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Abstract: 
        This treatise is an application of the characteristic-free resolution of 𝐾(8,7,3)ℱ to the Lascoux resolution 

of 𝐾(8,7,3)ℱ (characteristic zero resolution). From this, study, we gain the connection between the resolution 

of Weyl module K(8,7,3)ℱ in characteristic free mode and in the Lascoux mode. 
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Introduction: 
        Let ℛ be a commutative ring with 1 and ℱ be a 

free ℛ -module. The divided power algebra 

𝒟ℱ = ∑ 𝒟𝑖ℱ𝑖≥0  can be acquainted as the graded 

abelian algebra generated by 𝑥𝑖  where  𝑥 ∈ ℱ  and 

𝑖 is a non-negative integer, and 𝒟𝑖ℱ is the divided 

power algebra of degree𝑖. 
        The resolution of partition (𝓅 + 𝓉1 + 𝓉2, 𝓆 +
𝓉2, 𝓇) which is represented by below diagram and 

in our case 𝓉1 = 𝓉2 = 0. 

 
        The authors in (1) and (2) clarify the 

description of the characteristic zero skeleton by 

Lascoux in the resolution of skew-shapes. While the 

authors in (3), (4) and (5) exhibit the formulation of 

the terms of Lascoux resolution.  

        The authors in (6) exhibit the terms and the 

exactness of the Weyl resolution in the case of 

partition (8,7). As well in (7) they discuss the terms 

of characteristic zero complex in the case of the 

partition (8,7,3) and the diagram for the complex of 

characteristic zero in the case of the partition 

(8,7,3). 

        In the next section, we survey the terms of 

characteristic free resolution of Weyl module in the 

case of the partition (8,7,3) which is the 

generalization of the partition (3,3,3). 
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        While in the last section we stratify the 

resolution gain it in the below section to the 

Lascoux resolution by itself track of authors in (8) 

and (9) with Capelli identities as in (10).  

 

Characteristic-Free Resolution of the 

Partition (8,7,3) 
        As in (3) for the case (𝓅, 𝓆 , 𝓇) with 𝓇 ≥ 2 the 

terms of the resolution are: 

 

𝑅𝑒𝑠([𝓅, 𝓆; 0])⨂𝒟𝓇⨁∑ 𝒵32
(ℯ+1)

𝓎 𝑅𝑒𝑠([𝓅, 𝓆 +ℯ≥0

ℯ + 1; ℯ + 1])⨂𝒟𝓇−ℯ−1⨁  

∑ 𝒵32
(ℯ2+1)𝓎𝒵31

(ℯ1+1)𝓏𝑅𝑒𝑠([𝓅 + ℯ1 +ℯ1≥0,ℯ2≥ℯ1  

1, 𝓆 + ℯ2 + 1; ℯ2 − ℯ1])⨂𝒟𝓇−(ℯ1+ℯ2+2)  

 

where 𝒵𝑎𝑏
(𝑚)
 is the following bar complex 

0 → 𝒵𝑎𝑏𝑤𝒵𝑎𝑏𝑤…𝒵𝑎𝑏⏟          
𝑚−𝑡𝑖𝑚𝑒𝑠

 

                    
→      ∑ 𝒵𝑎𝑏

(𝑘1)𝑤𝒵𝑎𝑏
(𝑘2)𝑤…𝒵𝑎𝑏

(𝑘𝑚−1)
𝑘𝑖≥1,∑𝑘𝑖=𝑚 →

⋯ → 𝒵𝑎𝑏
(𝑚)

→ 0 

By stratify the above formulation for partition 

(8,7,3) 

𝑅𝑒𝑠([8,7; 0])⨂𝒟3⨁∑ 𝒵32
(ℯ+1)

𝓎 𝑅𝑒𝑠([8,7 + ℯ +ℯ≥0

1; ℯ + 1])⨂𝒟3−ℯ−1⨁  

∑ 𝒵32
(ℯ2+1)𝓎𝒵31

(ℯ1+1)𝓏𝑅𝑒𝑠([8 + ℯ1 + 1,7 +ℯ1≥0,ℯ2≥ℯ1  

ℯ2 + 1; ℯ2 − ℯ1])⨂𝒟3−(ℯ1+ℯ2+2)                        … 1 

So 

∑ 𝒵32
(ℯ+1)𝓎 𝑅𝑒𝑠([8,7 + ℯ + 1; ℯ + 1])ℯ≥0   

⨂𝒟3−ℯ−1 = 

𝒵32𝓎 𝑅𝑒𝑠([8,8; 1])⨂𝒟2⨁𝒵32
(2)𝓎 𝑅𝑒𝑠([8,9; 2])⨂𝒟1 

⨁𝒵32
(3)
𝓎 𝑅𝑒𝑠([8,10; 3])⨂𝒟0 

And 
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∑ 𝒵32
(ℯ2+1)𝓎𝒵31

(ℯ1+1)𝑧 ℯ1≥0,ℯ2≥ℯ1     

𝑅𝑒𝑠([8 + ℯ1 + 1,7 + ℯ2 + 1; ℯ2 − ℯ1])⨂ 

𝒟3−(ℯ1+ℯ2+2) = 

𝒵32𝓎𝒵31𝓏𝑅𝑒𝑠([9,8; 0])⨂𝒟1⨁𝒵32
(2)
𝓎𝒵31𝓏 

𝑅𝑒𝑠([9,9; 1])⨂𝒟0 
Where 𝒵32𝓎 is the bar complex  

0 ⟶ 𝒵32𝓎
  𝜕𝓎   
→  𝒵32⟶ 0 

𝒵32
(2)
𝓎 is the bar complex  

0 ⟶ 𝒵32𝓎𝒵32𝓎
  𝜕𝓎    
→   𝒵32

(2)
𝓎
  𝜕𝓎   
→  𝒵32

(2)
⟶ 0 

𝒵32
(3)
𝓎 is the bar complex  

                                               𝒵32
(2)
𝓎𝒵32𝓎  

0 ⟶ 𝒵32𝓎𝒵32𝓎𝒵32𝓎
 𝜕𝓎    
→                ⊕                     

                                              𝒵32𝓎𝒵32
(2)
𝓎  

   𝜕𝓎   
→   𝒵32

(3)
𝓎
    𝜕𝓎    
→   𝒵32

(3)
⟶ 0 

and 𝒵31𝓏 is the bar complex 

0 ⟶ 𝒵31𝓏
   𝜕𝓏    
→   𝒵31⟶ 0 

Where 𝓍, 𝓎 and 𝓏 stand for the separator variables, 

and the boundary map is  𝜕𝓍 + 𝜕𝓎 + 𝜕𝓏 . 

        Let Bar(M,A;S) be the free bar module on the 

set S={ 𝓍, 𝓎, 𝓏}, where A is the free associative 

algebra generated by 𝒵21,𝒵32 and 𝒵31 and their 

divided powers with the pursue relations: 

𝒵32
(𝑎)
𝒵31
(𝑏)
= 𝒵31

(𝑏)
𝒵32
(𝑎)

    and    𝒵21
(𝑎)
𝒵31
(𝑏)
= 𝒵31

(𝑏)
𝒵21
(𝑎)

 

and the module M is the direct sum of 𝒟𝓅⊗𝒟𝓆⊗

𝒟𝓇 for suitable 𝓅, 𝓆 and 𝓇 with the action of 

𝒵21, 𝒵32, and 𝒵31 and their divided powers. 

