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Abstract: 
     In this paper, the concept of normalized duality mapping has introduced in real convex modular spaces. 

Then, some of its properties have shown which allow dealing with results related to the concept of uniformly 

smooth convex real modular spaces. For multivalued mappings defined on these spaces, the convergence of a 

two-step type iterative sequence to a fixed point is proved. 
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Introduction 

    Nakano in 1950 (1) introduced the concept of a 

modular on a linear space and refined by Musielak 

and Orlicz in 1959 (2): 

Definition 1 Let 𝑀 be real linear space. A 

function𝛾:𝑀 → (0, ∞)is called modular if  

(i) 𝛾 (𝑣) = 0if and only if𝑣 =  0, 𝑣 ∈ 𝑀, ; 
(ii) 𝛾(𝛼𝑣) = 𝛼(𝑣)  for  𝛼 ∈𝐹 with |𝛼| =1, for 

all 𝑣 ∈ 𝑀, 𝛼 ∈ 𝑅; 
(iii) 𝛾(𝛼𝑣 +  𝛽𝑢) ≤ 𝛾(𝑣)+ 𝛾(𝑢) iff 𝛼 + 𝛽 =

1, 𝛼, 𝛽 ≥ 0, for all 𝑢, 𝑣 ∈ 𝑀. 

If (iii) replaced by  

     (iii)` 𝛾(𝛼𝑣 + 𝛽𝑢) ≤  𝛼𝛾(𝑣)+𝛽𝛾(𝑢), for 𝛼, 𝛽 ≥
0, 𝛼 + 𝛽 = 1, for all  𝑢, 𝑣 ∈𝑀 , then 𝛾 is called 

con𝑣ex modula  

Definition 2 (1) A corresponding modular 

space,  𝑀𝛾, defined by 𝛾 is 

𝑀𝛾 = {𝑣 ∈ 𝑀: 𝛾(𝛼𝑣) → 0 whenever 𝛼 → 0}. 
Many works can be found in (3-6). 

 

Definition 3 (7) The 𝛾-ball, 𝐵𝑟(𝑢)centered at 

𝑢 ∈ 𝑀𝛾with radius 𝑟 > 0as  

𝐵𝑟(𝑢) = {𝒗 ∈ 𝑀𝛾; 𝛾(𝑢 − 𝑣) < 𝑟}. 

      The collection of all 𝛾-balls in a modular 

space 𝑀𝛾 generates a locally convex Hausdorff 

topological linear space (7).  

  

Definition 4 (8) 

  (1) A sequence {𝑣𝑛} ⊂ 𝑀𝛾 is said to be 

(a)  𝛾-convergent to 𝑣 ∈  𝑀𝛾  and write 

𝑣𝑛

𝛾
→  𝑣    if 𝛾(𝑣𝑛 − 𝑣) → 0 as n→ ∞. 

(b)  𝛾ــ Cauchy whenever 𝛾(𝑣𝑛 − 𝑣𝑚) → 0 

as 𝑛 , 𝑚 → ∞. 

(2)  If any 𝛾ــ Cauchy sequence in 𝑀𝛾 is 𝛾ــ 

convergent then 𝑀𝛾 is called 𝛾ــ complete. 

(3)  If for any sequence {𝑣𝑛} ⊂𝐵 ⊂ 𝑀𝛾   is  𝛾ــ 

convergent to a point in 𝐵 then 𝐵 is called 𝛾ــ 

closed. 

(3) if any sequence { 𝑣𝑛 } ⊂𝐵 ⊂ 𝑀𝛾   has a    𝛾ــ 

convergent subsequence then 𝐵is called 𝛾ــ 

compact. 

               (4) if 𝑑𝑎𝑖𝑚𝛾(𝐵) = 𝑠𝑢𝑝{𝛾(𝑣 − 𝑢);  𝑣, 𝑢 ∈

𝐵} < ∞ then 𝐵is called 𝛾ــ bounded, where 

𝑑𝑎𝑖𝑚𝛾(𝐵) = 

is called the 𝛾ــ diameter of 𝐵. 

(5) The  distance between 𝑣 ∈ 𝑀𝛾  and 𝐵⊂ 𝑀𝛾 is 

𝛾(𝑣 − 𝐵) =inf {𝛾(𝑣 − 𝑢); 𝑢 ∈ 𝐵}. 

Definition 5 (8) Let 𝐴 , 𝐵 be two non – empty 

subsets in  2𝑀𝛾 then 𝐻𝛾 (𝐴, 𝐵) = 𝑚𝑎𝑥 { 

 𝑠𝑢𝑝𝑎Є𝐴γ(𝑎 –  𝐵 ), 𝑠𝑢𝑝𝑏Є𝐵 𝛾(𝑏 –  𝐴)} is  Hausdorff 

distance of 𝐴 and 𝐵. 
 

Directly,  the following lemma is obtained  

Lemma 1  Let 𝑀𝛾 be a modular space and (𝐴𝑛)and 

(𝐵𝑛) real sequences in 𝐶𝐵(𝑀𝛾).Then there is a 

sequence (𝑎𝑛) in 𝐴𝑛 ,( 𝑏𝑛)  in 𝐵𝑛 such that  
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 𝛾 (𝑎𝑛 −  𝑏𝑛 ) =  𝐻𝛾  ( 𝐴𝑛 , 𝐵𝑛 ) +  휀𝑛 

,𝑙𝑖𝑚𝑛→∞ ɛ𝑛   =  0  …                        (1) 

Definition 6 (9) A point 𝑥 ∈ 𝐴 is a fixed point of a 

multivalued 𝑇: 𝐴  2𝐴  ⇔ 𝑥𝑇(𝑥). If  𝑇is 

single-valued mapping, 𝑥is a fixed point⇔  𝑥 =
 𝑇(𝑥). 

Definition 7 (8) 𝑀𝛾 is called uniformly convex if 

for any 휀 > 0, there exists a () > 0, ∋ if 𝛾(𝑣) = 

𝛾(𝑢) = 1 and 𝛾(𝑣 − 𝑢)  휀, then 𝛾 (
1

2
(𝑣 + 𝑢)) ≤

1 − 𝛿.  

Definition 8 (8)  𝜇𝛾   is said to be strictly convex if 

𝑢 , 𝑣 ∈ 𝑆(𝑢)  with  𝛾 ( 𝑢 ) =  𝛾 ( 𝑣 ) =
 𝛾 ( ( 𝑢 + 𝑣 )/2 ),  Then   𝑢 = 𝑣  

Example 1:  Let  𝜇𝛾 = 𝑅𝑛   with convex modular  

𝛾 ( 𝑢 ) = ( ∑ 𝑢𝑖
2𝑛

𝑖=1  )
1/2

   , u = ( 𝑢1 , … ., 𝑢𝑛)   ∈ 

𝑅𝑛. Then 𝜇𝛾  is strictly convex.  

Example 2:   Let 𝜇𝛾 = 𝑅𝑛   with convex modular  

𝛾 ( 𝑢 ) =  ⎸𝑢1⎹ + ⋯ + ⎹ 𝑢𝑛⎹, 𝑢 = (𝑢1 , … , 𝑢𝑛) ∈ 

𝑅𝑛    Then 𝜇𝛾 is not strictly convex, since 𝑢 =
( 1, 0,0, … . ,0)  and 𝑣 = (0,1,0, … . ,0), implies that 

𝑢 ≠ 𝑣 , 𝛾(𝑢) = 1 = 𝛾(𝑣) but   𝛾 ( 𝑢 + 𝑣 ) = 2 

    Example 3:  Let  𝜇𝛾 = 𝑅𝑛  with convex 

modular 𝛾 ( 𝑢 ) =  max1≤𝑖≤𝑛| 𝑢𝑖 ⎹  𝑢 =
(𝑢1, … . , 𝑢𝑛 ) ∈ 𝑅𝑛. Then 𝜇𝛾   is         not strictly 

convex, let  𝑢 = ( 1, 0,0, … . ,0) and   𝑣 =
(1,1,0, … . ,0)and ≠ 𝑣 , 𝛾(𝑢) = 1 = 𝛾(𝑣),  

 but   𝛾 ( 𝑢 + 𝑣 ) = 2. 

