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Abstract:           
            In this paper the definition of fuzzy anti-normed linear spaces and its basic properties are used to 

prove some properties of a finite dimensional fuzzy anti-normed linear space.      
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Introduction: 
             Fuzzy set theory was introduced in 1965(1),  

later on, many scientists have applied the concept of 

the theory in many fields of mathematics, in which 

data is inaccurate or quasi-occult such as, computer 

programming, medicine,… etc.                       

Defined a fuzzy norm on the linear space in a way 

that induced fuzzy metric space(2). In 2015(3) 

introduced some results of fundamental theorems 

for fuzzy normed spaces.  

             Fuzzy anti-norm defined on a linear space 

has been introduced (4) which reverses somehow to 

the concept (5) of fuzzy norm on a linear space. 

Mursaleen M and et al in 2016 (6) introduced 

generalized statistically convergent sequences of 

fuzzy numbers .In 2017(7) introduced some aspects 

on 2- fuzzy 2- anti Normed Linear space. Moreover, 

In (8) introduced some properties of Fuzzy Norm of 

fuzzy Bounded Operators. Recently, in 2018(9) 

introduced Generalized weighted statistical 

convergence in intuitionistic fuzzy normed linear 

spaces. 

              In this paper, we introduce the definition of 

fuzzy anti-norm on a linear space and study the 

finite dimensional fuzzy anti-normed linear space 

and the some properties of them. 

Preliminaries 

          To make this paper as self-contained as 

possible, we give some definitions and preliminary 

in this section.  

Definition 1(10) 

A binary operation   ∘ : 𝐼 × 𝐼 →  𝐼  , where 𝐼 = [0,1]   
is said to be continuous t-co-norm if 

for  𝑎, 𝑏, 𝑐, 𝑑  in  𝐼  then ∘ satisfies the following 

conditions :  
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(i)  ∘ is associative and commutative ,     

(ii) 𝑎 ∘ 0 = 𝑎, i.e. 0 is an identity element of the 

binary operation ∘ ,  

(iii)  if 𝑎 ≤ 𝑐  and  𝑏 ≤ 𝑑 then  𝑎 ∘ 𝑏  ≤  𝑐 ∘  𝑑,   

(iv)   ∘  is continuous on  𝐼 x 𝐼    
 

Some examples of continuous t-co-norm are: for all 

𝑎, 𝑏, ∈ 𝐼  

   (i) a ∘ b = a + b – ab, 

   (ii) a ∘ b = max{a, b}, 

  (iii) a ∘ b = min{a + b, 1} . 

 

Remark 2(10) 

  (a) For any  𝑎, 𝑏 ∈ (0,1)  with  𝑎 > 𝑏 , there exist 

c ∈ (0,1) such that  𝑎 > 𝑐 ∘ 𝑏 . 

(b) For any  𝑎 ∈ (0,1) , there exist  𝑏 ∈ (0,1) such 

that   𝑏 ∘ 𝑏 ≤ 𝑎.   

 

Definition 3(4) 

Let 𝑉 be a linear space over a field 𝐹(𝑅 𝑜𝑟 𝐶). A 

fuzzy subset   N°  of 𝑋 x 𝑅 such that 

 ∀  𝑥, 𝑣 in 𝑉, and 𝑐 in 𝐹   :    

(N°1) ∀ 𝑡 ∈ 𝑅 with 𝑡 ≤ 0, N°(𝑥, 𝑡) = 1;   

 (N°2) ∀ 𝑡 ∈ 𝑅 with 𝑡 > 0, N°(𝑥, 𝑡) = 0  if and only 

if  𝑥 = 0 ; 

 (N°3) ∀ 𝑡 ∈ 𝑅 with 𝑡 > 0 , N°(𝑐𝑥, 𝑡) = N°(𝑥, 
 𝑡

|𝑐|
 )   

if   0 ≠ 𝑐  ∈ 𝐹  ; 

 (N°4) ∀ s, t ∈ 𝑅 ,N°(𝑥 + 𝑣, 𝑠 + 𝑡) ≤  max { 

N°(𝑥, 𝑠), N°(𝑣, 𝑡)};  

(N°5) N°(𝑥, 𝑡) is a decreasing  function of 𝑡 ∈ 𝑅  

and Lim𝑡→∞  N°(𝑥, t) = 0.  
Then we called N° be a fuzzy anti-norm on a linear 

space 𝑉 and the pair (𝑉, N°) is called a fuzzy anti-

normed linear space (in short Fa-NLS). 