        The terms of the characteristic-free resolution 

1 are: 

∘ In dimension zero  (𝒳0)  we have 𝒟8⨂𝒟7⨂𝒟3  
∘ In dimension one  (𝒳1)  we have 

  𝒵21
(𝑏)𝓍𝒟8+𝑏⨂𝒟7−𝑏⨂𝒟3 ; 𝑤𝑖𝑡ℎ 1 ≤ 𝑏 ≤ 7,  

𝑏 ∈ ℤ+  

  𝒵32
(𝑏)𝓎𝒟8⨂𝒟7+𝑏⨂𝒟3−𝑏 ; 𝑤𝑖𝑡ℎ 1 ≤ 𝑏 ≤ 3, 

 𝑏 ∈ ℤ+ 

∘ In dimension two  (𝒳2)  we have the sum of the 

following terms: 

  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒟8+|𝑏|⨂𝒟7−|𝑏|⨂𝒟3 ; 𝑤𝑖𝑡ℎ 

 2 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 7; 𝑏1, 𝑏2 ∈ ℤ
+  

  𝒵32𝓎𝒵21
(𝑏)𝓍𝒟8+𝑏⨂𝒟8−𝑏⨂𝒟2 ; 𝑤𝑖𝑡ℎ 

 2 ≤ 𝑏 ≤ 8, 𝑏 ∈ ℤ+ 

  𝒵32
(2)𝓎𝒵21

(𝑏)𝓍𝒟8+𝑏⨂𝒟9−𝑏⨂𝒟1 ; 𝑤𝑖𝑡ℎ 

 3 ≤ 𝑏 ≤ 9, 𝑏 ∈ ℤ+ 

  𝒵32
(3)𝓎𝒵21

(𝑏)𝓍𝒟8+𝑏⨂𝒟10−𝑏⨂𝒟0 ; 𝑤𝑖𝑡ℎ  
4 ≤ 𝑏 ≤ 10, 𝑏 ∈ ℤ+ 

  𝒵32
(𝑏1)𝓎𝒵32

(𝑏2)𝓎𝒟8⨂𝒟7+|𝑏|⨂𝒟3−|𝑏| ; 𝑤𝑖𝑡ℎ  

2 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 3; 𝑏1, 𝑏2 ∈ ℤ
+  

  𝒵32
(𝑏)𝓎𝒵31𝓏𝒟9⨂𝒟7+𝑏⨂𝒟2−𝑏 ; 𝑤𝑖𝑡ℎ 1 ≤ 𝑏 ≤ 2,  
𝑏 ∈ ℤ+  

∘ In dimension three  (𝒳3)  we have the sum of the 

following terms: 

  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟8+|𝑏|⨂𝒟7−|𝑏|⨂𝒟3 ; 𝑤𝑖𝑡ℎ  

3 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 7 𝑎𝑛𝑑 𝑏1 ≥ 1;  
𝑏1, 𝑏2, 𝑏3 ∈ ℤ

+ 

  𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝑥𝒟8+|𝑏|⨂𝒟8−|𝑏|⨂𝒟2 ; 𝑤𝑖𝑡ℎ  

3 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 8 𝑎𝑛𝑑 𝑏1 ≥ 2; 𝑏1, 𝑏2 ∈ ℤ
+  

  𝒵32
(2)
𝓎𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒟8+|𝑏|⨂𝒟9−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ  

4 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 3 ;  𝑏1, 𝑏2 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵21
(𝑏)𝓍𝒟8+𝑏⨂𝒟9−𝑏⨂𝒟1 ; 𝑤𝑖𝑡ℎ  

3 ≤ 𝑏 ≤ 9, 𝑏 ∈ ℤ+ 

  𝒵32
(3)
𝓎𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

 5 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4; 𝑏1, 𝑏2 ∈ ℤ
+ 

  𝒵32
(𝑐1)𝓎𝒵32

(𝑐2)𝓎𝒵21
(𝑏)
𝓍𝒟8+𝑏⨂𝒟10−𝑏⨂𝒟0 ; 𝑤𝑖𝑡ℎ  

𝑐1 + 𝑐2 = 3 𝑎𝑛𝑑 4 ≤ 𝑏 ≤ 10 ;  𝑏, 𝑐1, 𝑐2 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵32𝓎𝒟8⨂𝒟10⨂𝒟0 

  𝒵32𝓎𝒵31𝓏𝒵21
(𝑏)𝓍𝒟9+𝑏⨂𝒟8−𝑏⨂𝒟1 ; 𝑤𝑖𝑡ℎ 

 1 ≤ 𝑏 ≤ 8, 𝑏 ∈ ℤ+        

  𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(𝑏)
𝓍𝒟9+𝑏⨂𝒟9−𝑏⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

 2 ≤ 𝑏 ≤ 9, 𝑏 ∈ ℤ+  

  𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒟9⨂𝒟9⨂𝒟0 
∘ In dimension four  (𝒳4)  we have the sum of the 

following terms:  

  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟8+|𝑏|⨂𝒟7−|𝑏|⨂𝒟3 ; 

𝑤𝑖𝑡ℎ 4 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 7 𝑎𝑛𝑑 𝑏1 ≥ 1; 

𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟8+|𝑏|⨂𝒟8−|𝑏|⨂𝒟2 ; 

𝑤𝑖𝑡ℎ 4 ≤  |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 8 𝑎𝑛𝑑 𝑏1 ≥ 2; 
𝑏1, 𝑏2, 𝑏3 ∈ ℤ

+ 

  𝒵32
(2)𝓎𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒟8+|𝑏|⨂𝒟9−|𝑏|⨂𝒟1 ; 

𝑤𝑖𝑡ℎ 5 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 3 ; 
 𝑏1, 𝑏2, 𝑏3 ∈ ℤ

+ 

  𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒟8+|𝑏|⨂𝒟9−|𝑏|⨂𝒟1 ; 

𝑤𝑖𝑡ℎ 4 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤  9 𝑎𝑛𝑑 𝑏1 ≥ 3;  
𝑏1, 𝑏2 ∈ ℤ

+ 

  𝒵32
(3)𝓎𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0 ; 

𝑤𝑖𝑡ℎ 6 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤10 𝑎𝑛𝑑  𝑏1 ≥ 4 ; 

𝑏1, 𝑏2, 𝑏3 ∈ ℤ
+ 

  𝒵32
(𝑐1)𝓎𝒵32

(𝑐2)𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0 ; 

𝑤𝑖𝑡ℎ 𝑐1 + 𝑐2 = 3  𝑎𝑛𝑑 5 ≤  |𝑏| = 𝑏1 + 𝑏2 ≤ 10 

 𝑎𝑛𝑑 𝑏1 ≥ 4 ;  𝑏1, 𝑏2, 𝑐1, 𝑐2 ∈ ℤ
+ 

  𝒵32𝓎𝑍32𝓎𝑍32𝓎𝒵21
(𝑏)𝓍𝒟8+𝑏⨂𝒟10−𝑏⨂𝒟0 ; 𝑤𝑖𝑡ℎ  

4 ≤ 𝑏 ≤ 10, 𝑏 ∈ ℤ+  

  𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒟9+|𝑏|⨂𝒟8−|𝑏|⨂𝒟1 ; 

𝑤𝑖𝑡ℎ 2 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 8 𝑎𝑛𝑑 𝑏1 ≥ 1; 
𝑏1, 𝑏2 ∈ ℤ

+ 

  𝒵32
(2)𝓎𝒵31𝓏𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ; 

𝑤𝑖𝑡ℎ 3 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 2 ;  
𝑏1, 𝑏2 ∈ ℤ

+ 

  𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(𝑏)𝓍𝒟9+𝑏⨂𝒟9−𝑏⨂𝒟0 ; 𝑤𝑖𝑡ℎ  

2 ≤ 𝑏 ≤ 9, 𝑏 ∈ ℤ+ 
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∘ In dimension five  (𝒳5)  we have the sum of the 

following terms: 

  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒟8+|𝑏|⨂𝒟7−|𝑏| 

⨂𝒟3 ; 𝑤𝑖𝑡ℎ 5 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 7 𝑎𝑛𝑑 𝑏1 ≥ 1; 

 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

  𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟8+|𝑏|⨂𝒟8−|𝑏| 

⨂𝒟2 ; 𝑤𝑖𝑡ℎ 5 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 8 𝑎𝑛𝑑 𝑏1 ≥ 2; 

𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32
(2)
𝓎𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒟8+|𝑏|⨂𝒟9−|𝑏| 

⨂𝒟1 ; 𝑤𝑖𝑡ℎ 6 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 3;  

𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟8+|𝑏|⨂𝒟9−|𝑏|⨂ 

𝒟1 ; 𝑤𝑖𝑡ℎ 5 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 3;  
𝑏1, 𝑏2, 𝑏3 ∈ ℤ

+ 

  𝒵32
(3)
𝓎𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒟8+|𝑏|⨂𝒟10−|𝑏| 

⨂𝒟0 ; 𝑤𝑖𝑡ℎ 7 ≤  |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4;  

𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32
(𝑐1)𝓎𝒵32

(𝑐2)𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟8+|𝑏|⨂ 

𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 𝑐1 + 𝑐2 = 3  𝑎𝑛𝑑  
6 ≤  |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4; 