 Now, consider  𝜇𝛾
∗  ={ ℎ ;  ℎ : 𝜇𝛾 → 𝑅 is bounded 

and linear}and 𝛾∗ : 𝜇𝛾
∗  → [−∞, ∞], 𝛾∗ (ℎ) = sup 

{|ℎ(𝑢)|:  𝑢 ∈  𝜇𝛾 , 𝛾 (𝑢) = 1 }                

 Proposition1 (8): (𝜇𝛾
∗  , 𝛾∗) is complete convex real 

modular, 𝜇𝛾
∗  is the dual space of 𝜇𝛾. 

     Recall the Hahn – Banach Theorem for linear 

spaces 

Theorem 1 (10):  Let 𝐶 be a subspace of linear 

space 𝜇, g a sublinear functional on 𝜇 and 𝑓 a linear 

functional on 𝐶 ∋  𝑓 (𝑢)  ≤  𝑔 (𝑢), ∀  𝑢 ∈ 𝐶   Then  

∃𝐹 ∋ 𝐹(𝑢) ≤ 𝑔 (𝑢),  𝑢 ∈  𝜇. 

Corollary 1: Let 𝐶 be a subspace of real modular 

space 𝜇𝛾  and 𝑓 a bounded linear functional on 𝐶 . 

Then there exists a bounded linear functional  𝐹 

defined on 𝜇𝛾 that is an extension of   𝑓  ∋

𝛾∗ ( 𝐹 ) =  𝛾 ⎸𝐶  ( 𝑓 ). 

Proof:  By Theorem1,∃, 𝐹 is a linear functional on 

𝜇𝛾  such that   𝐹 ( 𝑢) = 𝑓 (𝑢), ∀ 𝑢 ∈ 𝜇𝛾. 𝐹 (𝑢) 

≤ 𝑔 (𝑢) =  𝛾∗ (𝑓) 𝛾 ( 𝑢 ), ∀ 𝑢 ∈ 𝜇𝛾. So, 𝛾∗ (𝐹) = 

sup { |𝐹 (𝑢)|   ∶   𝛾 ( 𝑢 )  = 1 }  ≤  sup { |𝑔 (𝑢)|  ∶
  𝛾 ( 𝑢 )  = 1 }. 𝛾∗ (𝐹) = sup {|𝐹 (𝑢)|: 𝛾 ( 𝑢 )  =
1 }  ≤  sup{𝛾∗ (𝑓) 𝛾 ( 𝑢 ): 𝛾 ( 𝑢 )  = 1}.  𝛾∗ (𝐹) = 

sup {|𝐹 (𝑢)|: 𝛾 ( 𝑢 )  = 1 }  ≤   sup {𝛾∗ (𝑓): 

𝛾 ( 𝑢 )  = 1}, 

 thus , 𝛾∗ (𝐹)  ≤ 𝛾∗ (𝑓). But, 𝛾∗ (𝐹) ≥  𝛾∗ (𝑓) ⇒ 
𝛾∗ (𝐹) =  𝛾∗ (𝑓). 

       As a consequence 

Corollary 2:    Let 𝑢  be an element of a modular 

space  𝜇𝛾. Then ∃ ℎ  ∈  𝜇𝛾
∗   (ℎ ≠ 0) ∋ ℎ (𝑢 ) =

 𝛾∗ (ℎ)  𝛾 (𝑢 ) and 𝛾∗ (ℎ)  =  𝛾 (𝑢 ).  

Corollary 3:  Let 0 ≠ 𝑢 ⊂ 𝜇𝛾 then ∃𝑔 ∈ 𝜇𝛾
∗    

∋ 𝑔 (𝑢) =  𝛾 ( 𝑢)  and  𝛾∗ (𝑔) = 1.  

Proof:     By Corollary 2, g has a linear extension 

𝑔~ such that 𝛾∗( 𝑔~ ) =  𝛾∗ ( 𝑔 ) = 1. So,  𝑔~ 

(𝑢) = 𝑔 ( 𝑢 ) =  𝛾 (𝑢 ).  
    For more background in normed spaces, see (9-

11).  This paper is devoted to presenting several 

cases of the real modular spaces related to 

convexity and smooth convexity to be used in the 

study of the convergence for two types of iterative 

sequences. The concepts of 𝛾 -normalized duality 

and uniformly smooth convex mapping in the real 

convex modular spaces are presented with some 

interesting properties. Some important results 

concerning the 𝛾 − convergence of two-step 

iteration for multivalued mappings are established 

dealing with Lipschitzian strongly pseudo-

contractions and strongly pseudo-contractions.  

 

Normalized duality mappings 

     This section will include introducing many new 

definitions and facts in modular spaces. Starting 

with the concept of duality pairing. 

Definition 8:  A modular duality pairing, shortly, 

(𝛾  - duality pairing) is defined as  

⟨. |. ⟩ :  𝜇𝛾  ×  𝜇𝛾
∗  → 𝑅  ∋  ⟨𝑢|ℎ⟩  = ℎ( 𝑢 ), for all 𝑢 

∈  𝜇𝛾  and   ℎ ∈  𝜇𝛾
∗   

As a consequence of this definition, the following 

proposition achieved:   

Proposition 2:  Let ⟨. |. ⟩ be a 𝛾 – duality pairing on  

𝜇𝛾  ×  𝜇𝛾
∗   , then  

i- ⟨𝑎𝑢 + 𝑏𝑣|ℎ⟩   = 𝑎  ⟨𝑢|ℎ⟩ +  𝑏⟨𝑣|ℎ⟩   
ii- ⟨𝑢|𝑎ℎ1 + 𝑏 ℎ2⟩  = a  ⟨𝑢|ℎ1⟩  +  𝑏 ⟨𝑢|ℎ2⟩   
iii- ⟨𝑢|ℎ⟩ = 0    for all   𝑢 ∈  𝜇𝛾     ℎ = 0 

iv-  ⟨𝑢|ℎ⟩ = 0     for all   ℎ ∈  𝜇𝛾
∗       𝑢 = 0 

Definition 9: Let  𝜇𝛾
∗   be the dual of a modular 

space 𝜇𝛾 .Then ℎ : 𝜇𝛾  →   2𝜇𝛾
∗
  is said to be a 𝛾 –

normalized duality mapping if  𝐻(𝑢)  =  {ℎ ∈ 𝜇𝛾
∗  ∶

 < u ⎸h > =  γ2(u) =  𝛾∗2 (ℎ) }   

Theorem 2:  Let 𝜇𝛾 be a convex modular space and  

𝐻: 𝜇𝛾 →  2𝜇𝛾
∗
 be 𝛾 –normalized duality mapping. 

Then  

(i) 𝐻(0) =  {0} 

(ii) 𝐻(𝑢) is nonempty closed convex and bounded. 

Proof:  for (i)  ∀ 𝑢 ∈ 𝜇𝛾  , 𝐻(𝑢)  ⊆  𝜇𝛾
∗    𝐻(0) =

{ ℎ ∈  𝜇𝛾
∗ : ⟨𝑢|ℎ⟩  =  γ (u)2 =  γ∗ ( h)2} = {ℎ  ∈ 𝜇𝛾

∗  

: ⟨0|ℎ⟩  =  γ (0) =  γ∗ (h)}=  {0}. For part (ii), if 

𝑢 = 0 holds by part(i). If 𝑢 ≠ 0, then by Theorem 
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1, ∃𝑓 ∈  𝜇𝛾
∗   such that 

⟨𝑢|𝑓⟩  =  𝛾 ( 𝑢)  𝑎𝑛𝑑 𝛾∗ ( 𝑓) = 1 . Set ℎ= 𝛾 ( 𝑢) 𝑓 . 

Then ⟨𝑢|ℎ⟩  =  𝛾 (𝑢)⟨𝑢|𝑓⟩  = 𝛾 (𝑢)2  and  𝛾∗(ℎ) =
𝛾 (𝑢),  and it follows that 𝐻𝑢 ≠ 0, for each 𝑢 ≠ 0. 