The following condition of fuzzy norm N° will be 

required later on.   
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 (N°6) ∀ t ∈ 𝑅 with 𝑡 > 0,  N°(𝑥, 𝑡) < 1  implies 

𝑥 = 0 .  

 

Example 4(4) 

 Suppose  (𝑉, ‖. ‖) be a normed linear space. Define  

N°(𝑥, 𝑡) = { 
‖𝑥‖

𝑡+‖𝑥‖
    if 𝑡 > 0, 𝑡 ∈ 𝑅, 𝑥 ∈ 𝑉

1       if 𝑡 ≤ 0                      
           

Then (𝑉, N°) is a Fa-NLS. 

 

Lemma 5(4) 

If  (𝑉, N°) be a Fa-NLS. Then  N° (𝑥 − 𝑦, 𝑡) = N° 

(𝑦 − 𝑥, 𝑡)   ∀ 𝑥, 𝑦 ∈  𝑉 and  𝑡 ∈ (0, ∞). 

Definition 6(4)   

Let N° be a fuzzy anti-norm 𝑉 satisfying (N°6). 

Define  

‖𝑥‖𝛼
∗ =  inf { 𝑡 > 0 : N°(𝑥, 𝑡)  < 𝛼, 𝛼 ∈ (0,1]} 

 

Lemma 7(4) 

If  (𝑉, N°) be a Fa-NLS. ∀ 𝛼 ∈  (0,1]  and 𝑥 ∈ 𝑉 . 

Then we have  

  (𝑖) ‖𝑥‖𝛼1
∗ ≥ ‖𝑥‖𝛼2

∗    for  0 <  𝛼1 < 𝛼2 ≤ 1, 

(𝑖𝑖) ‖𝑐𝑥‖𝛼
∗ =  |𝑐|‖𝑥‖𝛼

∗   , ∀ 𝑐. 
(𝑖𝑖𝑖) ‖𝑥 + 𝑦‖𝛼

∗ ≤  ‖𝑥‖𝛼
∗ + ‖𝑦‖𝛼

∗  . 

 

Theorem 8(4)  

If  (𝑉, N°) be a Fa-NLS. Then {‖𝑥‖𝛼
∗ : 𝛼 ∈ (0,1]} is 

a decreasing family of norms on 𝑉.  

 

Theorem 9(4) 

Let 𝑉 be a linear space and let { ‖𝑥‖𝛼
∗ : 𝛼 ∈ (0,1]} 

be a decreasing family of norms on 𝑉. Now define a 

function  𝑁1
°: 𝑉 x 𝑅 → 𝐼 as 

 N1
° (𝑥, 𝑡) =

{
  inf{𝛼 ∈ (0,1]: ‖𝑥‖𝛼

∗  ≤ 𝑡}       if  (𝑥, 𝑡) ≠ 0        

1                                                     if  (𝑥, 𝑡) = 0     
 

 (i)  𝑁1 
°  is a fuzzy anti-norm on 𝑉 . 

 (ii) ∀ 𝑥 ∈  𝑉, ∃𝑟 =  𝑟 (𝑥)  >  0  such that 

𝑁1 
° (𝑥, 𝑡) = 1. 

Definition 10 (11) 

 Let (𝑉, N°) be a Fa-NLS. A sequence {𝑥𝑛} in 𝑉 is 

said to be convergent to 𝑥  ∈ 𝑉  if given  

 𝑡 > 0  , 𝑟 ∈ (0,1) there exists an integer 𝑛 0 ∈  𝑁  
such that N° (𝑥 𝑛 − 𝑥, 𝑡) < 𝑟 , for all  𝑛 ≥ 𝑛 0.  

