 @ D, Q D
Z(3)y,Z(8)x2'21x(v)
= —5232923132219562(?631(17) -
1
5232’9)23152217052(?632(17) ;
where v € D17, @ D1 Q D
z§§)y,z(7)xz(2)x(v)
= —1_5232’9*23132219562(?)631(17) -
7
EZ32’%Z31Z2219¢62(?632(U) ;
where v € D17, @ D1 Q Dy
Z(g)yz(e)xz(3)x(v)
= —5232%23132219562(?631(77) -
7
gzsz’y*zmzzmxaz(?a?)z(v) ;
where v € D1, @ D; Q Dy
Zgg)yz(s)xz(4)x(v)
= —?232’9*23132219562(?)631(17) -
35
EZ32yZ31z221x62(?032(v) ;
where v € D1, @ D; Q Dy
Z3(2 fy)Z(i)xZZ(i)x(v)
= —§Z32y231z221x62(?631(v) -
7
§Z32yZ31z221x0§Z)632(v) ;
where v € D17, @ D1 Q D,
Z3(2 fy,Zz((i)xZux(v) — 0 ;
where v € D13 @ Dy @ D,
2P yz 0223 2 (v)

1

= —52'32@231,32217062(?631(17) ;
where v € D13 @ Dy @ D,
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. Z(3)yZ§i)xz(3)x(v)

— - EZ32’£/»Z31Z2219¢02(?631 ) ;

where v € D1g Q@ Dy ® D,
Z(;)yz(e)xz(4)x(v)

— - EZ32’54’Z31Z2217€62(Z)831(U) ;

where v € D1g Q@ Dy ® D,
Zég)yz(s)xz(s)x(v)

- EZ32%Z31ZZZ19562(?631 v);

where v € D15 Q@ Dy Q Dy
Z 3(3)92 S 4 (G)x(v)
= —5232%231Z221x62(?a31(77)i
where v € D15 Q@ Dy Q Dy
Z3ZyZ31Zz§i)x(v)

1
= §Z3zyz3lz221x621(v) ;
where v € Dj; @ Dy ® Dy
Z3ZyZ31Zz§i)x(v)

= %232%23122219062(? ();
where v € D1, Q@ Ds Q D,
Z32’yVZ31ZZZ(‘;)x(v)

= %232%23152219562(?1))(77):
where v € D13 XD, Dy
Z32’9*231ZZ x(v)

= Z32yZ31z221x621)(v)
Where vV E D14 X D; Q D,
Z32%Z31ZZ x(v)

= 5232/9*2315221x62(i)(v)i
where v € D15 @ D, @ D,
Z32y)231z22(?x(v)

= %2329*23152215“62(?)(77) ;
where v € D1, ® D1 Q D,
Z32%Z31ZZ(8)9C(U)

— 5232%23152219562(?(17);
where v € D1, Dy ® Dy

Z32423242312(v) — 0;
where v € Dg @ Dy ® D,

Zég)’y*zslzzz(i)x(v)

— §Z32fy,231z221x631(v) ;
where v € D;; @ D; Q Dy
Zg)y,ZMzZB)x(v)

— EZ32fy,Z31z221x821631(v) -

1
5232%23152217562(?832(17) ;
where v € D1, @ Dg @ Dy
Zg)y»z31zz(4)x(v)

= ;Z32y231z221x62i)631(v) -

7
%232%23152217562(?)632 w);

464

where v € D13 Q Ds ® Dy
. Z(Z)yZMzZ(S)x(U)
— 5232%23152217565?631(17) -
1_2232923152215\762(?532(77) ;
where v € D1, @ Dy, ® Dy
Zég)%zmzzz(?)x(v)
= 1_2232’%23152217562(?631(77) -

2

£Z32y)2'31z221x62(i)632(v) ;
where v € D1 @ D3 ® D,
Zég)yzmzzz(?x(v)

_ 232’%231522175621 03,(v) —

504232%231322190621 032(v);
where v € D14 @ D, Q D
23942512202 (v)

1
— _232’9)23152217552(?631(17) +

—Z32yZ31z2'21x621 032(v) ;
where v € D1, @ D; Q Dy
Z(Z)y,ZmzZ(g)x(v)

= 24232’9)23152219562(?631(17) ;
where v € D13 @ Dy @ D,

Again we can exhibit that a5 which is realized
above implement 4, and we adopt one of them as an
example
Where v € D1, @ Ds @ D,

(Batyz, + 02 ° Sreyne,) (3292318255 x(1)
= 02(223(; Z V20D (v) - 221x6(2)2(3)x(v) +
Z32y)221 )x03,(v) — Z32’%Z32’y»521 () +
Z32y)Z31z6(3)(v)
= g Z32y221 x621631(v) + 232%231562(?1’) (v)
+2 2509257 205705, (v)
And
(87,0, + 020 5,531\/[2)(i Zgz’éﬂzglzzzﬁcaz(i) »)
=0, (1221952219662(?6(2)(17))
%Zgzyz(z)xagza(z)(v) +
§Z32’£/)221 x021031 (V) —
P! <Z32yZ32y0(4) (U)> + l2732%2731562(? (v)
= %232922(?906(2)632(17) +
2 Zsz’y’zz(i)xanam(v) +
i Z32yZ31z0 (U)

So from all, we have done above we have the
complex
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0 Ly L, L Lo

Where 0, is the operation of indicated polarization
operators, d, acquaint as pursue

0 0,(231x(v)) = 021 (v);
where v € Dy Q D Q D4

0 0,(Z3,4(v)) = 03, (v);
where v € Dg Q Dg Q D,

® 0, (232%22(?75(17)) = % Z51207103,(v) +

231203, (V) — Z32y,62(? ();
where v € D1y @ Dg @ D,
1
* 0,(23242312(v)) = > 23240320, (V) +
2219563(3) () - Z32y6$)(v);
where v € Dy Q Dg Q D,
And the map 05 acquaint as
® 05(Z3292313251x(V)) = Z32y22(i)x632(v) +
Z324 2312041 (v); where v € D1g ® D; Q Dy

Proposition 3.4:

The complex
63 62 61
0 L L, Ly Ly

— K73
IS exact.
Proof: see (4), (5) and (8).
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AadMAl

G e Ul (53015 (gl Spaddl ) Kig 7 57 F 3 5SaY dla (1) Kg 70 F dlaill ol padl Gl 5o il I
S Aipay al) Seadll dipay Kg 5 3)F il sl Jlad (g A8Mal) 4 0
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