Now, suppose 𝑓1,𝑓2  ∈ 𝐻(𝑢)  and  𝑡 ∈ (0,1),  

because ⟨𝑢|𝑓1⟩ =  𝛾 (𝑢) 𝛾∗(𝑓1 )  , 𝛾 (𝑢) = 𝛾∗(𝑓1 ) 

and ⟨𝑢|𝑓2⟩  =  𝛾 (𝑢) 𝛾∗ (𝑓2 )  , 𝛾 (𝑢) = 𝛾∗( 𝑓2 )    
 ⟨𝑢|𝑡𝑓1 + (1 − 𝑡)𝑓2⟩  ≤  𝛾∗(  𝑡 𝑓1 + (1 −
𝑡)𝑓2) 𝛾 (𝑢)   
                                  ≤ (t 𝛾∗(𝑓1 ) + (1 −
𝑡) 𝛾∗( 𝑓2 ) ) 𝛾 (𝑢)    
                                  =  𝛾2 (𝑢) 
Then 

𝛾2 (𝑢) ≤  γ (u) 𝛾∗(  𝑡 𝑓1 + (1 − 𝑡)𝑓2)  ≤
 𝛾2 (𝑢)and𝛾2 (𝑢) =  γ (u) 𝛾∗(  𝑡 𝑓1 + (1 − 𝑡)𝑓2) , 
i.e., 𝛾(𝑢) =  𝛾∗(  𝑡 𝑓1 + (1 − 𝑡)𝑓2). Thus, 

⟨𝑢|𝑡𝑓1 + (1 − 𝑡)𝑓2⟩  =  γ (u) 𝛾∗(  𝑡 𝑓1 +
(1 − 𝑡)𝑓2) 𝑎𝑛𝑑  𝛾(𝑢) =  𝛾∗(  𝑡 𝑓1 + (1 − 𝑡)𝑓2). 

This means that   

 𝑡𝑓1 + (1 − 𝑡)𝑓2 ∈ 𝐻(𝑢), so, 𝐻(𝑢) is a convex set. 
Let   ℎ ∈ 𝐻`(𝑢) (ℎ is accumulation Point of H(u))  , 

∃ {ℎ𝑛} a sequence in 𝐻(𝑢)   ∋   ℎ𝑛  → ℎ. The 

definition of  𝐻(𝑢) implies that ⟨𝑢|ℎ𝑛⟩  =  𝛾(𝑢)2 =
 γ∗(ℎ𝑛  )

2. By taking the limit ⇒ ⟨𝑢|ℎ⟩  =   𝛾(𝑢) =
  𝛾(ℎ). So, ℎ ∈ 𝐻(𝑢), then,  𝐻(𝑢) is closed set.  

Finally, since 𝛾(𝑢) = 𝑀 ≥ 0  and  𝛾 (ℎ)  ≤
𝑀   then 𝐻(𝑢) is bounded. 

Theorem 3: Let 𝜇𝛾 𝐻: 𝜇𝛾 →  2𝜇𝛾
∗
 be 𝛾 − 

normalized duality mapping. Then, if 𝜇𝛾
∗  is strictly 

convex space, 𝐻 is single-valued. 

Proof: Let 

ℎ1  , ℎ2  ∈ 𝐻(𝑢)  for 𝑢 ∈ 𝜇𝛾  . Then ⟨𝑢| ℎ1 ⟩ =

 𝛾∗2(ℎ1 )  =  𝛾2(𝑢) and ⟨𝑢|ℎ2  ⟩  =  𝛾∗2(ℎ2  ) =
 𝛾2(𝑢). Adding the above identities ⇒ 

⟨𝑢|ℎ1 + ℎ2  ⟩  = 2 𝛾2(𝑢) . Because of 2 𝛾2 (𝑢) =
 ⟨𝑢|ℎ1 + ℎ2  ⟩ ≤  𝛾(𝑢) 𝛾∗(ℎ1 + ℎ2  ).This implies 

that  𝛾∗(ℎ1  ) + 𝛾∗(ℎ2  ) = 2 𝛾(𝑢)  ≤  𝛾∗(ℎ1 +
ℎ2  ).    It now follows from the fact 𝛾∗ ( ℎ1 +
ℎ2  ) ≤  𝛾∗(ℎ1  ) + 𝛾∗(ℎ2  ) that   
 𝛾∗ ( ℎ1 + ℎ2  )  =  𝛾∗(ℎ1  ) + 𝛾∗(ℎ2  ). Because 𝜇𝛾

∗  

is strictly convex and  𝛾∗( ℎ1 + ℎ2  )  =  𝛾∗(ℎ1  ) +
𝛾∗(ℎ2  ) , then there exists 𝜆 ∈ 𝑅 such that ℎ1 =
 𝜆ℎ2  . Because ⟨𝑢| ℎ2 ⟩ =   ⟨𝑢| ℎ1 ⟩  =  ⟨𝑢|𝜆 ℎ2 ⟩   =
 𝜆 ⟨𝑢| ℎ2 ⟩, this implies that 𝜆 = 1 and hence 

ℎ1 =  ℎ2  . Therefore, 𝐻 is single-valued. 

   Let 𝜕𝐶 be the boundary 𝐶 subset of  𝜇𝛾, 𝑆𝜇𝛾 be 

the unit sphere of  𝜇𝛾 and 𝑆𝜇𝛾 = {𝑢 ∈ 𝜇𝛾 ∶  𝛾(𝑢) =

1}. 
Definition 10:  𝜇𝛾 is said to be smooth if for each 

𝑢 ∈ 𝑆𝜇𝛾 , there exists a unique functional  ℎ𝑥  ∈  𝜇𝛾
∗   

∋ ⟨𝑢| ℎ𝑥 ⟩  =  𝛾 (𝑢)  and 𝛾 (ℎ𝑥) = 1. 
Theorem 4:   𝜇𝛾 is smooth, if  𝜇𝛾

∗  is strictly convex 

and it is strictly convex if 𝜇𝛾
∗   is smooth. 

Proof: If 𝜇𝛾  is not smooth, then ∃𝑢0 ∈ 𝑆𝜇𝛾 , and 

two functional 𝑢∗  ≠  𝑣∗ in 𝑆𝜇𝛾
∗  with 𝑢∗(𝑢0 ) =

𝑣∗(𝑢0 ) = 1  but this means that 𝛾 (𝑢∗ +  𝑣∗)  ≥
(𝑢∗ +  𝑣∗)(𝑢0 ) = 2  which implies that 𝜇𝛾 

∗  is not 

strictly convex. If 𝜇𝛾 is not strictly convex then 

there exists 𝑢 ≠ 𝑣  in 𝑆𝜇𝛾   so that 𝛾 (𝜆 𝑢 +
( 1 −  𝜆)𝑣 ) = 1, for all 0 ≤  𝜆 ≤ 1. Let 𝑢∗  ∈  𝑆𝜇𝛾

∗   

such that 𝑢∗  (
𝑢+𝑣

2
 ) = 1. Which implies that 

𝑢∗(𝑢) =  𝑢∗ (𝑣) = 1, which by viewing 𝑢 and 𝑣 to 

be elements in 𝜇𝛾
∗∗, implies that 𝜇𝛾

∗ is not smooth. 

Definition 11:  Let 𝜇𝛾 be 𝜑: 𝜇𝛾 → (−∞, ∞] a 

function. Then the limit 

lim
𝑡→0

𝜑(𝑢 + 𝑡𝑣) − 𝜑(𝑢)

𝑡

= 𝑖𝑛𝑓𝑡>0

𝜑(𝑢 + 𝑡𝑣) − 𝜑(𝑢)

𝑡
  

                if it exists, is called a  𝛾 -directional 

derivative of 𝜑 at 𝑢 ∈ 𝜇𝛾 in the direction  𝑣 ∈ 𝜇𝛾, it 

is denoted by 𝜑,(𝑢, 𝑣).   
                The function 𝜑 is called 𝛾 - Gateaux 

differentiable at a point 𝑢 ∈ 𝜇𝛾 if there exists a 

continuous linear functional ℎ 

                on 𝜇𝛾 such that ⟨𝑣|ℎ⟩ =  𝜑,(𝑢, 𝑣) for all 

∈ 𝜇𝛾 . The element  ℎ denoted by 𝜑,(𝑢)𝑜𝑟 𝜑(𝑢). 

From the definition of 

   𝛾-Gateaux derivative of  𝜑 that 

(i) 𝜑,(𝑢)(0) = 0, 

(ii) 𝜑,(𝑢)(𝜆𝑣) = 𝜆 lim𝑛→∞
𝜑(𝑢+𝑡𝜆𝑣)−𝜑(𝑢)

𝑡
=

𝜆𝜑,(𝑢)(𝑣) 𝑓𝑜𝑟 𝑎𝑙𝑙  𝜆 ∈ 𝑅 

        Remark 1:  If the function 𝜑 is 𝛾 -Gateaux 

differentiable at 𝑢 ∈ 𝜇𝛾 , then there exists ℎ =

𝜑,(𝑢) ∈ 𝜇𝛾∗ such that 

𝑑

𝑑𝑡 
𝜑(𝑢 + 𝑡𝑣)⎸𝑡=0 ⟨𝑣|𝜑,(𝑢)⟩ = ⟨𝑣|ℎ⟩   for all 𝑣

∈ 𝜇𝛾  . 