Theorem 11(4)  

Let (𝑉, N°) be a Fa-NLS. A sequence {𝑥𝑛 } 

converges to  𝑥 ∈   𝑉  iff lim𝑛→∞ N°(𝑥 𝑛 − 𝑥, 𝑡) =
0, ∀𝑡 > 0. 
Definition 12(11)  

Let (𝑉, N°) be a Fa-NLS. A sequence {𝑥𝑛} in 𝑉 is 

said to be a Cauchy sequence if given 𝑡 > 0 

 𝑟 ∈ (0,1), ∃ an integer 𝑛 0 ∈  𝑁  such that   

N°(𝑥 𝑛+𝑝 − 𝑥𝑛, 𝑡) < 𝑟, ∀ 𝑛 ≥ 𝑛 0, 𝑝 = 1,2, … . 

 

 

Theorem 13(4) 

Let (𝑉, N°) be a Fa-NLS, {𝑥𝑛} is a Cauchy 

sequence in 𝑉 iff 

lim
𝑛→∞

N°(𝑥 𝑛+𝑝 − 𝑥𝑛 , 𝑡)  =  0, p = 1,2,3, …  and 𝑡 

>  0. 
Theorem 14(4)  

If a sequence {𝑥𝑛} in a Fa-NLS (𝑉, N°) is 

convergent, its limit is unique.  

Theorem 15(4) 

Let (𝑉, N°) be a Fa-NLS every subsequence of a 

convergent sequence converges to the limit of 

sequence. 

Theorem 16(4) 

If (𝑉, N°) be a Fa-NLS then every convergent 

sequence is a Cauchy sequence. 

Definition 17(4) 

 Let (𝑉, N°) be a Fa-NLS. A subset 𝑈 of 𝑉 is said to 

be closed set if for any sequence {𝑥𝑛} in 𝑈 

converges to 𝑥 in 𝑈, i.e. lim𝑛→∞ N°(𝑥 𝑛 − 𝑥, 𝑡)  =
0,  ∀𝑡 > 0 implies that  𝑥 ∈ 𝑈. 

Definition 18(4)  

Let (𝑉, N°) be a Fa-NLS. A subset 𝐴 of 𝑉 is said to 

be the closure of 𝑈 if ∀ 𝑥 ∈  𝐴 , ∃ a sequence {𝑥𝑛} 

in 𝑈 such that𝑙𝑖𝑚𝑛→∞ 𝑁°  (𝑥 𝑛 − 𝑥, 𝑡)  = 0  

∀𝑡 ∈ 𝑅+  ,we denote the set 𝐴 by �̅� . 

Definition 19(4)  

A subset 𝐴 of a Fa-NLS is said to be bounded iff 

there exist 𝑡 > 0  and 0 < 𝑟 < 1 such that 

 N° (𝑥, 𝑡) < 𝑟, ∀𝑥 ∈ 𝐴. 

 Definition 20(4)  

If (𝑉, N°) be a Fa-NLS. Then a subset 𝐹 of a Fa-

NLS is compact if any sequence {𝑥𝑛} in 𝐹 has a 

subsequence converging to an element of 𝐹.  

Theorem 21 (4) 

If (𝑉,N°) be a Fa-NLS. Then Every Cauchy 

sequence 𝐹  in (𝑉, N°) is bounded.   

 

Finite dimensional fuzzy anti-normed linear 

space 

            In this section we prove the following 

lemma which plays the key role in studying the 

properties of finite dimensional fuzzy anti-normed 

linear spaces. Then, some properties of finite 

dimensional fuzzy anti- normed linear spaces will 

be proved. 

Lemma 22 

Let (𝑉, N°) be a fuzzy anti-normed linear space 

with the underlying t-co-norm ∘ continuous at (0 , 

0) and {𝑥1, 𝑥2, ......., 𝑥𝑛} be a linearly independent 

set of vectors in 𝑉. Then ∃ c > 0 and 𝛿 ∈ (0,1)  

such that for any set of scalars {𝛼1, 𝛼2, ........, 𝛼𝑛}; 

N° (𝛼1𝑥1 + 𝛼2𝑥2 + ....... +𝛼𝑛𝑥𝑛, 𝑐 ∑ |𝛼𝑗|𝑛
𝑗=1  ) > 𝛿      

… (1) 
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Proof. 

