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Abstract:

In this paper, the proposed phase fitted and amplification fitted of the Runge-Kutta-Fehlberg method
were derived on the basis of existing method of 4(5) order to solve ordinary differential equations with
oscillatory solutions. The recent method has null phase-lag and zero dissipation properties. The phase-lag or
dispersion error is the angle between the real solution and the approximate solution. While the dissipation is
the distance of the numerical solution from the basic periodic solution. Many of problems are tested over a
long interval, and the numerical results have shown that the present method is more precise than the 4(5)
Runge-Kutta-Fehlberg method.
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Introduction:

Many efforts have been carried out for the suggested a symplectic RKN method with minimum
resolution of second order ordinary differential phase-lag for solving problems with oscillatory
equations (ODEs) with oscillatory solutions. Special solutions. Senu et al. (4) derived diagonally implicit
second order ordinary differential equations can be RKN methods for solving oscillatory problems with
written as follows: high order of dispersion and dissipation errors.
y'=f(xy) @ Recently Ahmad et al. (5) created the semi-implicit

This kind of equations appear in numerous  hybrid method with minimum phase-lag to solve
scientific fields like physical chemistry, quantitative ~ problems with oscillatory solutions.
chemistry, theoretical physics, and molecular Another work related to phase fitting can be seen
physics. Differential equations of oscillatory in in Hussain et al. (6), Abdulganiy et al. (7), Fawzi et
nature cannot be solved efficiently using traditional al. (8), Demba et al. (9) and Adel et al. (10). The
methods. These problems need to be integrated over ~ objective of the phase-fitted method is to develop a
a period of the oscillation, so oscillatory problem  method that has variable coefficients, which rely on
require larger steps and can be extended over a  the produce of hesitation “v” and step-size “h”. The

long-time step. creative method presides for the original method as
Several researchers such (1), (2) and (3) have  “v” approaches to zero.
proposed an application of phase-lag to solve In this article basing on Runge—Kutta-Fehlberg

oscillatory problems. Many of projects are also method of order 4(5); we develop phase-fitted and
concentrated with methods containing high  amplification fitted method for solving problems
dissipative order. In their paper, Nazari and  with oscillatory solutions. The prospective method
Mohammadian (2) analyzed and introduced high- s utilized to solve the second order ODEs that are
order low-dissipation low-dispersion diagonally  oscillatory in nature. To do that the equations of
implicit Runge-Kutta schemes for solving second order are first lowered to first-order ODEs

oscillatory problems. Van de Vyver (3) also system.
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Yo = Yo+ bk

i=1

;anrl = 9n + thl ki (2)
i=1
where _
ki = f(x, +ch,y, +hD ak;) ?3)
j=1

i=1..5s
This method is applied for the approximate
computation of y ., when Y, is recognized.

Also, the method above can be shown using
Butcher Table 1:

obtained from tree theory (11). Those equations can
be exhibited during the prospective method
structure.

The phase-lag assessment of Runge-Kutta
methods is dependent on trial equation:
y'=lay )

When Runge-Kutta-Fehlberg method defined in
equation (3) is applied to equation (5), we get the
following:
yn+1 = a"?yn’ a. :U (VZ) + iVV(VZ)

(6)

where the variables v=wh and U, V were
polynomials in v* fully known from Runge-Kutta-

Fehlberg coefficients aij,bi,t;i ,C; displayed in the
Table 1. Butcher Table table 1.
c, a,, Definition:
In  s-stage Runge-Kutta-Fehlberg method,
Cs ! a3, defined in equations (2) and (3), the equations:
. . . V (v?)
P(v) =v—arctan| v 7
Cs asl asz as,s—l ( ) ( U(VZ)] ( )
" 2 % b =1- 0@ VY
6 b_ b. are known as the dispersion error and the dissipative
1 2 S H
error respectively (5).
_ gq+1 _ r+l1
The coefficients c,,.......,c, should satisfy the If P(v) =O(v'") and D(v) =O(v") then the

relation:
i-1

q:Za_ij,i:Z,...,S (4)
j=1

An appropriate style to obtain an assured
algebraic arrangement is to fulfill equations number

method becomes the dispersive of order q and the
dissipative of order r.