The function 𝜑 is said to be 𝛾-Frechet differentiable 

at a point 𝑢 ∈ 𝜇𝛾 if there exists a continuous linear 

functional 

                  ℎ on 𝜇𝛾 such that 

lim
𝛾(𝑣)→0

|𝜑(𝑢 + 𝑣) − 𝜑(𝑢) − ⟨𝑣|ℎ⟩|

𝛾(𝑣)
= 0 

Definition 12:  Let 𝜇𝛾 be a convex real modular 

space. Then a function 𝜌𝜇𝛾: 𝑅+ → 𝑅+is said to be 

the modulus of smoothness of 𝜇𝛾 if 

𝜌𝜇𝛾(𝑡) = sup{
𝛾(𝑢+𝑣)+𝛾(𝑢−𝑣)

2
− 1: 𝛾(𝑢) =

1, 𝛾(𝑣) = 𝑡}   

= sup {
𝛾(𝑢+𝑡𝑣)+𝛾(𝑢−𝑡𝑣)

2
− 1: 𝛾(𝑢) = 𝛾(𝑣) =

1} , 𝑡 ≥ 0   

Theorem 5:  Let 𝜇𝛾 be a convex real modular 

space. Then: 
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(a)  𝜌𝜇𝛾∗(𝑡) = sup { 
𝑡𝜀

2
− 𝛿𝜇𝛾(휀): 0 ≤

휀 ≤ 2} for all 𝑡 > 0. 

(b)  𝜌𝜇𝛾(𝑡) = sup { 
𝑡𝜀

2
− 𝛿𝜇𝛾∗(휀): 0 ≤ 휀 ≤

2}  for all 𝑡 > 0. 

Proof (a):  By the definition of modulus of 

smoothness of 𝜇𝛾∗ , the following holds 

2𝜌𝜇𝛾∗(𝑡) = sup {𝛾∗(𝑢∗ + 𝑡𝑣∗) + 𝛾∗(𝑢∗ − 𝑡𝑣∗) −

2 ∶ 𝑢∗, 𝑣∗ ∈ 𝑆𝜇𝛾∗}   

= sup { ⟨𝑢|𝑢∗⟩ + 𝑡⟨𝑢|𝑣∗⟩ + ⟨𝑣|𝑢∗⟩ − 𝑡⟨𝑣|𝑣∗⟩ −
2: 𝑢, 𝑣 ∈ 𝑆𝜇𝛾  , 𝑢∗, 𝑣∗ ∈ 𝑆𝜇𝛾∗}  

= sup {𝛾(𝑢 + 𝑣) + 𝑡 𝛾(𝑢 − 𝑣) − 2: 𝑢, 𝑣 ∈ 𝑆𝜇𝛾}  

= sup{𝛾(𝑢 + 𝑣) + 𝑡휀 − 2: 𝑢, 𝑣 ∈ 𝑆𝜇𝛾  , 𝛾(𝑢 − 𝑣) =

휀, 0 ≤ 휀 ≤ 2 }   
= sup{ 𝑡휀 − 2𝛿𝜇𝛾(휀):  0 ≤ 휀 ≤ 2}.  

(𝒃) Obtained in the same manner. 

  

Definition 13:  A convex real modular space 𝜇𝛾 is 

said to be uniformly smooth if  𝜌′𝜇𝛾(0) =

lim𝑡 →0
𝜌𝜇𝛾(𝑡)

𝑡
= 0. 

Theorem 6: Every uniformly smooth convex real 

modular space 𝜇𝛾 is smooth.  

Proof: Suppose that 𝜇𝛾 is not smooth. Then there 

exists 𝑢 ∈ 𝜇𝛾\{0}, and ℎ, 𝑔 ∈ 𝜇𝛾∗ ∋ ℎ ≠ 𝑔,

𝛾(ℎ) = 

𝛾(𝑔) = 1 and ⟨𝑢|ℎ⟩ = ⟨𝑢|𝑔⟩ = 𝛾(𝑢).  Let 𝑦 ∈ 𝜇𝛾 

such that 𝛾(𝑣) = 1 𝑎𝑛𝑑 ⟨𝑣|ℎ − 𝑔⟩ > 0.  
For each 𝑡 > 0, 0 < 𝑡⟨𝑣|ℎ − 𝑔⟩ = 𝑡⟨𝑣|ℎ⟩ − 𝑡⟨𝑣|𝑔⟩ 

=
⟨𝑢+𝑡𝑣|ℎ⟩⟨𝑢−𝑡𝑣|𝑔⟩

2
− 1 ≤

𝛾(𝑢+𝑡𝑣)+𝛾(𝑢−𝑡𝑣)

2
− 1,  

And it follows that  0 < ⟨𝑣|ℎ − 𝑔⟩ ≤
𝜌𝜇𝛾(𝑡)

𝑡
 , for 

each 𝑡 > 0. Hence  𝜇𝛾   is not uniformly smooth. 

Definition 14: Let 𝜇𝛾 be a convex real modular 

space. Then the modular 𝛾 of 𝜇𝛾 is 𝛾 - Gateaux 

differentiable at a point 𝑢0 ∈ 𝑆𝜇𝛾 if for 𝑣 ∈ 𝑆𝜇𝛾 

                 
𝑑

𝑑𝑡
  ( 𝛾 (𝑢0 + 𝑡𝑣 ))⎹ 𝑡=0  =

 lim𝑡→0
𝛾(𝑢0+𝑡𝑣 )− 𝛾 ( 𝑢0 )

𝑡
   

Corollary 4: Let 𝜑: 𝜇𝛾 → (−∞, ∞] be a proper 

convex function. Then 𝜑 is 𝛾 -G𝑎teaux 

differentiable at 𝑢 ∈ 𝑖𝑛𝑡(𝑑𝑜𝑚(𝜑)) ⇔it has a 

unique subgradient 𝜕𝜑(𝑢) = {𝜑,(𝑢)}, i.e,  
𝑑

𝑑𝑡
 𝜑(𝑢 + 𝑡𝑣)⎸𝑡=0 = ⟨𝑣|𝜕𝜑(𝑢)⟩ = ⟨𝑣|𝜑,(𝑢)⟩ for 

all 𝑣 ∈ 𝜇𝛾 .  

Theorem 7:  𝜇𝛾 is smooth ⇔𝛾 is 𝛾 -G𝑎teaux 

differentiable on 𝜇𝛾\{0}.  

Proof: Since 𝜑 is a proper convex continuous 

function, 𝛾 is 𝛾 -G𝑎teaux differentiable if and only 

if it has a unique subgradient, 𝛾 is 𝛾 -G𝑎teaux 

differentiable at 𝑢  

⇔ 𝜕 𝛾(𝑢) = { ℎ ∈  𝜇𝛾 
∗ ∶  ⟨𝑢|ℎ⟩  =  𝛾(𝑢), 𝛾∗ (𝑢) =

1} is singleton 

⇔  there exists  a unique ℎ ∈  𝜇𝛾 
∗  such that 

 ⟨𝑢| ℎ⟩ = 𝛾 (𝑢) 𝑎𝑛𝑑 𝛾∗ (ℎ) = 1  

⇔  smooth. 