  Let 𝑠 = |𝛼1| + |𝛼2| + ...... + |𝛼𝑛|. If 𝑠 = 0  then  

𝛼𝑗 = 0 ∀ 𝑗 = 1,2, … . , 𝑛 and the relation (1) holds 

for any c > 0 and 𝛿 ∈ (0,1).  
Next we suppose that  𝑠 > 0. Then (1) is equivalent 

to   

  N° (β1𝑥1 +β2𝑥2 + ⋯ + β𝑛𝑥𝑛,  ) > 𝛿        … (2)      

for some 𝑐 > 0 and 𝛿 ∈ (0,1), and for all scalars β’s 

with ∑ |β𝑗|𝑛
𝑗=1 = 1. 

 If possibly suppose that (2) does not hold, thus for 

each 𝑐 > 0  and 𝛿 ∈ (0,1), ∃ a set of scalars {β1, 

β2, ......., β𝑛} with ∑ |β𝑗| = 1𝑛
𝑗=1  for which  

N° (β1𝑥1 + β2𝑥2 + ....... + β𝑛𝑥𝑛, 𝑐) ≤  𝛿 .                           

Then for 𝑐 = 𝛿 =  
1 

𝑚
 , 𝑚 = 1,2, … ., ∃ a set of 

scalars {𝛽1
(𝑚)

 , 𝛽2
(𝑚)

 , ......., 𝛽𝑛
(𝑚)

} with 

∑ |𝛽𝑗
(𝑚)

|𝑛
𝑗=1 = 1 such that N° (𝑦𝑚 , 

1 

𝑚
 )  ≤  

1 

𝑚
   

where  

𝑦𝑚 = 𝛽1
(𝑚)

 𝑥1 + 𝛽2
(𝑚)

 𝑥2 + ..... +𝛽𝑛
(𝑚)

 𝑥𝑛.                              

 Since ∑ |𝛽𝑗
(𝑚)

|𝑛
𝑗=1 = 1, we have 0 ≤ |𝛽𝑗

(𝑚)
 | ≤ 1 

for 𝑗 = 1,2, … . , 𝑛. So for each fixed  𝑗  the sequence 

{𝛽𝑗
(𝑚)

 } is bounded and hence {𝛽1
(𝑚)

 } has a 

convergent subsequence .Say that β1 denote the 

limit of that subsequence and {y1,𝑚 } will represent 

the subsequence corresponding to {y𝑚}. Using a 

similar argument {y1,𝑚} has a subsequence {y2,𝑚} 

for which the corresponding subsequence of scalars 

{𝛽2
(𝑚)

 } converges to β2 (say). Continuing in this 

way, after 𝑛 steps we obtain a subsequence {y𝑛,𝑚} 

where 

  

y𝑛,𝑚 =  ∑ 𝛾𝑗
(𝑚)𝑛

𝑗=1  𝑥𝑗   with   ∑ |𝛾𝑗
(𝑚)

|𝑛
𝑗=1 = 1 and  

𝛾𝑗
(𝑚)

 → β𝑗      as  𝑚 → ∞. 

 

Let  y = β1𝑥1 + β2𝑥2 + ....... + β𝑛𝑥𝑛. Thus we have  

lim𝑚→∞ N° (y𝑛,𝑚 − 𝑦, 𝑡) = 0          ∀ 𝑡 > 0   … (3)  

                          

Now for 𝑘 > 0, choose 𝑚  such that  
1 

𝑚
< 𝑘 . We 

have 

N° (y𝑛,𝑚, 𝑘) = N° (y𝑛,𝑚 + 0 , 
1 

𝑚
+ 𝑘 − 

1 

𝑚
 ) 

≤   N° (y𝑛,𝑚 , 
1 

𝑚
 ) ∘  N° ( 0 , 𝑘 − 

1 

𝑚
 ) 

≤    
1 

𝑚
  ∘  N° ( 0 , 𝑘 − 

1 

𝑚
 ).  

i.e.   N° (y𝑛,𝑚 , k)  ≤   
1 

𝑚
  ∘  N° ( 0 , 𝑘 − 

1 

𝑚
 ). 