The Runge-Kutta-Fehlberg method of 4(5) order
is considered, given in following Table 2:

Table 2. Rkf45 Order Runge-Kutta-Fehlberg

1/4 1/4
3/8 3/32 9/32
12/13 1932/2197 -7200/2197 7296/2197
1 439/216 -8 3680/513 -845/4104
Yo -8/27 2 -3544/2565 1859/4104 -11/40
25/216 0 1408/2565 2197/4104 -1/5
16/135 0 6656/12825 28561/56430 -9/50 2/55
To improve the proposed method, we put b, and Pl = tan(v)(l_(lm L12 b, +b5jvz 4
b, as free parameters while the other parameters are 85 13
the same as the current method. We intend to apply (1026 ) —1+85b5)v4 - vﬁ)—v(13639 +b, +b; —
the phase-lag (PL) and the dissipation (DS) of the 2197~ 104 78 1040 20520
current method above to be PL=0 and DS=0 to (22 _8ea 3b5)\,2 + (—5b5 + 1j\,4)
285 2197 2 52 195

solve for b, andb,, where:
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16879
15412800
oy, 1315252 3
626145 2704
113813 , 503 , 192
viby + —Vv° —
133380 855 28561
25 B
2704 2197
144 4. 9819
169 41743
2735 g2 11 epe
3042 156
1052676 5 , 62146
4826809 11115
By using Taylor expansion series b, becomes:
2197 1 , 133399 , 1082730921527 g
—— 4+ =V 4+ v+ v+
4104 4 15210 3454738560
and b, becomes:
b= 1 1, 1682647 , 1366504396939
5 4 197730 44911601280
whereV = wh, o denotes the prevailing hesitance
and h indicates the step size.
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=

The Test Problems and The Numerical Results

The proposed method will be applied to some
problems with oscillatory solutions and the results
are compared with the Runge-Kutta-Fehlberg
method of order 4(5).

These problems are first decreased to first-order
ODEs system. For the following test problems, the
interval of integration is [0, 100].

The Tables 3,4 and 5 below show the comparison
between the proposed 4(5) order Runge-Kutta-
Fehlberg method and the current Runge-Kutta-
Fehlberg of order 4(5) for the following problems
starting with initial step size hy.

Problem 1: (Homogeneous problem investigated by
Chakravarti and Worland (12)).
y'=-yy0)=1y(0)=2
the exact solutionis y = 2 sin(x) + cos(x)

Problem 2: (Problem studied by Papadopoulos et al
(13))
y" 100y + 99 sin(x),y(0) = 1,y'(0) = 11
the exact solutionis y
= cos(10x) + sin(10x)
+ sin(x)

Problem 3: (Problem studied by Chawla and Rao
(14) ,
y'=-100y,y(0) = 1,y'(0) =2
the exact solutionis y
1
gsin( 10x) + cos(10x)

The following notations are used:
TOL the tolerance chosen

METHOD the method used

FCN function evaluations

STEP No. successful steps

MAXE maximum errors |y(x,) — y;|

NRKF45 PLDS the proposed method
RKF45 the Runge-Kutta-Fehlberg of order
4(5)

Table 3. Comparison between the Nrkf45 And
Rkf45 Methods for Problem 1 Starting with

Initial Step Size hy = 0.01
STEP

TOL METHOD | FCN No MAXE
NRKF45

10-5 | PLDS 9816 818 | 1.3395e-005
RKF45 10176 848 | 1.2427e-004
NRKF45

10-5 | PLDS 25656 2138 | 1.3149e-007
RKF45 48000 4000 | 5.5974e-006
NRKF45

10 | pLDS 46656 3888 | 2.8802e-009
RKF45 60000 5000 | 5.2412e-007

Table 4. Comparison between the Nrkf45 and
Rkf45 Methods for Problem 2 Starting with

Initial Step Size hy = 0.001

TOL METHOD | FCN EEEP MAXE
NRKF45

10-5 | pLDS 93996 | 7833 1.6489e-004
RKF45 96000 | 8000 2.6977e-003
NRKF45

10-¢ | PLDS 96000 | 8000 1.9403e-006
RKF45 102000 | 8500 6.4428e-005
NRKF45

L0-” | PLDS 108000 | 9000 1.1983¢-008
RKF45 114000 | 9500 4.5230e-006
NRKF45

105 | PLDS 114000 | 9500 1.0482¢-008
RKF45 120000 | 10000 | 1.8697e-007

Table 5. Comparison between the Nrkf45 And
Rkf45 Methods for Problem 3 Starting with
Initial Step Size hy = 0.001
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TOL METHOD FCN EEEP MAXE
NRKF45

10-5 | PLDS 93288 | 7774 1.9829e-004
RKF45 96000 | 8000 1.6888e-003
NRKF45

10-¢ | PLDS 96000 | 8000 2.3569e-006
RKF45 102000 | 8500 6.6328e-005
NRKF45

10-” | PLDS 108000 | 9000 9.3609¢-009
RKF45 114000 | 9500 3.1809e-006
NRKF45

10-¢ | PLDS 114000 | 9500 6.1155e-009
RKF45 120000 | 10000 1.7509e-007

Conclusion:

The number of function evaluations for the

prospective method with phase-fitting and
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amplification-fitting is less than the number for the
standard method. Also, the maximum errors of the
potential method are lower than the present method
depending on the tolerance chosen.
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