𝑏1, 𝑏2, 𝑏3 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒟8+|𝑏|⨂𝒟10−|𝑏| 

⨂𝒟0  ;  𝑤𝑖𝑡ℎ 5 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4; 
𝑏1, 𝑏2 ∈ ℤ

+ 

 𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟9+|𝑏|⨂𝒟8−|𝑏|⨂ 

𝒟1;  𝑤𝑖𝑡ℎ 3 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 8 𝑎𝑛𝑑  
𝑏1 ≥ 1;  𝑏1, 𝑏2, 𝑏3 ∈ ℤ

+ 

   𝒵32
(2)𝓎𝒵31𝓏𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂ 

𝒟0 ; 𝑤𝑖𝑡ℎ 4 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 9 𝑎𝑛𝑑 

𝑏1 ≥ 2; 𝑏1, 𝑏2, 𝑏3 ∈ ℤ
+ 

 𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝑍21

(𝑏2)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ; 

𝑤𝑖𝑡ℎ 3 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 2; 
𝑏1, 𝑏2 ∈ ℤ

+ 

∘ In dimension six  (𝒳6) we have the sum of the 

following terms: 

  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍𝒟8+|𝑏| 

⨂𝒟7−|𝑏|⨂𝒟3 ; 𝑤𝑖𝑡ℎ 6 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 7 𝑎𝑛𝑑   

 𝑏1 ≥ 1; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+ 

  𝒵32𝓎 𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒟8+|𝑏|⨂ 

𝒟8−|𝑏|⨂𝒟2 ; 𝑤𝑖𝑡ℎ 6 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 8 𝑎𝑛𝑑   

𝑏1 ≥ 2; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

  𝒵32
(2)
𝓎 𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒵21

(𝑏5)𝓍𝒟8+|𝑏| 

⨂𝒟9−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ 7 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 9 𝑎𝑛𝑑  

𝑏1 ≥ 3; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟8+|𝑏|⨂ 

𝒟9−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ  6 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 9 𝑎𝑛𝑑    

𝑏1 ≥ 3; 𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32
(3)
𝓎 𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒵21

(𝑏5)𝓍𝒟8+|𝑏|⨂ 

𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 8 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 10 𝑎𝑛𝑑  

𝑏1 ≥ 4; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

   𝒵32
(𝑐1)𝓎𝒵32

(𝑐2)𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟8+|𝑏| 

⨂𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 𝑐1 + 𝑐2 = 3 𝑎𝑛𝑑 

7 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4; 

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑐1, 𝑐2 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟8+|𝑏|⨂ 

𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ  6 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 10 

𝑎𝑛𝑑 𝑏1 ≥ 4; 𝑏1, 𝑏2, 𝑏3 ∈ ℤ
+ 

  𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟9+|𝑏|⨂ 

𝒟8−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ 4 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 8 𝑎𝑛𝑑  

  𝑏1 ≥ 1; 𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒟9+|𝑏|⨂ 

𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 5 ≤  |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 9 𝑎𝑛𝑑   

𝑏1 ≥ 2; 𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟9+|𝑏|⨂ 

𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 4 ≤ |𝑏| = 𝑏1 + 𝑏2 + 𝑏3 ≤ 9  

𝑎𝑛𝑑 𝑏1 ≥ 2; 𝑏1, 𝑏2, 𝑏3 ∈ ℤ
+ 

∘ In dimension seven  (𝒳7)  we have the sum of the 

following terms: 

  𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒟15⨂𝒟0⨂𝒟3 

  𝒵32𝓎 𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍 

𝒟8+|𝑏|⨂𝒟8−|𝑏|⨂𝒟2 ; 𝑤𝑖𝑡ℎ 7 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 8  

  𝑎𝑛𝑑 𝑏1 ≥ 2; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+  

 𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍 

𝒟8+|𝑏|⨂𝒟9−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ 7 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 9   

𝑎𝑛𝑑  𝑏1 ≥ 3; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

  𝒵32
(2)
𝓎 𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒵21

(𝑏5)𝓍𝒵21
(𝑏6)𝓍 

𝒟8+|𝑏|⨂𝒟9−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ 8 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 9   

𝑎𝑛𝑑 𝑏1 ≥ 3; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟8+|𝑏| 

⨂𝒟10−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ  7 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 10   

𝑎𝑛𝑑 𝑏1 ≥ 4; 𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

  𝒵32
(𝑐1)𝓎𝒵32

(𝑐2)𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍 

𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 𝑐1 + 𝑐2 = 3 𝑎𝑛𝑑  

8 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4; 

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑐1, 𝑐2 ∈ ℤ
+ 

  𝒵32
(3)
𝓎 𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒵21

(𝑏5)𝓍𝒵21
(𝑏6)𝓍 

𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 9 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤

10 𝑎𝑛𝑑 𝑏1 ≥ 4; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+ 

  𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒟9+|𝑏| 

⨂𝒟8−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ  5 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 8    

𝑎𝑛𝑑 𝑏1 ≥ 1; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟9+|𝑏| 

⨂𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ  5 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 9 𝑎𝑛𝑑   

𝑏1 ≥ 2; 𝑏1, 𝑏2, 𝑏3, 𝑏4 ∈ ℤ
+ 

 𝒵32
(2)𝓎𝒵31𝓏𝒵21

(𝑏1)𝓍𝒵21
(𝑏2)𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒵21

(𝑏5)𝓍 

𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ;  𝑤𝑖𝑡ℎ 

6 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 2;    

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 
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∘ In dimension eight  (𝒳8)  we have the sum of the 

following terms: 

  𝒵32𝓎𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒟16 
⨂𝒟0⨂𝒟2 

 𝒵32𝓎𝒵32𝓎 𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍 

𝒵21
(𝑏6)𝓍𝒟8+|𝑏|⨂𝒟9−|𝑏|⨂𝒟2;  𝑤𝑖𝑡ℎ   

8 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 3; 

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+ 

 𝒵32
(2)
𝓎𝒵21

(3)
𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒟17 

⨂𝒟0⨂𝒟1 

 𝒵32𝓎𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5) 𝓍 

𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0; 𝑤𝑖𝑡ℎ 8 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 10  

𝑎𝑛𝑑 𝑏1 ≥ 4; 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

  𝒵32
(𝑐1)𝓎𝒵32

(𝑐2)𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2) 𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍 

𝒵21
(𝑏6)𝓍𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 𝑐1 + 𝑐2 = 3  

𝑎𝑛𝑑  9 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4; 

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑐1, 𝑐2 ∈ ℤ
+ 

  𝒵32
(3)
𝓎𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒟15⨂ 

𝒟2⨂𝒟1 

 𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2) 𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍 

𝒵21
(𝑏6)𝓍𝒟9+|𝑏|⨂𝒟8−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ 

7 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 8 𝑎𝑛𝑑 𝑏1 ≥ 2; 

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2) 𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍 

𝒵21
(𝑏5)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

6 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 2; 

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 ∈ ℤ
+ 

 𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(𝑏1)𝓍𝒵21
(𝑏2) 𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒵21

(𝑏5)𝓍 

𝒵21
(𝑏6)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

7 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 2; 

  𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+ 

∘ In dimension eight  (𝒳9)  we have the sum of the 

following terms: 

 𝒵32𝓎𝒵32𝓎𝒵21
(3)
 𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍 

𝒵21𝓍𝒟17⨂𝒟0⨂𝒟1 

  𝒵32𝓎𝒵32𝓎𝒵32𝓎𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍 

𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍𝒟8+|𝑏|⨂𝒟10−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

9 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 10 𝑎𝑛𝑑 𝑏1 ≥ 4;  

 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+  

 𝒵32
(𝑐1)𝓎𝒵32

(𝑐2)𝓎𝒵21
(4)𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍 

𝒵21𝓍𝒟18⨂𝒟0⨂𝒟0 ; 𝑤𝑖𝑡ℎ 𝑐1 + 𝑐2 = 3 

  𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2) 𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍 

𝒵21
(𝑏6)𝓍𝒵21

(𝑏7)𝓍𝒟9+|𝑏|⨂𝒟8−|𝑏|⨂𝒟1 ; 𝑤𝑖𝑡ℎ 

7 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 8 𝑎𝑛𝑑 𝑏1 ≥ 1;  

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑏7 ∈ ℤ
+ 

  𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2) 𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍 

𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

7 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 2;  

 𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6 ∈ ℤ
+  

  𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(𝑏1)𝓍𝒵21
(𝑏2) 𝓍𝒵21

(𝑏3)𝓍𝒵21
(𝑏4)𝓍𝒵21

(𝑏5)𝓍 

𝒵21
(𝑏6)𝓍𝒵21

(𝑏7)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

8 ≤ |𝑏| = ∑ 𝑏𝑖
7
𝑖=1 ≤ 9   𝑎𝑛𝑑 𝑏1 ≥ 1;  

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑏7 ∈ ℤ
+ 

∘ In dimension eight  (𝒳10)  we have the sum of the 

following terms: 

  𝒵32𝓎𝒵32𝓎𝒵32𝓎𝒵21
(4)
 𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍 

𝒵21𝓍𝒵21𝓍𝒟18⨂𝒟0⨂𝒟0 
  𝒵32𝓎𝒵31𝓏𝒵21 𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍 

𝒵21𝓍𝒵21𝓍𝒟17⨂𝒟0⨂𝒟1 

 𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(𝑏1)𝓍𝒵21

(𝑏2) 𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍 

𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍𝒵21
(𝑏7)𝓍𝒟9+|𝑏|⨂𝒟9−|𝑏|⨂𝒟0 ; 𝑤𝑖𝑡ℎ 

8 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 9 𝑎𝑛𝑑 𝑏1 ≥ 2;  

𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5, 𝑏6, 𝑏7 ∈ ℤ
+ 

  𝒵32
(2)𝓎𝒵31𝓏𝒵21

(2)
𝓍𝒵21 𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21 𝓍 

𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒟18⨂𝒟0⨂𝒟0 

Finally In dimension nine (𝒳11) we have 

  𝒵32𝓎𝒵32𝓎𝒵31𝓏𝒵21
(2)
𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒵21𝓍 

𝒵21𝓍𝒵21𝓍𝒵21𝓍𝒟18⨂𝒟0⨂𝒟0   
 

Lascoux Resolution of the Partition (8,7,3) 
        The Lascoux resolution of the Weyl module 

associated to the partition (8,7,3) is 

 

  𝒟10ℱ⊗𝒟6ℱ⊗𝒟2ℱ 

𝒟10ℱ⊗𝒟7ℱ⊗𝒟1ℱ  
           
→                      

𝒟9ℱ⊗𝒟8ℱ⊗𝒟1ℱ 
 

𝒟9ℱ⊗𝒟6ℱ⊗𝒟3ℱ 
           
→                                 

           
→    𝒟8ℱ⊗𝒟7ℱ⊗𝒟3ℱ 

𝒟8ℱ⊗𝒟8ℱ⊗𝒟2ℱ 
Where the position of the terms of the complex 

determined by the length of the permutations to 

which they correspond.  

Then the Lascaux complex has the correspondence 

between its terms as pursue: 

𝒟8ℱ⊗𝒟7ℱ⊗𝒟3ℱ  ↔ identity   
𝒟9ℱ⊗𝒟6ℱ⊗𝒟3ℱ  ↔ (12)  
𝒟8ℱ⊗𝒟8ℱ⊗𝒟2ℱ  ↔ (23)    
𝒟10ℱ⊗𝒟6ℱ⊗𝒟2ℱ ↔ (123)  
𝒟9ℱ⊗𝒟8ℱ⊗𝒟1ℱ   ↔ (132)  
𝒟10ℱ⊗𝒟7ℱ⊗𝒟1ℱ ↔ (13) 
 

        As in (8) the terms can be exhibit as pursue 

𝒳0 = ℒ0 =ℳ0  

𝒳1 = ℒ1⨁ℳ1  

𝒳2 = ℒ2⨁ℳ2  

𝒳3 = ℒ3⨁ℳ3  

𝒳𝑗 =ℳ𝑗            𝑓𝑜𝑟  𝑗 = 4,5,… ,11  

Where ℒℯ are the sum of the Lascoux terms and ℳℯ 

are the sum of the others. 

 

        Now, we acquaint the map 𝜎1: ℳ1

                
→     ℒ1 as 

pursue 
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 𝒵21
(2)𝓍(𝑣) ⟼

1

2
 𝒵21𝓍𝜕21(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟10⊗𝒟5⊗𝒟3  

 𝒵21
(3)
𝓍(𝑣) ⟼

1

3
 𝒵21𝓍𝜕21

(2)(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟11⊗𝒟4⊗𝒟3  

 𝒵21
(4)
𝓍(𝑣) ⟼

1

4
 𝒵21𝓍𝜕21

(3)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟3⊗𝒟3  

 𝒵21
(5)𝓍(𝑣) ⟼

1

5
 𝒵21𝓍𝜕21

(4)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3  

 𝒵21
(6)𝓍(𝑣) ⟼

1

6
 𝒵21𝓍𝜕21

(5)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3  

 𝒵21
(7)𝓍(𝑣) ⟼

1

7
 𝒵21𝓍𝜕21

(6)(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3  

 𝒵32
(2)𝓎(𝑣) ⟼

1

2
 𝒵32𝓎𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟8⊗𝒟9⊗𝒟1  

 𝒵32
(3)
𝓎(𝑣) ⟼

1

3
 𝒵32𝓍𝜕32

(2)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟8⊗𝒟10⊗𝒟0  
        We ought to indicate that the map 𝜎1 

implement the identity 

𝛿ℒ1ℒ0𝜎1 = 𝛿ℳ1ℳ0
                         … 2 

 
 

Where 𝛿ℒ1ℒ0 the component of the boundary of the 

fat complex which conveys ℒ1 to ℒ0. 

We employ the registration 𝛿ℒ𝓉+1ℒ𝓉 , 𝛿ℒ𝓉+1ℳ1
 etc. 

Thus we can acquaint 𝜕1: ℒ1
                
→     ℒ0 as 

𝜕1 = 𝛿ℒ1ℒ0 

It is plainsman to exhibit that 𝜕1 implement 2, for 

example we adopt one of them: 

(𝛿ℒ1ℒ0 ∘ 𝜎1) (𝒵21
(5)𝓍(𝑣)) = 

𝛿ℒ1ℒ0 ∘ 𝜎1 (
1

5
 𝒵21𝓍𝜕21

(4)(𝑣))  

= 
1

5
 (𝜕21𝜕21

(4)(𝑣)) = 𝜕21
(5)(𝑣) = 𝛿ℳ1ℳ0

(𝒵21
(5)𝓍(𝑣))  

As long as we can acquaint 𝜕2: ℒ2
                
→     ℒ1 by 

𝜕2 = 𝛿ℒ2ℒ1 + 𝜎1 ∘ 𝛿ℒ2ℳ1
  

 

Proposition 3.1: (4), (5) and (8) 

        The composition 𝜕1 ∘ 𝜕2 equal to zero. 

Proof:  

𝜕1 ∘ 𝜕2(ℊ) = 𝛿ℒ1ℒ0 ∘ (𝛿ℒ2ℒ1(ℊ) + 𝜎1𝛿ℒ2ℳ1
(ℊ)) 

                     = 𝛿ℒ1ℒ0 ∘ 𝛿ℒ2ℒ1(ℊ) + 

𝛿ℒ1ℒ0 ∘ 𝜎1𝛿ℒ2ℳ1
(ℊ) 

But 𝛿ℒ1ℒ0𝜎1 = 𝛿ℳ1ℳ0
. Then we attain 

𝜕1 ∘ 𝜕2(ℊ) = 𝛿ℒ1ℒ0 ∘ 𝛿ℒ2ℒ1(ℊ) + 𝛿ℳ1ℳ0
𝛿ℒ2ℳ1

(ℊ) 

Which equal to zero, because of the properties of 

the boundary map 𝛿, so we attain 𝜕1 ∘ 𝜕2 = 0. 