i.e.  lim
𝑚→∞

N° (y𝑛,𝑚 , k)  ≤  
1 

𝑚
. 

 i.e. 

lim
𝑚→∞

N° (y𝑛,𝑚, 𝑘) = 0.                      … (4)                                              

Now  

N°(𝑦, 2𝑘) = N° (y − y𝑛,𝑚+ y𝑛,𝑚 , 𝑘 + 𝑘) ≤ N° 

(y − y𝑛,𝑚 , k) ° N° (y𝑛,𝑚 , 𝑘) 

⇒ N° (y , 2𝑘) ≤  lim
𝑚→∞

 N° (𝑦−y𝑛,𝑚 , 𝑘)  ∘  lim
𝑚→∞

N° 

(y𝑛,𝑚 , 𝑘) 

 (by the continuity of t-co-norm ∘ at (0, 0)).  

⇒ N° (y , 2𝑘) ≤   0 ∘ 0       by (3) & (4)  
⇒ N° (y , 2𝑘) = 0 ∘ 0 = 0.  

Since 𝑘 > 0  is arbitrary, by (N°2) it follows 

that 𝑦 = 0. Again since  

∑ |𝛽𝑗
(𝑚)

|𝑛
𝑗=1 = 1 and {𝑥1, 𝑥2, ......., 𝑥𝑛} are linearly 

independent set of vectors, so  

𝑦 = β1𝑥1 + β2𝑥2 + ....... +β𝑛𝑥𝑛 ≠ 0.  

Thus we arrive at a contradiction and the lemma is 

proved. 

 

Theorem 23 
Every finite dimensional fuzzy anti- normed linear 

space (𝑉, N°) with the continuity of the 

underlying t-co-norm ∘ at (0,0) is complete. 

  

Proof. 

 Let (𝑉, N°) be fuzzy anti- normed linear space and 

let dim 𝑉 = 𝑘. Let {𝑒1, 𝑒2, …, 𝑒𝑘} be a basis for 𝑉 

and {𝑥𝑛} be a Cauchy sequence in 𝑉. Let 

                𝑥𝑛 = 𝛽1
(𝑛)

𝑒1 + 𝛽2
(𝑛)

 𝑒2 + ..... + 𝛽𝑘
(𝑛)

 𝑒𝑘         

                

where  𝛽1
(𝑛)

 , 𝛽2
(𝑛)

 , ....., 𝛽𝑘
(𝑛)

 are suitable scalars. So  

lim
𝑚,𝑛→∞

N° ( 𝑥𝑚 −  𝑥𝑛, 𝑡) = 0          ∀ 𝑡 > 0      ... (5)  

                                       

Now from lemma 22, it follows that  ∃ 𝑐 > 0  
and 𝛿 ∈ (0,1) such that 

N° (∑ (𝛽𝑖
(𝑚)𝑘

𝑖=1 − 𝛽𝑖
(𝑛)

)𝑒𝑖 , 𝑐 ∑ |𝛽𝑖
(𝑚)

−𝑘
𝑖=1   𝛽𝑖

(𝑛)
| 

> 𝛿.       … (6)                       

 

Again for  0 < 𝛿 < 1 , from (5), it follows that ∃ a 

positive integer  𝑛0,  

 0 < 𝑛0 (δ, 𝑡) such that  

N° (∑ (𝛽𝑖
(𝑚)𝑘

𝑖=1 − 𝛽𝑖
(𝑛)

) 𝑒𝑖, 𝑡) < 𝛿      ∀ 𝑚, 𝑛 ≥ 𝑛0 

(δ, 𝑡)               ...(7)                                 

      

Now from (6) and (7), we have  

N° (∑ (𝛽𝑖
(𝑚)𝑘

𝑖=1 − 𝛽𝑖
(𝑛)

) 𝑒𝑖 , 𝑡) 

< 𝛿 < N° (∑ (𝛽𝑖
(𝑚)𝑘

𝑖=1 − 𝛽𝑖
(𝑛)

)𝑒𝑖 , 𝑐 ∑ |𝛽𝑖
(𝑚)𝑘

𝑖=1   − 

𝛽𝑖
(𝑛)

| )                
     ∀ 𝑚, 𝑛 ≥ 𝑛0(𝛿, 𝑡)  

  ⇒ 𝑐 ∑ |𝛽𝑖
(𝑚)𝑘

𝑖=1 −   𝛽𝑖
(𝑛)

| > 𝑡    ∀ 𝑚, 𝑛 ≥ 𝑛0(𝛿, 𝑡)     

( since N° (𝑥, .) is non-increasing in 𝑡).  