Proposition 2: Let ( 𝜇𝛾 , 𝛾)  be a smooth space of 

𝜇𝛾, suppose one of the following holds: 

(1)  𝐻 is uniformly continuous on a 

bounded subset of 𝜇𝛾  

(2) ⟨𝐻 (𝑢) − 𝐻(𝑣)| 𝑢 − 𝑣⟩ =  ≤
 𝛾 ( 𝑢 − 𝑣)2, ∀𝑢 , ∀ 𝑣 in 𝜇𝛾  

(3)  For any bounded subset 𝐷 of 𝜇𝛾 

∋ ⟨𝐻 (𝑢) − 𝐻(𝑣) | 𝑢 − 𝑣⟩ =  ≤  𝑐 ( 𝛾 (𝑢 − 𝑣 )), 

∀𝑢 , ∀ 𝑣 in 𝐷 where c satisfies  lim𝑡→0
𝑐(𝑡)

𝑡
= 0 

Then, for  ɛ > 0 and a bounded subset 𝐶 there is 

𝛿 > 0 such that  

𝛾 ( 𝑡 𝑢 + (1 − 𝑡 )𝑣 )2 ≤ 2 ⟨𝐻 ( 𝑣)| 𝑢⟩𝑡 + 2 ɛ 𝑡 +
(1 − 2𝑡) 𝛾 (𝑣)2, for any 𝑢, 𝑣 ∈ 𝐶  and  𝑡 ∈ [ 0, 𝛿)  

Proof: Since (2) implies (3), this proposition will 

be proven under the condition (3). 
1

2

𝑑

𝑑𝑡
 𝛾 ( 𝑡 𝑢 + ( 1 − 𝑡 )𝑣 )2  =

⟨𝐻 ( 𝑡 𝑢 + (1 − 𝑡 )𝑣 )| 𝑢 − 𝑣⟩, 𝑢, 𝑣 ∈  𝜇𝛾           …   

(2)  

Since, lim𝑡→0
𝑐(𝑡)

𝑡
= 0, where is 𝛿` > 0 such that 

for 𝑡 ∈ [ 0, 𝛿) and 
𝑐(𝑡)

𝑡
 ≤

ɛ

𝑑𝑖𝑎𝑚
𝐶.Hence, for any 

𝑢 , 𝑣 ∈ 𝐶,⟨𝐻 (𝑡 𝑢 + ( 1 − 𝑡 )𝑣)| 𝑡 (𝑢 − 𝑣)⟩ −
⟨𝐻(𝑣)| 𝑡 (𝑢 − 𝑣)⟩ =
 ⟨𝐻 (𝑡 𝑢 + ( 1 − 𝑡 )𝑣) − 𝐻(𝑣)| 𝑡 (𝑢 − 𝑣)⟩ 

≤ 𝑐 ( 𝑡 𝛾 ( 𝑢 − 𝑣)).  
Therefore,  

⟨𝐻 (𝑡 𝑢 + ( 1 − 𝑡 )𝑣) − 𝐻(𝑣)| 𝑡 (𝑢 − 𝑣)⟩ ≤

 𝑐 ( 𝑡 𝛾 ( 𝑢 − 𝑣))/𝑡  

                                                = (𝑐  ( 𝑡 𝛾 ( 𝑢 −
𝑣) )/𝑡𝛾(𝑢 − 𝑣)) 𝛾(𝑢 − 𝑣) 

                                                                     ≤ 

(𝑐  ( 𝑡 𝛾 ( 𝑢 − 𝑣) )/𝑡𝛾(𝑢 − 𝑣)) diam 𝐶     … (3)  

 Let 𝛿 =  𝛿`/diam 𝐶, from (3) 

⇒ ⟨𝐻 (𝑡 𝑢 + ( 1 − 𝑡 )𝑣) − 𝐻(𝑣)| 𝑡 (𝑢 − 𝑣)⟩  <  ɛ 

For any t∈ [0, 𝛿). So,  

⟨𝐻 (𝑡 𝑢 + ( 1 − 𝑡 )𝑣) − 𝐻(𝑣)| 𝑡 (𝑢 − 𝑣)⟩ ≤
⟨𝐻(𝑣)|  𝑢 − 𝑣⟩ + ɛ   

From (2) ⇒ 
1

2

𝑑

𝑑𝑡
 𝛾 ( 𝑡 𝑢 + ( 1 − 𝑡 )𝑣 )2  ≤

⟨𝐻(𝑣)|  𝑢 − 𝑣⟩ ≤  +ɛ.   
                    The following lemmas obtain by 

definition of 𝛾 – duality pairing 

Lemma 2: For any 𝑢, 𝑣 ∈ 𝜇𝛾 , ⟨ℎ(𝑢)|𝑣⟩ ≤

  𝛾 (𝑢)𝛾(𝑣), ∀ℎ(𝑢) ∈ 𝐻(𝑢). 
Lemma 3:  For any 𝑢, 𝑣 ∈ 𝜇𝛾 , 𝛾2 ( 𝑢 + 𝑣)  ≤

 𝛾2 (𝑢) + 2 ⟨𝑣|ℎ(𝑢 + 𝑣)⟩, ∀ 𝑢, 𝑣 ∈ 𝜇𝛾  ,   ∀ℎ ( 𝑢 +

𝑣) ∈ 𝐻(𝑢 + 𝑣).  
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Proof: 𝜑 (𝑢) =
1

2
 𝛾2(𝑢), 𝐻(𝑢) =  𝜕𝜑(𝑢) =

{ 𝑓 ∈ 𝜇∗
𝛾 ∶  𝜑(𝑣) −  𝜑(𝑢) ≥ (𝑓, 𝑣 − 𝑢), ∀𝑣 ∈

𝜇𝛾}. It follows from the definition of 

subdifferential of 𝜑 that 𝜑 (𝑢) − 𝜑(𝑢 + 𝑣) ≥
⟨ℎ|𝑢 − (𝑢 + 𝑣)⟩ =  − ⟨ℎ|𝑣⟩, ∀ℎ ∈ 𝐻(𝑢 + 𝑣). 
Hence, 𝛾2 (𝑢 + 𝑣)  ≤ 𝛾2(𝑢) + 2 ⟨𝑣|ℎ(𝑢 + 𝑣)⟩, ∀ 

ℎ ( 𝑢 + 𝑣) ∈ 𝐻(𝑢 + 𝑣).  
 

Convergence Theorems  

Definition 15: Let ∅ ≠ 𝐴 ⊂𝜇𝛾. A mapping 

𝑇: 𝐴 → 2𝜇𝛾  is strongly accretive if ∃𝑘 > 0  ∋ 

∀𝑢 , ∀𝑣 ∈ 𝐴 , ∀𝜉 ∈ 𝑇𝑢 , ∀𝜇 ∈ 𝑇𝑣, ∃ℎ(𝑢 − 𝑣) ∈
𝐻 (𝑢 − 𝑣) with  

⟨𝜉 − 𝜇|ℎ(𝑢 − 𝑣)⟩ ≥
𝑘 𝛾2 ( 𝑢 −
𝑣 )                                                                       …  (4)  

(or respectively ⟨𝑇𝑢 − 𝑇𝑣|ℎ(𝑢 − 𝑣)⟩ ≥
𝑘 𝛾2(𝑢 − 𝑣)                                   … (5) 

If 𝑘 = 0 , Then 𝑇 is said to be multivalued 

accretive. 

Definition 16: Let ∅ ≠ 𝐴 ⊂𝜇𝛾. A mapping 

𝑇: 𝐴 → 2𝜇𝛾 is said to be a multivalued strongly 

pseudo contraction.  If ∃𝑡 > 1, ∋ ∀𝑢, 𝑣 ∈
𝐴 , ∀𝜉 ∈ 𝑇𝑢 , 𝜇 ∈ 𝑇𝑣 there exist ℎ(𝑢 − 𝑣) ∈
𝐻(𝑢 − 𝑣 )with  

⟨𝜉 − 𝜇|ℎ(𝑢 − 𝑣)⟩  ≤  
1

𝑡
 𝛾2(𝑢 − 𝑣)                                                      

…      (6) 

(or respectively ⟨𝑇𝑢 − 𝑇𝑣|ℎ(𝑢 − 𝑣)⟩ ≤
1

𝑡
 𝛾2 (𝑢 − 𝑣)                       …        (7)   

Definition 17 (12): Let ∅ ≠ 𝐴 ⊂𝜇𝛾.  A mapping 

𝑇: 𝐴 → 2𝑀𝛾 such that  

    𝐻𝛾 (𝑇𝑢 , 𝑇𝑣) ≤   𝐾  𝛾(𝑢 − 𝑣),        for all 𝑢, 𝑣 ∈

𝐴              …(8) 

is said to be multivalued Lipschitz if there exists  

𝑘 > 0  and multivalued contraction if  𝑘 <  1.    
      Let 𝑢0 𝐴 and  𝑇: 𝐴  2𝐴. Define a 

sequence {𝑢𝑛 } ⊂  𝐴 by 

                        𝑢𝑛+1 ∈  (1 – 𝑎𝑛)𝑢𝑛  +  𝑎𝑛𝑇𝑣𝑛 

                       𝑣𝑛 ∈ (1 –𝛽𝑛) 𝑢𝑛 + 𝛽𝑛 

T𝑢𝑛,  𝑛  0                           

               

…   (9) 

or 𝑢𝑛+1 = (1 – 𝑎𝑛 )𝑢𝑛  + 𝑎𝑛𝜇𝑛 ,   

𝜇𝑛  ∈ 𝑇𝑣𝑛  , 𝑛  0 

               𝑣𝑛 =   ( 1 − 𝛽𝑛) 𝑢𝑛 + 𝛽𝑛𝜉𝑛 ,  𝜉𝑛 ∈ 𝑇𝑢𝑛, 

 𝑛  0           … (10) 

Remark 2:  𝑇 is strongly (pseudo) contraction 

⇔(𝐼 − 𝑇) is strongly (accretive) and verse versa. 