        Now, we have to acquaint 𝜎2: ℳ2

                
→     ℒ2 

such that 

𝛿ℳ2ℒ1 + 𝜎1 ∘ 𝛿ℳ2ℳ1
= (𝛿ℒ2ℒ1 + 𝜎1 ∘ 𝛿ℒ2ℳ1

) ∘ 𝜎2   

… 3 

We acquaint this map as pursue: 

 𝒵21𝓍𝒵21𝓍(𝑣) ⟼ 0 ;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟10⊗𝒟5⊗𝒟3 

 𝒵21
(2)
𝓍𝒵21𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟11⊗𝒟4⊗𝒟3 

 𝒵21𝓍𝒵21
(2)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟11⊗𝒟4⊗𝒟3 

 𝒵21
(3)𝓍𝒵21𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟12⊗𝒟3⊗𝒟3 

 𝒵21𝓍𝒵21
(3)𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟12⊗𝒟3⊗𝒟3 

𝒵21
(2)
𝓍𝒵21

(2)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟12⊗𝒟3⊗𝒟3 

 𝒵21
(4)
𝓍𝒵21𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

 𝒵21𝓍𝒵21
(4)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

𝒵21
(3)
𝓍𝒵21

(2)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

𝒵21
(2)
𝓍𝒵21

(3)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

 𝒵21
(5)
𝓍𝒵21𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21𝓍𝒵21
(5)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

𝒵21
(3)
𝓍𝒵21

(3)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

𝒵21
(4)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

𝒵21
(2)
𝓍𝒵21

(4)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21
(6)𝓍𝒵21𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21𝓍𝒵21
(6)𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

𝒵21
(5)
𝓍𝒵21

(2)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

𝒵21
(2)
𝓍𝒵21

(5)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

𝒵21
(4)
𝓍𝒵21

(3)
𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

𝒵21
(3)𝓍𝒵21

(4)𝓍(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵32𝓎𝒵21
(3)𝓍(𝑣) ⟼

1

3
 𝒵32𝓎𝒵21

(2)𝓍𝜕21(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟11⊗𝒟5⊗𝒟2  

 𝒵32𝓎𝒵21
(4)𝓍(𝑣) ⟼

1

6
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(2)(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟4⊗𝒟2  

 𝒵32𝓎𝒵21
(5)𝓍(𝑣) ⟼

1

10
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(3)(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟3⊗𝒟2  

 𝒵32𝓎𝒵21
(6)𝓍(𝑣) ⟼

1

15
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(4)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟2⊗𝒟2  

 𝒵32𝓎𝒵21
(7)𝓍(𝑣) ⟼

1

21
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(5)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟1⊗𝒟2  

 𝒵32𝓎𝒵21
(8)𝓍(𝑣) ⟼

1

28
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(6)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟0⊗𝒟2  
 𝒵32𝓎𝒵32𝓎(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟8⊗𝒟9⊗𝒟1  

 𝒵32
(2)𝓎𝒵21

(3)𝓍(𝑣) ⟼
1

3
 (𝒵32𝓎𝒵21

(2)𝓍𝜕31(𝑣) −

𝒵32𝓎𝒵31𝓏𝜕21
(2)(𝑣)) ; 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟11⊗𝒟6⊗𝒟1  

 𝒵32
(2)𝓎𝒵21

(4)𝓍(𝑣) ⟼
1

12
 𝒵32𝓎𝒵21

(2)𝓍𝜕21𝜕31(𝑣) −
1

4
𝒵32𝓎𝒵31𝓏𝜕21

(3)(𝑣) ;𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟5⊗𝒟1  

 𝒵32
(2)𝓎𝒵21

(5)𝓍(𝑣) ⟼
1

30
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(2)𝜕31(𝑣) −

1

5
𝒵32𝓎𝒵31𝓏𝜕21

(4)(𝑣)   ; 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟4⊗𝒟1  
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 𝒵32
(2)𝓎𝒵21

(6)𝓍(𝑣) ⟼
1

60
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(3)𝜕31(𝑣) −

1

6
𝒵32𝓎𝒵31𝓏𝜕21

(5)(𝑣)   ; 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟3⊗𝒟1  

 𝒵32
(2)
𝓎𝒵21

(7)
𝓍(𝑣) ⟼

1

105
 𝒵32𝓎𝒵21

(2)
𝓍𝜕21

(4)
𝜕31(𝑣) −

1

7
𝒵32𝓎𝒵31𝓏𝜕21

(6)(𝑣) ;𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1  

 𝒵32
(2)
𝓎𝒵21

(8)
𝓍(𝑣) ⟼

1

168
 𝒵32𝓎𝒵21

(2)
𝓍𝜕21

(5)
𝜕31(𝑣) −

1

8
𝒵32𝓎𝒵31𝓏𝜕21

(7)(𝑣) ;𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1  

 𝒵32
(2)
𝓎𝒵21

(9)
𝓍(𝑣) ⟼

1

252
 𝒵32𝓎𝒵21

(2)
𝓍𝜕21

(6)
𝜕31(𝑣) −

1

9
𝒵32𝓎𝒵31𝓏𝜕21

(7)(𝑣) ;𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1  

𝒵32
(2)
𝓎𝒵32𝓎(𝑣) ⟼ 0;𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟8⊗𝒟10⊗𝒟0  

 𝒵32𝓎𝒵32
(2)
𝓎(𝑣) ⟼ 0𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟8⊗𝒟10⊗𝒟0  

 𝒵32
(3)
𝓎𝒵21

(4)
𝓍(𝑣) ⟼

1

3
 𝒵32𝓎𝒵21

(2)
𝓍𝜕31

(2)(𝑣) −
1

6
𝒵32𝓎𝒵21

(2)
𝓍𝜕21

(2)
𝜕32
(2)(𝑣) −

1

3
 𝒵32𝓎𝒵31𝓏𝜕21

(3)𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟12⊗𝒟6⊗𝒟0  

 𝒵32
(3)𝓎𝒵21

(5)𝓍(𝑣) ⟼
1

9
 𝒵32𝓎𝒵21

(2)𝓍𝜕21𝜕31
(2)(𝑣) −

7

90
𝒵32𝓎𝒵21

(2)
𝓍𝜕21

(3)
𝜕32
(2)(𝑣) −

2

9
𝒵32𝓎𝒵31𝓏𝜕21

(4)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟5⊗𝒟0  

 𝒵32
(3)𝓎𝒵21

(6)𝓍(𝑣) ⟼
1

18
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(2)𝜕31

(2)(𝑣) −
2

45
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(4)𝜕32

(2)(𝑣) −
1

6
𝒵32𝓎𝒵31𝓏𝜕21

(5)𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟4⊗𝒟0  

 𝒵32
(3)𝓎𝒵21

(7)𝓍(𝑣) ⟼
1

30
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(3)𝜕31

(2)(𝑣) −
1

35
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(5)𝜕32

(2)(𝑣) −
2

15
𝒵32𝓎𝒵31𝓏𝜕21

(6)𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟3⊗𝒟0  

 𝒵32
(3)𝓎𝒵21

(8)𝓍(𝑣) ⟼
1

45
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(4)𝜕31

(2)(𝑣) −
5

252
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(6)𝜕32

(2)(𝑣) −
1

9
𝒵32𝓎𝒵31𝓏𝜕21

(7)𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0  

 𝒵32
(3)𝓎𝒵21

(9)𝓍(𝑣) ⟼
1

63
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(5)𝜕31

(2)(𝑣) +
1

84
𝒵32𝓎𝒵21

(2)
𝓍𝜕21

(6)
𝜕32𝜕31(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0  

 𝒵32
(3)𝓎𝒵21

(10)𝓍(𝑣) ⟼
1

84
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(6)𝜕31

(2)(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0  

 𝒵32
(2)𝓎𝒵31𝓏(𝑣) ⟼

1

3
𝒵32𝓎𝒵31𝓏𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟9⊗𝒟9⊗𝒟0  
 

It is plainsman to exhibit that 𝜎2 which is 

acquainting above implement 3, for example we 

adopt one of them: 

𝑊ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1 

(𝛿ℳ2ℒ1 + 𝜎1 ∘ 𝛿ℳ2ℳ1
)( 𝒵32

(2)𝓎𝒵21
(7) 𝓍(𝑣)) 

= 𝜎1(𝒵21
(7) 𝓍𝜕32

(2)(𝑣) + 𝒵21
(6) 𝓍𝜕32𝜕31(𝑣) +

𝒵21
(5) 𝓍𝜕31

(2)(𝑣) −  𝒵32
(2)𝓎𝜕21

(7)(𝑣) ) 