  ⇒ ∑ |𝛽𝑖
(𝑚)𝑘

𝑖=1  − 𝛽𝑖
(𝑛)

| >  
𝑡 

𝑐
   ∀ 𝑚, 𝑛  ≥ 𝑛0(𝛿, 𝑡) 

   ⇒ |𝛽𝑖
(𝑚)

  − 𝛽𝑖
(𝑛)

| >  
𝑡 

𝑐
     ∀ 𝑚, 𝑛 ≥ 𝑛0(𝛿, 𝑡)    and 

𝑖 = 1,2, … , 𝑘.  
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Since 𝑡 > 0 is arbitrary, from above we have, 

lim𝑛,𝑚→∞ |𝛽𝑖
(𝑚)

  −  𝛽𝑖
(𝑛)

| = 0     for  𝑖 = 1,2, … , 𝑘. 

⇒ {𝛽𝑖
(𝑛)

 } is a Cauchy sequence of scalars for each  

𝑖 = 1,2, … , 𝑘.  

So each sequence {𝛽𝑖
(𝑛)

} converges.  

Let lim
𝑛→∞

 𝛽𝑖
(𝑛)

 = β𝑖  for 𝑖 = 1,2, … , 𝑘 and =

∑ β𝑖e𝑖
𝑘
𝑖=1  . Clearly  𝑥 ∈ 𝑉.  

Now ∀ 𝑡 > 0,  

N° ( 𝑥𝑛 − 𝑥 , 𝑡) = N° (∑ 𝛽𝑖
(𝑛)𝑘

𝑖=1 e𝑖 − ∑ β𝑖e𝑖
𝑘
𝑖=1 , 𝑡) 

= N°(∑ (𝛽𝑖
(𝑛)𝑘

𝑖=1 −β𝑖)e𝑖, 𝑡) 

i.e. 

 

 N°( 𝑥𝑛 − 𝑥, 𝑡) ≤  

               N°( e1,
𝑡

𝑘|𝛽1
(𝑛)

−β1|
)  ∘ N°( e2,

𝑡

𝑘|𝛽2
(𝑛)

−β2|
) ∘ … 

∘ N°( e𝑘 ,
𝑡

𝑘|𝛽𝑘
(𝑛)

−β𝑘|
)         …(8) 

     

When 𝑛 → ∞ then   
𝑡

𝑘|𝛽𝑘
(𝑛)

−β𝑘|
 → ∞  (since 𝛽𝑖

(𝑛)
 → 

β𝑖)  

  for 𝑖 = 1,2, … , 𝑘 and  ∀𝑡 > 0.  

 

From (8) we get, using the continuity of t-co-norm ∘ 

at (0 , 0),  

     lim
𝑛→∞

N° ( 𝑥𝑛 − 𝑥, 𝑡) ≤ 0 ∘ 0 ∘ … ∘ 0    ∀ 𝑡 > 0  

⇒ lim
𝑛→∞

N° ( 𝑥𝑛 − 𝑥 , 𝑡) = 0          ∀ 𝑡 > 0      

     ⇒  𝑥𝑛 → 𝑥  

     ⇒ 𝑉 is complete. 

 

Theorem 24 

Let (𝑉, N°) be a finite dimensional fuzzy 

anti- normed linear space in which the underlying t-

co-norm ∘ is continuous at (0,0). Then a subset 𝐴 

which is said to be compact if and only if 𝐴 is 

closed and bounded. 

 

Proof. 

  First we suppose that 𝐴 is compact. We 

have to show that 𝐴 is closed and bounded. Let 

 𝑥 ∈  �̅�. Then ∃ a sequence { 𝑥𝑛} in 𝐴 such that 

lim
𝑛→∞

N° ( 𝑥𝑛 − 𝑥, 𝑡) = 0   ∀ 𝑡 > 0   implies   𝑥 ∈ 𝐴 . 