Theorem 8: Let  𝜇𝛾   be a uniformly smooth space, 

∅ ≠ 𝐴 ⊂𝜇𝛾  , 𝐴 be a convex and bounded subset of 

𝜇𝛾 , and 𝑇: 𝐴 →  2𝐴 be a Lipschitz strongly pseudo 

contraction mapping with Lipschitz constant   

 𝐿 ≥ 1. Suppose that  𝐹 (𝑇) ≠ ∅ , let { 𝛼𝑛 }, { 𝛽𝑛} 

be two sequences in (0,1) such that :  

(i) 𝛼𝑛 + 𝛽𝑛 = 1 

(ii) lim𝑛→∞ 𝛽𝑛 = 0  

(iii) ∑ 𝛼𝑛
∞
𝑛=1 = ∞  

Then for any 𝑢0 ∈ 𝐴, the sequence {𝑢𝑛} in (10) 

Proof: Let 𝑝 ∈ 𝐹(𝑇). From the condition (10) and 

proposition (2) ⇒ 𝑢𝑛+1 − 𝑝 = (1 − 𝛼𝑛)(𝑢𝑛 −
𝑝) + 𝛼𝑛(𝜇𝑛 − 𝑝),  where 𝜇𝑛 ∈ 𝑇𝑣𝑛 

𝛾2(𝑢𝑛+1 − 𝑝) =  𝛾2((1 − 𝛼𝑛)(𝑢𝑛 − 𝑝) +
𝛼𝑛(𝜇𝑛 − 𝑝))  

  ≤ (1 − 2𝛼𝑛) 𝛾2( 𝑢𝑛 − 𝑝) +
2𝛼𝑛⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩ +
2𝛼𝑛휀                          … (11) 
Using  Lemma (2), Remark (2) and Condition (4), 

to obtain  

⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩  =
 ⟨𝜇𝑛 − 𝜉𝑛 + 𝜉𝑛 − 𝑢𝑛 + 𝑢𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩, where 

𝜉𝑛  ∈ 𝑇𝑢𝑛 
          

=  ⟨𝜇𝑛 − 𝜉𝑛 |ℎ(𝑢𝑛 − 𝑝)⟩ +  ⟨𝑢𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩ −
 ⟨(𝑢𝑛 − 𝜉𝑛) − (𝑝 − 𝑝)|ℎ(𝑢𝑛 − 𝑝)⟩ 
 ≤  𝛾(𝜇𝑛 − 𝜉𝑛 ) 𝛾(𝑢𝑛 − 𝑝) +  𝛾2(𝑢𝑛 − 𝑝) −
𝑘𝛾2(𝑢𝑛 − 𝑝) − 𝑘𝛾2(𝑢𝑛 − 𝑝) 

Condition (1)and(8) imply that 

⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩ ≤ 𝐻(𝑇𝑣𝑛 , 𝑇𝑢𝑛 )𝛾(𝑢𝑛 − 𝑝) +
𝛾2(𝑢𝑛 − 𝑝) − 𝑘𝛾2(𝑢𝑛 − 𝑝) + 𝑏𝑛 𝛾(𝑢𝑛 − 𝑝 ) 

                                ≤ 𝐿 𝛾(𝑣𝑛 − 𝑢𝑛)𝛾(𝑢𝑛 − 𝑝) +
𝛾2(𝑢𝑛 − 𝑝) − 𝑘𝛾2(𝑢𝑛 − 𝑝) +  𝑏𝑛𝐴              … 

(12) 

where 𝐴 = sup 𝛾(𝑢𝑛 − 𝑝) 

Using conditions (10), (1) and (8), to obtain 

𝛾 (𝑣𝑛 −  𝑢𝑛) =  𝛾((1 − 𝛽𝑛)𝑢𝑛 + 𝛽𝑛𝜉𝑛 − 𝛽𝑛𝑝 +
𝛽𝑛𝑝 − 𝑢𝑛)  

 = 𝛾( 𝛽𝑛(𝑝 − 𝑢𝑛) + 𝛽𝑛(𝜉𝑛 − 𝑝))  

 ≤ 𝛽𝑛 𝛾 (𝑢𝑛 − 𝑝) + 𝛽𝑛 𝛾(𝜉𝑛 − 𝑝) 

 ≤  𝛽𝑛 𝛾 (𝑢𝑛 − 𝑝) +
 𝛽𝑛 𝐻 (𝑇𝑢𝑛 , 𝑇𝑝) + 𝛽𝑛𝑑𝑛  
Then, 

𝐿 𝛾(𝑣𝑛 − 𝑢𝑛)𝛾(𝑢𝑛 − 𝑝) = 𝐿(𝛽𝑛 𝛾(1 + 𝐿) +
𝐿𝛽𝑛𝛾(𝑢𝑛 − 𝑝) + 𝛽𝑛𝑑𝑛)𝛾( 𝑢𝑛 − 𝑝)  

 = L 𝛽𝑛 𝛾2( 

𝑢𝑛 − 𝑝) + 𝐿2𝛽𝑛 𝛾2(𝑢𝑛 − 𝑝) + 𝐿𝛽𝑛𝑑𝑛 𝛾(𝑢𝑛 − 𝑝)  

  ≤ 𝐿𝛽𝑛(1 + 𝐿)𝛾2( 

𝑢𝑛 − 𝑝) + 𝐿𝛽𝑛𝑑𝑛𝐴 ,                                              .. 

(13) 

where 𝐴 = sup 𝛾(𝑢𝑛 − 𝑝). Substituting (13) in 

(12), to obtain 

 ⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩ ≤ 𝐿𝛽𝑛(1 + 𝐿)𝛾2( 𝑢𝑛 − 𝑝) +
𝛾2(𝑢𝑛 − 𝑝) − 𝑘𝛾2(𝑢𝑛 − 𝑝) + 𝑏𝑛𝐴 +  𝐿𝛽𝑛𝑑𝑛𝐴   

 ≤ (1 − 𝐾 +

𝐿𝛽𝑛(1 + 𝐿))𝛾2( 𝑢𝑛 − 𝑝) + 𝑏𝑛𝐴 + 𝐿𝛽𝑛𝑑𝑛𝐴   
Condition (ii) implies that,  𝛽𝑛 𝐿(1 + 𝐿)  ≤
𝑘 (1 − 𝑘), for large n enough so that  

⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩   ≤ (1 − 𝑘 + 𝑘(1 −

𝑘)) 𝛾2 (𝑢𝑛 − 𝑝) + 𝑏𝑛𝐴 +   𝐿𝛽𝑛𝑑𝑛𝐴   
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 = (1 −
𝑘2 )𝛾2 (𝑢𝑛 − 𝑝) + 𝑏𝑛𝐴 +   𝐿𝛽𝑛𝑑𝑛𝐴                                  
...  (14) 

Substituting (14) in (11) implies that  

𝛾2(𝑢𝑛+1 − 𝑝)  ≤ (1 − 2𝛼𝑛) 𝛾2 (𝑢𝑛 − 𝑝) +
2𝛼𝑛(1 − 𝑘2)𝛾2 (𝑢𝑛 − 𝑝) + 2𝛼𝑛휀 + 𝑏𝑛𝐴 +
 𝐿𝛽𝑛𝑑𝑛𝐴   
 = ( 1 − 2𝑘2𝛼𝑛 )𝛾2 (𝑢𝑛 − 𝑝) +
2𝛼𝑛휀 + 2𝛼𝑛 𝑏𝑛𝐴 + 2𝛼𝑛𝐿𝛽𝑛𝑑𝑛𝐴   
Finally, 2𝛼𝑛 𝑏𝑛𝐴 + 2𝛼𝑛𝐿𝛽𝑛𝑑𝑛𝐴 → 0   𝑎𝑠  𝑛 →
∞. Denote 

 𝑎𝑛 =  𝛾 (𝑢𝑛 − 𝑝); 𝜆𝑛 = 2 𝑘2𝛼𝑛   ∈   (0,1). It 

follows that 0 ≤  lim𝑛→∞ sup 𝑎𝑛  ≤  휀   
lim𝑛→∞ sup 𝑎𝑛 = 0 and so  lim𝑛→∞ 𝑎𝑛 = 0 . 
Hence,  lim

𝑛→∞
 𝛾(𝑢𝑛 − 𝑝) = 0 , i.e., lim 

𝑛→∞
𝑢𝑛 = 𝑝 .  