=
1

7
 𝒵21𝓍𝜕21

(6)
𝜕32
(2)(𝑣) +

1

6
 𝒵21𝓍𝜕21

(5)
𝜕32𝜕31(𝑣) +

1

5
𝒵21𝓍𝜕21

(4)𝜕31
(2)(𝑣) −

1

2
𝒵32𝓎𝜕32𝜕21

(7)(𝑣)  

And 

(𝛿ℒ2ℒ1 + 𝜎1 ∘ 𝛿ℒ2ℳ1
)(

1

105
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(4)𝜕31(𝑣) −

1

7
𝒵32𝓎𝒵31𝓏𝜕21

(6)(𝑣)) 

= 𝜎1 (
1

105
𝒵21
(2)
 𝓍𝜕21

(4)
𝜕32𝜕31(𝑣) + 

2

105
𝒵21
(2)
 𝓍𝜕31𝜕21

(4)
𝜕31(𝑣)) +  

2

105
𝒵21𝓍𝜕21

(4)
𝜕31
(2)(𝑣) −

1

7
𝒵32𝓎𝜕21

(4)
𝜕31(𝑣) − 

𝜎1 ( 𝒵32
(2)
𝓎𝜕21

(7)(𝑣)) +
1

7
𝒵21𝓍𝜕21

(6)
𝜕32
(2)(𝑣) +

1

7
𝒵21𝓍𝜕21

(5)
𝜕32𝜕31(𝑣) +

1

7
𝒵21𝓍𝜕21

(4)
𝜕31
(2)(𝑣) +

1

7
𝒵32𝓎𝜕31𝜕21

(6)(𝑣)  

=
1

42
𝒵21𝓍𝜕21

(5)𝜕32𝜕31(𝑣) +
6

105
𝒵21𝓍𝜕21

(4)𝜕31
(2)(𝑣) −  

1

7
𝒵32𝓎𝜕21

(6)
𝜕31(𝑣) −

1

2
𝒵32𝓎𝜕32𝜕21

(7)(𝑣) +  
1

7
𝒵21𝓍𝜕21

(6)
𝜕32
(2)(𝑣) +

1

7
𝒵21𝓍𝜕21

(5)
𝜕32𝜕31(𝑣) +

1

7
𝒵21𝓍𝜕21

(4)
𝜕31
(2)(𝑣) +

1

7
𝒵32𝓎𝜕31𝜕21

(6)(𝑣)  

=
1

6
𝒵21𝓍𝜕21

(5)
𝜕32𝜕31(𝑣) +

1

5
𝒵21𝓍𝜕21

(4)
𝜕31
(2)(𝑣) −

1

2
𝒵32𝓎𝜕32𝜕21

(7)(𝑣) +
1

7
 𝒵21𝓍𝜕21

(6)𝜕32
(2)(𝑣)  

 

Proposition 3.2: 

        We have exactness at ℒ𝑖, 𝑖 = 1,2,3.  
Proof: see (4), (5) and (8). 

 

        Now by employ 𝜎2 we can also acquaint 

𝜕3: ℒ3
                
→     ℒ2 by 𝜕3 = 𝛿ℒ3ℒ2 + 𝜎2 ∘ 𝛿ℒ3ℳ2

 

 

Proposition 3.3: 

        The composition 𝜕1 ∘ 𝜕2 equal to zero. 

Proof: The oneself track employ in proposition 2. 

 

        We requirement to acquaint  𝜎3: ℳ3

                
→     ℒ3 

which implement 

𝛿ℳ3ℒ2 + 𝜎2 ∘ 𝛿ℳ3ℳ2
= (𝛿ℒ3ℒ2 + 𝜎2 ∘ 𝛿ℒ3ℳ2

) ∘ 𝜎3   

… 4 

As pursue: 

  𝒵21𝓍𝒵21𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟11⊗𝒟4⊗𝒟3 

 𝒵21
(2)𝓍𝒵21𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟3⊗𝒟3 

 𝒵21𝓍𝒵21
(2)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟3⊗𝒟3 

 𝒵21𝓍𝒵21𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟3⊗𝒟3 

 𝒵21
(3)𝓍𝒵21𝓍𝒵21𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 
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 𝒵21𝓍𝒵21
(3)𝓍𝒵21𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒 𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

 𝒵21𝓍𝒵21𝓍𝒵21
(3)𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

 𝒵21
(2)
𝓍𝒵21

(2)
𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

 𝒵21
(2)𝓍𝒵21𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0 ; 

 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

 𝒵21𝓍𝒵21
(2)
𝓍𝒵21

(2)
𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟2⊗𝒟3 

 𝒵21
(4)𝓍𝒵21𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21𝓍𝒵21
(4)
𝓍𝒵21𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21𝓍𝒵21𝓍𝒵21
(4)
𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21
(3)
𝓍𝒵21

(2)
𝓍𝒵21𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21
(3)𝓍𝒵21𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21
(2)𝓍𝒵21

(3)𝓍𝒵21𝓍(𝑣) ⟼ 0; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21
(2)𝓍𝒵21𝓍𝒵21

(3)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21𝓍𝒵21
(2)
𝓍𝒵21

(3)
𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21𝓍𝒵21
(3)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21
(2)𝓍𝒵21

(2)𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟1⊗𝒟3 

 𝒵21
(5)𝓍𝒵21𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21𝓍𝒵21
(5)𝓍𝒵21𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21𝓍𝒵21𝓍𝒵21
(5)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(2)𝓍𝒵21

(2)𝓍𝒵21
(3)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(2)𝓍𝒵21

(3)𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(3)𝓍𝒵21

(2)𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(3)𝓍𝒵21

(3)𝓍𝒵21𝓍(𝑣) ⟼ 0; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(3)𝓍𝒵21𝓍𝒵21

(3)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21𝓍𝒵21
(3)𝓍𝒵21

(3)𝓍(𝑣) ⟼ 0; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(2)𝓍𝒵21

(4)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(2)
𝓍𝒵21𝓍𝒵21

(4)
𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21𝓍𝒵21
(2)
𝓍𝒵21

(4)
𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(4)𝓍𝒵21

(2)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21
(4)
𝓍𝒵21𝓍𝒵21

(2)
𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵21𝓍𝒵21
(4)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟0⊗𝒟3 

 𝒵32𝓎𝒵21
(2)
𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟11⊗𝒟5⊗𝒟2 

 𝒵32𝓎𝒵21
(3)𝓍𝒵21𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟4⊗𝒟2 

 𝒵32𝓎𝒵21
(2)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0  ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟4⊗𝒟2 

 𝒵32𝓎𝒵21
(4)
𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟3⊗𝒟2 

 𝒵32𝓎𝒵21
(2)𝓍𝒵21

(3)𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟3⊗𝒟2 

 𝒵32𝓎𝒵21
(3)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0  ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟3⊗𝒟2 

 𝒵32𝓎𝒵21
(5)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟2⊗𝒟2 

 𝒵32𝓎𝒵21
(4)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟2⊗𝒟2 

 𝒵32𝓎𝒵21
(2)𝓍𝒵21

(4)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟2⊗𝒟2 

 𝒵32𝓎𝒵21
(3)𝓍𝒵21

(3)𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟2⊗𝒟2 

 𝒵32𝓎𝒵21
(6)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟1⊗𝒟2 

 𝒵32𝓎𝒵21
(5)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0  ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟1⊗𝒟2 

 𝒵32𝓎𝒵21
(2)𝓍𝒵21

(5)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟1⊗𝒟2 

 𝒵32𝓎𝒵21
(4)𝓍𝒵21

(3)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟1⊗𝒟2 

 𝒵32𝓎𝒵21
(3)𝓍𝒵21

(4)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟1⊗𝒟2 

 𝒵32𝓎𝒵21
(7)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟0⊗𝒟2 

 𝒵32𝓎𝒵21
(6)𝓍𝒵21

(2)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟0⊗𝒟2 

 𝒵32𝓎𝒵21
(2)𝓍𝒵21

(6)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟0⊗𝒟2 

 𝒵32𝓎𝒵21
(5)𝓍𝒵21

(3)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟0⊗𝒟2 



Baghdad Science Journal                      Vol.15(4)2018 

 

462 

 𝒵32𝓎𝒵21
(3)𝓍𝒵21

(5)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟0⊗𝒟2 

 𝒵32𝓎𝒵21
(4)𝓍𝒵21

(4)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟0⊗𝒟2 

 𝒵32𝓎𝒵32𝓎𝒵21
(3)
𝓍(𝑣) 