Since 𝐴 is compact, ∃ a subsequence { 𝑥𝑛𝑘} of 

{ 𝑥𝑛} converges to a point in 𝐴. Again  

{ 𝑥𝑛} → 𝑥  so { 𝑥𝑛𝑘 } → 𝑥 and hence  𝑥 ∈ 𝐴. So 𝐴 

is closed. 

  If 𝐴 is not bounded. Then  ∃ 𝑟 =  𝑟0,  

0 <  𝑟0 < 1, such that for each positive integer n, 

 ∃ 𝑥𝑛  ∈  𝐴 such that N°( 𝑥𝑛 , 𝑛) ≥  𝑟0  . Since 𝐴 is 

compact, ∃ a subsequence { 𝑥𝑛𝑘 } of { 𝑥𝑛} 

converging to some element  𝑥 ∈ 𝐴. . Thus 

 lim
𝑘→∞

N° ( 𝑥𝑛𝑘 – 𝑥, 𝑡) = 0  ∀ 𝑡 > 0. Also N° ( 𝑥𝑛𝑘, 

 𝑛𝑘) ≥  𝑟0.         

 Now  

 𝑟0 ≤ N° ( 𝑥𝑛𝑘 ,  𝑛𝑘)  = N° ( 𝑥𝑛𝑘 −  𝑥 +  𝑥 ,  𝑛𝑘 −
𝑡 +  𝑡)     where 𝑡 > 0         
⇒  𝑟0 ≤ N° ( 𝑥𝑛𝑘 −  𝑥 , 𝑡) ∘ N° (𝑥 ,  𝑛𝑘 −𝑡)   

  ⇒  𝑟0 ≤ lim
𝑘→∞

 N° ( 𝑥𝑛𝑘 − 𝑥 , 𝑡) ∘ lim
𝑘→∞

 N° (𝑥 ,  𝑛𝑘 

− 𝑡)  

⇒   𝑟0 ≤  0 ∘ 0 = 0   (using the continuity of t-co-

norm at (0 , 0))    
  ⇒  𝑟0 ≤ 0  which is a contradiction. Hence 𝐴 is 

bounded.  

Conversely suppose that 𝐴 is closed and 

bounded and we have to show that 𝐴 is compact. 

Let dim 𝑉 = 𝑛  and { 𝑒1, 𝑒2, .......,  𝑒𝑛} be a basis 

for 𝑉. Choose a sequence { 𝑥𝑘} in 𝐴 and suppose 

 𝑥𝑘 = 𝛽1
(𝑘)

𝑒1+𝛽2
(𝑘)

𝑒2+.....+𝛽𝑛
(𝑘)

𝑒𝑛  where  𝛽1
(𝑘)

 , 𝛽2
(𝑘)

 

, ....., 𝛽𝑛
(𝑘)

 are scalars. Now from Lemma 22, 

∃𝑐 > 0 and 𝛿 ∈ (0,1)  such that  

N°(∑ 𝛽𝑖
(𝑘)

 𝑒𝑖
𝑛
𝑖=1 , 𝑐 ∑ |𝛽𝑖

(𝑘)
| )𝑛

𝑖=1   > 𝛿.         … (9)                          

 Again since A is bounded, for δ ∈ (0 , 1) such that 

N°(𝑥, 𝑡) < δ  ∀ 𝑥 ∈ 𝐴. So  

N° (∑ 𝛽𝑖
(𝑘)

  𝑒𝑖
𝑛
𝑖=1 , 𝑡) < 𝛿.                            … (10)   

                                

 From (9) and (10) we get, 

   N°(∑ 𝛽𝑖
(𝑘)

  𝑒𝑖
𝑛
𝑖=1 , 𝑐 ∑ |𝛽𝑖

(𝑘)
| )𝑛

𝑖=1   > 𝛿 >

 N° (∑ 𝛽𝑖
(𝑘)

  𝑒𝑖
𝑛
𝑖=1 , 𝑡)    