Theorem 9:   Let 𝜇𝛾 be a uniformly smooth space, 

∅ ≠ 𝐴 ⊂𝜇𝛾  , 𝐴 be a convex and bounded subset of 

𝜇𝛾  and 𝑇: 𝐴 → 2𝐴 be a strongly pseudo 

contraction mapping. Assume that {𝑎𝑛} , {𝑏𝑛} be 

two sequences in (0,1)such that 

(i)  𝛼𝑛 +  𝛽𝑛 = 1, ∀ 𝑛 ≥ 0  

(ii) lim𝑛→∞ 𝛼𝑛 = lim 𝛽𝑛 = 0 
𝑛→∞

 

(iii) ∑ 𝛼𝑛 = ∞∞
𝑛=1  

If 𝐹(𝑇)  ≠  ∅, then the sequence {𝑢𝑛} defined as in 

(10) converges to a fixed point of 𝑇. 

Proof:  Let 𝑝 ∈ 𝐹(𝑇). By Condition (9) and 

Lemma (3), getting that  

𝑢𝑛+1 − 𝑝 = ( 1 − 𝛼𝑛) (𝑢𝑛 − 𝑝) + 𝛼𝑛 ( 𝜇𝑛 − 𝑝),     
where   𝜇𝑛  ∈ 𝑇𝑣𝑛  

𝛾2 (𝑢𝑛+1 − 𝑝 ) =  𝛾2 ( (1 − 𝛼𝑛) (𝑢𝑛 − 𝑝) +
𝛼𝑛 ( 𝜇𝑛 − 𝑝))  
  ≤  (1 − 𝛼𝑛)2  𝛾2  (𝑢𝑛 −
𝑝) + 2𝛼𝑛 ⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩ 
   =  (1 −  𝛼𝑛)2  𝛾2  (𝑢𝑛 − 𝑝) +
 2𝛼𝑛⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛+1 − 𝑝) − ℎ(𝑣𝑛 − 𝑝) + ℎ(𝑣𝑛 − 𝑝)⟩  
= (1 − 𝛼𝑛)2  𝛾2  (𝑢𝑛 − 𝑝) + 2𝛼𝑛  <   𝜇𝑛 −
𝑝 , 𝑗(𝑣𝑛 − 𝑝) >  +2 𝛼𝑛 𝑎𝑛                               …  

(15)  

where  𝑎𝑛 =
⟨𝜇𝑛 − 𝑝 |ℎ((𝑢𝑛+1 − 𝑝) − ℎ(𝑣𝑛 − 𝑝)⟩. From (15) 

and Condition (6) the following holds 

𝛾2 (𝑢𝑛+1 − 𝑝 )  ≤  (1 −  𝛼𝑛)2  𝛾2  (𝑢𝑛 − 𝑝) +
2𝛼𝑛(1 − 𝑘)𝛾2( 𝑣𝑛 − 𝑝 ) +  2 𝛼𝑛 𝑎𝑛             …  

(16) 

The next step to prove that 𝑎𝑛 → 0  as  𝑛 →  ∞. 
Because 𝐴 is bounded set in 𝜇𝛾 and 𝑢𝑛 ,

𝜇𝑛 , 𝜉𝑛 and 𝑝 ∈ 𝐴 , where 𝜉𝑛 ∈ 𝑇𝑢𝑛, 𝑢𝑛+1 − 𝑝 −
(𝑣𝑛 − 𝑝) = ( 𝛽𝑛 − 𝛼𝑛) 𝑢𝑛 + 𝜇𝑛𝛼𝑛 −  𝛽𝑛𝜉𝑛  → 0.   
𝐽(𝑢𝑛+1 − 𝑝 ) − ℎ (𝑣𝑛 − 𝑝)  → 0   and so 𝑎𝑛 →
0  as  𝑛 →  ∞  

By using Condition (10) and Lemma (3), getting  

the following 

𝛾2 (𝑣𝑛 − 𝑝) =  𝛾2 ( (1 − 𝛽𝑛) (𝑢𝑛 − 𝑝 ) +
 𝛽𝑛 (𝜉𝑛 − 𝑝))   

 ≤  (1 −  𝛽𝑛)2 𝛾2 (𝑢𝑛 − 𝑝 ) +
2𝛽𝑛 ⟨𝜉𝑛 − 𝑝|ℎ(𝑣𝑛 − 𝑝)⟩  
 =  (1 − 𝛽𝑛)2  𝛾2 (𝑢𝑛 − 𝑝 ) +
2𝛽𝑛 ⟨𝜉𝑛 − 𝑝|ℎ(𝑣𝑛 − 𝑝) − ℎ(𝑢𝑛 − 𝑝) + ℎ(𝑢𝑛 − 𝑝)⟩   
 =  (1 − 𝛽𝑛)2 𝛾2 (𝑢𝑛 − 𝑝 ) +
2𝛽𝑛 ⟨𝜉𝑛 − 𝑝|ℎ(𝑢𝑛 − 𝑝)⟩ + 2𝛽𝑛 𝑏𝑛                …     

(17) 

where  𝑏𝑛  = ⟨𝜉𝑛 − 𝑝 |ℎ( 𝑣𝑛 − 𝑝) − ℎ (𝑢𝑛 − 𝑝 )⟩. 
It is possible to prove 𝑏𝑛  → 0  𝑎𝑠  𝑛 →  ∞  

𝛾2 (𝑣𝑛 − 𝑝) ≤ (1 −  𝛽𝑛)2  𝛾2 (𝑢𝑛 − 𝑝 ) +
2𝛽𝑛 (1 − 𝑘) 𝛾2 (𝑢𝑛 − 𝑝 ) + 2𝛽𝑛 𝑏𝑛     

                          ≤  𝛾2 (𝑢𝑛 − 𝑝 ) + 2𝛽𝑛 (1 − 𝑘) 𝐴 +
2𝛽𝑛 𝑏𝑛                                                          … (18)  

where 𝐴 = sup 𝛾 (𝑢𝑛 − 𝑝 ) < ∞. Substituting (18) 

in (16), having the following  

𝛾2 ( 𝑥𝑛+1 − 𝑝 )  ≤ (1 − 𝛼𝑛) 𝛾2 (𝑢𝑛 − 𝑝 ) +
2𝛼𝑛(1 − 𝑘){  𝛾2 (𝑢𝑛 − 𝑝 ) + 2𝛽𝑛(1 − 𝑘) 𝐴 +
2𝛽𝑛 𝑏𝑛   } +  2 𝛼𝑛 𝑎𝑛    
 = { (1 − 𝑘𝛼𝑛 +
 𝛼𝑛 (𝛼𝑛 − 𝑘) } 𝛾2 (𝑢𝑛 − 𝑝 ) + 𝛼𝑛𝑐𝑛 ,  

where 𝑐𝑛  = 4(1 − 𝑘){ 𝛽𝑛 (1 − 𝑘)𝐴 + 𝛽𝑛 𝑏𝑛  } +
2 𝑎𝑛. Because 𝛼𝑛 → 0 𝑎𝑠 𝑛 →  ∞ ,   
𝛾2 (𝑥𝑛+1 − 𝑝) ≤ (1 − 𝑘𝛼𝑛)𝛾2 (𝑢𝑛 − 𝑝 ) +  𝛼𝑛𝑐𝑛 ,    
𝑎𝑛 = 𝛾 (𝑢𝑛 − 𝑝 ), 𝜆𝑛 = 𝑘𝛼𝑛  ∈ (0,1) and 𝜎𝑛 =
 𝛼𝑛𝑐𝑛.  Hence,  lim𝑛→∞ 𝑎𝑛 = 0. Which implies that 

lim
𝑛→∞

𝛾( 𝑢𝑛 − 𝑝 ) = 0,   thus lim
𝑛→∞

 𝑢𝑛 = 𝑝 . 

Lemma 4 (15):  Let  {𝑎𝑛} 

⊂[0, ∞) such that 𝑎𝑛+1 ≤ (1 − 𝜔 )𝑎𝑛 +  𝜎𝑛 𝛿 , 
where 𝜔 ∈ (0,1), 𝛿 > 0 are fixed numbers𝜎𝑛 ≥
0, ∀ 𝑛 ∈ 𝑁, lim𝑛→∞ 𝜎𝑛 = 0  . Then lim

𝑛→∞
𝑎𝑛 = 0. 