⟼−
1

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟11⊗𝒟6⊗𝒟1 

 𝒵32𝓎𝒵32𝓎𝒵21
(4)
𝓍(𝑣) 

⟼−
1

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟5⊗𝒟1  

 𝒵32𝓎𝒵32𝓎𝒵21
(5)
𝓍(𝑣) 

⟼−
1

10
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟4⊗𝒟1  

 𝒵32𝓎𝒵32𝓎𝒵21
(6)𝓍(𝑣) 

⟼−
1

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟3⊗𝒟1  

 𝒵32𝓎𝒵32𝓎𝒵21
(7)𝓍(𝑣) 

⟼−
1

21
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)(𝑣) ;  

 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1  

 𝒵32𝓎𝒵32𝓎𝒵21
(8)𝓍(𝑣) 

⟼−
1

28
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1  

 𝒵32𝓎𝒵32𝓎𝒵21
(9)𝓍(𝑣) 

⟼−
1

36
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1  

 𝒵32
(2)𝓎𝒵21

(3)𝓍𝒵21𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟5⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(4)𝓍𝒵21𝓍(𝑣) ⟼ 0  ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟4⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(3)𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟4⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(5)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟3⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(4)𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0; 

 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟3⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(3)𝓍𝒵21
(3)𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟3⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(6)𝓍𝒵21𝓍(𝑣) ⟼ 0  ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(5)𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(4)𝓍𝒵21
(3)𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(3)𝓍𝒵21
(4)𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(7)𝓍𝒵21𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1 

 𝒵32
(2)𝓎𝒵21

(6)𝓍𝒵21
(2)𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(5)
𝓍𝒵21

(3)
𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(4)
𝓍𝒵21

(4)
𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(3)
𝓍𝒵21

(5)
𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(8)
𝓍𝒵21𝓍(𝑣) ⟼ 0  ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(7)
𝓍𝒵21

(2)
𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(6)
𝓍𝒵21

(3)
𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(5)
𝓍𝒵21

(4)
𝓍(𝑣) ⟼ 0; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(4)
𝓍𝒵21

(5)
𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1 

 𝒵32
(2)
𝓎𝒵21

(3)
𝓍𝒵21

(6)
𝓍(𝑣) ⟼ 0 ; 

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1 
 𝒵32𝓎𝒵32𝓎𝒵32𝓎(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟8⊗𝒟10⊗𝒟0 

 𝒵32
(2)
𝓎𝒵32𝓎𝒵21

(4)
𝓍(𝑣) 

⟼
1

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21𝜕31(𝑣) −  

1

4
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟6⊗𝒟0 

 𝒵32
(2)
𝓎𝒵32𝓎𝒵21

(5)
𝓍(𝑣) 

⟼
1

12
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)𝜕31(𝑣) −  
7

60
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟5⊗𝒟0 

 𝒵32
(2)𝓎𝒵32𝓎𝒵21

(6)𝓍(𝑣) 

⟼
1

20
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)𝜕31(𝑣) −  
1

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟4⊗𝒟0 

 𝒵32
(2)𝓎𝒵32𝓎𝒵21

(7)𝓍(𝑣) 

⟼
1

30
𝒵32𝓎𝒵31 𝓏𝒵21𝓍𝜕21

(4)𝜕31(𝑣) −  
3

70
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟3⊗𝒟0 

 𝒵32
(2)𝓎𝒵32𝓎𝒵21

(8)𝓍(𝑣) 

⟼
1

42
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)𝜕31(𝑣) −  
5

168
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0 

 𝒵32
(2)𝓎𝒵32𝓎𝒵21

(9)𝓍(𝑣) 

⟼
1

56
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕31(𝑣) +  
1

72
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 
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 𝒵32
(2)𝓎𝒵32𝓎𝒵21

(10)𝓍(𝑣) 

⟼
1

72
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕31(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 

 𝒵32𝓎𝒵32
(2)
𝓎𝒵21

(4)
𝓍(𝑣) 

⟼−
1

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)
𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟6⊗𝒟0 

 𝒵32𝓎𝒵32
(2)
𝓎𝒵21

(5)
𝓍(𝑣) 

⟼−
1

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)
𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟5⊗𝒟0 

 𝒵32𝓎𝒵32
(2)
𝓎𝒵21

(6)
𝓍(𝑣) 

⟼−
1

10
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)
𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟4⊗𝒟0 

 𝒵32𝓎𝒵32
(2)
𝓎𝒵21

(7)
𝓍(𝑣) 

⟼−
1

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟3⊗𝒟0 

 𝒵32𝓎𝒵32
(2)𝓎𝒵21

(8)𝓍(𝑣) 

⟼−
1

21
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕32(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0 

 𝒵32𝓎𝒵32
(2)𝓎𝒵21

(9)𝓍(𝑣) ⟼ 0 ; 
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 

 𝒵32𝓎𝒵32
(2)
𝓎𝒵21

(10)
𝓍(𝑣) ⟼ 0 ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(4)𝓍𝒵21𝓍(𝑣) 

⟼−
1

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)𝜕31(𝑣) − 

1

18
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟5⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(5)𝓍𝒵21𝓍(𝑣) 

⟼−
1

18
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)𝜕31(𝑣) −  
1

45
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟4⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(4)𝓍𝒵21
(2)𝓍(𝑣) 

⟼−
1

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)𝜕31(𝑣) −  
1

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟4⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(6)𝓍𝒵21𝓍(𝑣) 

⟼−
1

30
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)𝜕31(𝑣) −  
1

90
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟3⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(5)𝓍𝒵21
(2)𝓍(𝑣) 

⟼−
2

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)𝜕31(𝑣) −  
4

45
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟3⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(4)𝓍𝒵21
(3)𝓍(𝑣) 

⟼−
2

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)𝜕31(𝑣) −  

1

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟3⊗𝒟0 

 𝒵32
(3)
𝓎𝒵21

(7)
𝓍𝒵21𝓍(𝑣) 

⟼−
1

45
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)
𝜕31(𝑣) −  

2

315
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0 

 𝒵32
(3)
𝓎𝒵21

(6)
𝓍𝒵21

(2)
𝓍(𝑣) 

⟼−
1

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)
𝜕31(𝑣) −  

1

18
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0 

 𝒵32
(3)
𝓎𝒵21

(5)
𝓍𝒵21

(3)
𝓍(𝑣)  

⟼−
5

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)
𝜕31(𝑣) −  

2

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(4)𝓍𝒵21
(4)𝓍(𝑣) 

⟼−
10

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)
𝜕31(𝑣) −  

5

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0 

 𝒵32
(3)
𝓎𝒵21

(8)
𝓍𝒵21𝓍(𝑣) 

⟼−
1

63
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕31(𝑣) −
1

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 

 𝒵32
(3)
𝓎𝒵21

(7)
𝓍𝒵21

(2)
𝓍(𝑣) 

⟼−
2

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)
𝜕31(𝑣) −

7

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(6)𝓍𝒵21
(3)𝓍(𝑣) 

⟼−
1

2
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕31(𝑣) −
7

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(5)𝓍𝒵21
(4)𝓍(𝑣) 

⟼−
10

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕31(𝑣) −
35

18
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(4)𝓍𝒵21
(5)𝓍(𝑣) 

⟼−
5

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)𝜕31(𝑣) −
7

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(9)𝓍𝒵21𝓍(𝑣) ⟼ 0  ;  
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(8)𝓍𝒵21
(2)𝓍(𝑣) 

⟼−
1

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕31(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 
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 𝒵32
(3)𝓎𝒵21

(7)𝓍𝒵21
(3)𝓍(𝑣) 

⟼−
7

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕31(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 

 𝒵32
(3)
𝓎𝒵21

(6)
𝓍𝒵21

(4)
𝓍(𝑣) 

⟼−
7

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)
𝜕31(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 

 𝒵32
(3)
𝓎𝒵21

(5)
𝓍𝒵21

(5)
𝓍(𝑣) 

⟼−
35

18
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)
𝜕31(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 

 𝒵32
(3)𝓎𝒵21

(4)𝓍𝒵21
(6)𝓍(𝑣) 

⟼−
7

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)
𝜕31(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 

 𝒵32𝓎𝒵31𝓏𝒵21
(2)
𝓍(𝑣) 