   N°(∑ 𝛽𝑖
(𝑘)

  𝑒𝑖
𝑛
𝑖=1 , 𝑐 ∑ |𝛽𝑖

(𝑘)
| ) >𝑛

𝑖=1

 N° (∑ 𝛽𝑖
(𝑘)

  𝑒𝑖
𝑛
𝑖=1 , 𝑡)  

⇒ 𝑐 ∑ |𝛽𝑖
(𝑘)

|  >  𝑡𝑛
𝑖=1      (since  N°(𝑥, .)  is non-

increasing) 

⇒ ∑ |𝛽𝑖
(𝑘)

|  >  
𝑡

𝑐
𝑛
𝑖=1  

⇒ |𝛽𝑖
(𝑘)

|  ≥  
𝑡

𝑐
   for  𝑘 = 1,2, … and 𝑖 = 1,2, … , 𝑛.  

So each sequence {𝛽𝑖
(𝑘)

} and (𝑖 = 1,2, … , 𝑛) is 

bounded. By repeated applications of Bolzano-

Weierstrass theorem, it follows that each of the 

sequences {𝛽𝑖
(𝑘)

} has a convergent subsequence say 

{𝛽𝑖
(𝑘𝑙)

 },  ∀𝑖 = 1,2, … , 𝑛. Let  

  𝑥𝑘𝑙 = 𝛽1
(𝑘𝑙)

𝑒1 + 𝛽2
(𝑘𝑙)

𝑒2 + ..... +𝛽𝑖
(𝑘𝑙)

𝑒𝑛                                   

and {𝛽1
(𝑘𝑙)

}, {𝛽2
(𝑘𝑙)

}, ......., {𝛽𝑖
(𝑘𝑙)

} are all 

convergent. Let  

𝛽𝑖 = lim
𝑙→∞

 𝛽𝑖
(𝑘𝑙)

 ,  𝑖 = 1,2, … , 𝑛   and  𝑥 =  β1𝑒1 +  

β2𝑒2 +  ..... +β𝑛𝑒𝑛.                

 Now for 𝑡 > 0 we have  

N°(𝑥𝑘𝑙 − 𝑥, 𝑡) = N°(∑ (𝛽𝑖
(𝑘𝑙)

− 𝛽𝑖)𝑒𝑖
𝑛
𝑖=1 , 𝑡)          

≤ N°( 𝑒1,
𝑡

𝑛|𝛽1
(𝑘𝑙)

−β1|
) °··  ° N°( 𝑒𝑛,

𝑡

𝑛|𝛽𝑛
(𝑘𝑙)

−β𝑛|
) 
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⇒ lim
𝑙→∞

  N°(𝑥𝑘𝑙 − 𝑥, 𝑡)  ≤  0 ∘ 0 ∘ 0... ∘ 0          

(𝛽𝑖
(𝑘𝑙)

 → 𝛽𝑖 as 𝑙 → ∞) 

                        (using the continuity of t-co-norm ∘ 

at (0 , 0))  

⇒ lim
𝑙→∞

  N°(𝑥𝑘𝑙 − 𝑥, 𝑡) = 0.  

Since 𝑡 > 0  is arbitrary, it follows that  

lim
𝑙→∞

  N°(𝑥𝑘𝑙 − 𝑥, 𝑡) = 0 ⇒ lim
𝑙→∞

 𝑥𝑘𝑙 = 0.  

 i.e. {𝑥𝑘𝑙} is a convergent subsequence of {𝑥𝑘} and 

converges to  𝑥. Since 𝐴 is closed and {𝑥𝑘} is a 

sequence in 𝐴, it follows that 𝑥  ∈ 𝐴, thus every 

sequence in A has a convergent subsequence and 

converges to an element of 𝐴. Hence 𝐴 is compact. 

 
Conclusion 
       In this paper, properties of fuzzy anti-normed 

linear space are given and they are more effective to 

prove some properties of a finite dimensional fuzzy 

anti-normed linear space for instance, a finite 

dimensional fuzzy anti-normed linear space is 

complete, etc. For future work we may study and 

find some characterization of infinite dimensional 
fuzzy anti-normed linear space. 
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