⟼
1

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟11⊗𝒟6⊗𝒟1 

 𝒵32𝓎𝒵31𝓏𝒵21
(3)𝓍(𝑣) 

⟼
1

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟5⊗𝒟1 

 𝒵32𝓎𝒵31𝓏𝒵21
(4)𝓍(𝑣) 

⟼
1

10
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟4⊗𝒟1 

 𝒵32𝓎𝒵31𝓏𝒵21
(5)
𝓍(𝑣) 

⟼
1

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟3⊗𝒟1 

 𝒵32𝓎𝒵31𝓏𝒵21
(6)𝓍(𝑣) 

⟼
1

21
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟2⊗𝒟1 

 𝒵32𝓎𝒵31𝓏𝒵21
(7)
𝓍(𝑣) 

⟼
1

28
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟1⊗𝒟1 

 𝒵32𝓎𝒵31𝓏𝒵21
(8)𝓍(𝑣) 

⟼
1

36
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟0⊗𝒟1 
 𝒵32𝓎𝒵32𝓎𝒵31𝓏(𝑣) ⟼ 0 ;  
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟9⊗𝒟9⊗𝒟0 

 𝒵32
(2)𝓎𝒵31𝓏𝒵21

(2)𝓍(𝑣) 

⟼
1

3
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕31(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟11⊗𝒟7⊗𝒟0 

 𝒵32
(2)𝓎𝒵31𝓏𝒵21

(3)𝓍(𝑣) 

⟼
1

6
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21𝜕31(𝑣) −  

1

12
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟6⊗𝒟0 

 𝒵32
(2)𝓎𝒵31𝓏𝒵21

(4)𝓍(𝑣) 

⟼
1

9
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)𝜕31(𝑣) −  
7

90
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟13⊗𝒟5⊗𝒟0 

 𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(5)
𝓍(𝑣) 

⟼
1

12
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(3)𝜕31(𝑣) −  
1

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟14⊗𝒟4⊗𝒟0 

 𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(6)
𝓍(𝑣) 

⟼
1

15
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(4)
𝜕31(𝑣) −  

2

35
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟15⊗𝒟3⊗𝒟0 

 𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(7)
𝓍(𝑣)  

⟼
1

18
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(5)
𝜕31(𝑣) −  

25

504
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟16⊗𝒟2⊗𝒟0 

 𝒵32
(2)
𝓎𝒵31𝓏𝒵21

(8)
𝓍(𝑣) 

⟼
1

21
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(6)
𝜕31(𝑣) +  

1

36
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)
𝜕32(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟17⊗𝒟1⊗𝒟0 

 𝒵32
(2)𝓎𝒵31𝓏𝒵21

(9)𝓍(𝑣) 

⟼
1

24
𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(7)𝜕31(𝑣) ;  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟18⊗𝒟0⊗𝒟0 
 

        Again we can exhibit that 𝜎3 which is realized 

above implement 4, and we adopt one of them as an 

example 

𝑊ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟12⊗𝒟5⊗𝒟1 

(𝛿ℳ3ℒ2 + 𝜎2 ∘ 𝛿ℳ3ℳ2
)(𝒵32𝓎𝒵31𝓏𝒵21

(3)
𝓍(𝑣))  

= 𝜎2(2𝒵32
(2)𝓎𝒵21

(4)𝓍𝜕32
(2)(𝑣) − 𝒵21𝓍𝜕32

(2)𝒵21
(3)𝓍(𝑣) +

𝒵32𝓎𝒵21
(4)𝓍𝜕32(𝑣) − 𝒵32𝓎𝒵32𝓎𝜕21

(4)(𝑣)) + 

𝒵32𝓎𝒵31𝓏𝜕21
(3)(𝑣) 

=
1

6
 𝒵32𝓎𝒵21

(2)𝓍𝜕21𝜕31(𝑣) +
1

2
 𝒵32𝓎𝒵31𝓏𝜕21

(3)(𝑣)  

+
1

6
 𝒵32𝓎𝒵21

(2)𝓍𝜕21
(2)𝜕32(𝑣)  

And 

(𝛿ℒ3ℒ2 + 𝜎2 ∘ 𝛿ℒ3ℳ2
)(
1

6
 𝒵32𝓎𝒵31𝓏𝒵21𝓍𝜕21

(2)(𝑣))  

= 𝜎2 (
1

6
𝒵21𝓍𝒵21𝓍𝜕21

(2)𝜕32
(2)(𝑣)) +

1

6
𝒵32𝓎𝒵21

(2)
𝓍𝜕32𝜕21

(2)(𝑣) +
1

6
𝒵32𝓎𝒵21

(2)𝓍𝜕21𝜕31(𝑣) −  

𝜎2 (𝒵32𝓎𝒵32𝓎𝜕21
(4)(𝑣)) +

1

2
𝒵32𝓎𝒵31𝓏𝜕21

(3)(𝑣)  

=
1

6
𝒵32𝓎𝒵21

(2)𝓍𝜕21
(2)𝜕32(𝑣) +  

1

6
 𝒵32𝓎𝒵21

(2)𝓍𝜕21𝜕31(𝑣) +  
2

4
 𝒵32𝓎𝒵31𝓏𝜕21

(3)(𝑣)  

 

So from all, we have done above we have the 

complex 
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0
                  
→     ℒ3

     𝜕3      
→    ℒ2

     𝜕2      
→    ℒ1

     𝜕1      
→    ℒ0 

 

Where 𝜕1 is the operation of indicated polarization 

operators, 𝜕2 acquaint as pursue 

 

 𝜕2(𝒵21𝓍(𝑣)) = 𝜕21(𝑣);  
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟9⊗𝒟6⊗𝒟3    

 𝜕2(𝒵32𝓎(𝑣)) = 𝜕32(𝑣);  
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟8⊗𝒟8⊗𝒟2    

 𝜕2(𝒵32𝓎𝒵21
(2)
𝓍(𝑣)) =

1

2
 𝒵21𝓍𝜕21𝜕32(𝑣) +  

𝒵21𝓍𝜕31(𝑣) − 𝒵32𝓎𝜕21
(2)(𝑣);  

𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟10⊗𝒟6⊗𝒟2   

 𝜕2(𝒵32𝓎𝒵31𝓏(𝑣)) =
1

2
 𝒵32𝓎𝜕32𝜕21(𝑣) +

𝒵21𝓍𝜕32
(2)(𝑣) − 𝒵32𝓎𝜕32

(2)(𝑣);  
𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟9⊗𝒟8⊗𝒟1   

And the map 𝜕3 acquaint as 

 𝜕2(𝒵32𝓎𝒵31𝓏𝒵21𝓍(𝑣)) = 𝒵32𝓎𝒵21
(2)
𝓍𝜕32(𝑣) +

𝒵32𝓎𝒵31𝓏𝜕21(𝑣); 𝑤ℎ𝑒𝑟𝑒  𝑣 ∈ 𝒟10⊗𝒟7⊗𝒟1   
 

Proposition 3.4:  
        The complex  

0
                  
→     ℒ3

     𝜕3      
→    ℒ2

     𝜕2      
→    ℒ1

     𝜕1      
→    ℒ0               

→    𝐾(8,7,3)    

is exact. 

Proof: see (4), (5) and (8). 
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 (8,7,3)حالة التجزئة  حول التحلل الحر لمقاس وايل وتحلل المميز الصفري في
 

هيثم رزوقي حسن 
1

نيران صباح جاسم    
2 

 
 1

 ، بغداد، العراق.قسم الرياضيات، كلية العلوم، الجامعة المستنصرية
2

 ، بغداد، العراق.قسم الرياضيات، كلية التربية للعلوم الصرفة ابن الهيثم، جامعة بغداد

 

 الخلاصة:
)تحلل المميز الصفري( والذي حصلنا عليه من  𝐾(8,7,3)ℱالى تحلل لاسكو لـ  𝐾(8,7,3)ℱهذا البحث هو تطبيق المميز الحر للتحلل         

 بصيغة المميز الحر وصيغة لاسكو. 𝐾(8,7,3)ℱدراسة العلاقة بين تحلل مقاس وايل 

 

 مقاس وايل، تحلل، التحلل الحر، تحلل المميز الحر، تحلل المميز الصفري.  الكلمات المفتاحية:
 