Theorem 10:  Let 𝜇𝛾 be a real modular space, 𝐴 be 

a non-empty convex and bounded subset of 𝜇𝛾 and 

𝑇: 𝐴 → 2𝐴 be a multi-valued strongly pseudo 

contraction mapping. Assume that (𝛼𝑛), (𝛽𝑛) 

sequences in (0,1) and  𝛼𝑛 + 𝛽𝑛 = 1, ∀𝑛. If 

lim𝑛→∞ 𝛾( 𝜇𝑛 −  𝜉𝑛+1 ) = 0,   where 𝜇𝑛  ∈ 𝑇𝑣𝑛  

and  𝜉𝑛+1  ∈ 𝑇 𝑢𝑛+1 , 𝐹 (𝑇)  ≠  ∅ and  𝑘 ∈ (0 ,
1

2
 ) , 

then for any given 𝑢0 ∈ 𝐴, { 𝑢𝑛} converges to a 

fixed point of 𝑇 . 

Proof: Let 𝑝 ∈ 𝐹 (𝑇). Using condition (10) and 

Lemma (3), to get  

𝑢𝑛+1 − 𝑝 = ( 1 −  𝛼𝑛) (𝑢𝑛 − 𝑝) + 𝛼𝑛 (𝜇𝑛 − 𝑝),  
where 𝜇𝑛  ∈ 𝑇𝑣𝑛 

𝛾2 (𝑢𝑛+1 − 𝑝) = 𝛾2 (( 1 −  𝛼𝑛)(𝑢𝑛 − 𝑝) +
 𝛼𝑛 (𝜇𝑛 − 𝑝) )   
 ≤  ( 1 −  𝛼𝑛)2 𝛾2(𝑢𝑛 − 𝑝) +
2𝛼𝑛⟨𝜇𝑛 − 𝑝|ℎ(𝑢𝑛+1 − 𝑝)⟩   
 =  ( 1 −  𝛼𝑛)2 𝛾2(𝑢𝑛 − 𝑝)  +
2𝛼𝑛⟨𝜇𝑛 − 𝜉𝑛+1 + 𝜉𝑛+1 − 𝑝|ℎ(𝑢𝑛+1 − 𝑝 )⟩   

≤  ( 1 −  𝛼𝑛)2 𝛾2(𝑢𝑛 − 𝑝)
+ 2𝛼𝑛⟨𝜇𝑛 −  𝜉𝑛+1|ℎ(𝑢𝑛+1 − 𝑝)⟩   
+ 2𝛼𝑛⟨𝜉𝑛+1 − 𝑝|ℎ(𝑢𝑛+1 − 𝑝)⟩ 

 Lemma (2) and Condition (6)  
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𝛾2 (𝑢𝑛+1 − 𝑝)  ≤ ( 1 − 𝛼𝑛)2 𝛾2(𝑢𝑛 − 𝑝) +
2𝛼𝑛 𝛾 ( 𝜇𝑛 −  𝜉𝑛+1)𝛾 (𝑢𝑛+1 − 𝑝) +
2 𝛼𝑛𝑘  𝛾2( 𝑢𝑛+1 − 𝑝 ),   ∀ℎ (  𝑢𝑛+1 − 𝑝)  ∈
𝐻 (𝑢𝑛+1 − 𝑝 )  
(1 − 2𝛼𝑛𝑘) 𝛾2 (𝑢𝑛+1 − 𝑝)  ≤  ( 1 −  𝛼𝑛)2 𝛾2(𝑢𝑛 −
𝑝) + 2𝛼𝑛𝛾 ( 𝜇𝑛 −  𝜉𝑛+1)𝛾 (𝑢𝑛+1 − 𝑝)    

 𝛾2 (𝑢𝑛+1 − 𝑝)  ≤  
( 1− 𝛼𝑛)2 

(1−2𝛼𝑛𝑘)
𝛾2(𝑢𝑛 − 𝑝) +

 
2𝛼𝑛

(1−2𝛼𝑛𝑘)
 𝛾 ( 𝜇𝑛 −  𝜉𝑛+1)𝛾 (𝑢𝑛+1 − 𝑝)           

Because of 𝑘 ∈ (0,
1

2
 ) , 𝛼𝑛  ∈ (0,1), 

2(1−𝑘)−𝛼𝑛 

1−2𝛼𝑛𝑘
  ≥

1 ⇒ − ( 
2(1−𝑘)−𝛼𝑛

1−2𝛼𝑛𝑘
 )   ≤  −1, so 

( 1− 𝛼𝑛)2  

(1−2𝛼𝑛𝑘)
 =  

1−2𝛼𝑛+𝛼𝑛
2

(1−2𝛼𝑛𝑘)
=  

((1−2𝛼𝑛𝑘)+2𝛼𝑛𝑘−2𝛼𝑛+𝛼𝑛
2  

(1−2𝛼𝑛𝑘)
   

 = 1 − ( 
2 ( 1−𝑘)−𝛼𝑛 

(1−2𝛼𝑛𝑘)
 ) 𝛼𝑛  ≤ 1 − 𝛼𝑛                                                                       

…     (19) 

Now, denote  𝑑 = sup{ 𝛾 (𝜉): 𝜉 ∈ 𝑇𝑢 , 𝑢 ∈ 𝐴 }  +
 𝛾 (𝑝). Because  Rang(𝑇) is bounded, then 𝑑 <  ∞ . 
Denote 𝐴 = 𝑑 +  𝛾( 𝑢0 − 𝑝 ) + 1 . Observe that  

𝛾 (𝑢1 − 𝑝) =  𝛾 ((1 − 𝛼0)(𝑢0 − 𝑝) + 𝛼0(𝜇0 − 𝑝))  

 ≤  (1 − 𝛼0)𝛾(𝑢0 − 𝑝) +
𝛼0( 𝛾 (  𝜇0) +  𝛾 (𝑝) )  
 ≤  (1 − 𝛼0) 𝐴 +  𝛼0 𝐴 = 𝐴  
Supposing 𝛾 ( 𝑢𝑛 − 𝑝 )  ≤ 𝐴, to prove that  

𝛾 ( 𝑢𝑛+1 − 𝑝 )  ≤ 𝐴. Indeed,  

         𝛾 (𝑢𝑛+1 − 𝑝 ) ≤ (1 − 𝛼𝑛)𝛾(𝑢𝑛 − 𝑝) +
 𝛼𝑛 𝛾 ( 𝜇𝑛 − 𝑝)  

 ≤
(1 − 𝛼𝑛) 𝐴 + 𝛼𝑛 ( 𝛾 (𝜇𝑛) +  𝛾 (𝑝) )  
 ≤ (1 − 𝛼𝑛) 𝐴 +  𝛼𝑛 𝐴 = 𝐴   
Thus, getting ∃ 𝐴 > 0, 𝛾 ( 𝑢𝑛+1 − 𝑝 )  ≤ 𝐴 ,
∀ 𝑛 ≥ 0. Condition (19) implies that                      

𝛾2 (𝑢𝑛+1 − 𝑝 )  ≤  (1 − 𝛼𝑛) 𝛾2(𝑢𝑛 − 𝑝) +

 𝛾 (𝜇𝑛 −  𝜉𝑛 )
2𝛼𝑛

(1−2𝛼𝑛𝑘)
 𝐴.   

But (1 − 𝛼𝑛)  ≤ (1 −  𝜔), 𝑎𝑛𝑑 
2𝛼𝑛

(1−2𝛼𝑛𝑘)
  ≤

 
2

(1−2𝑘)
  . So, 𝛾2 (𝑢𝑛+1 − 𝑝 )  ≤  (1 −  𝜔) 𝛾2(𝑢𝑛 −

𝑝) +  𝛾 ( 𝜇𝑛  − 𝜉𝑛)
2

(1−2𝑘)
 𝐴. Denote 𝑎𝑛 =

 𝛾2(𝑢𝑛 − 𝑝), 𝜎𝑛 = 𝛾 ( 𝜇𝑛  −  𝜉𝑛) and 𝛿𝑛 =

 
2

(1−2𝑘)
 𝐴. So, lim𝑛→∞ 𝑎𝑛 = 0, which implies that 

lim𝑛→∞ 𝛾(𝑢𝑛 − 𝑝) = 0, thus lim
𝑛→∞

𝑢𝑛 = 𝑝 . 

    Later, in this direction, it is possible to study the 

results in (13-15) in modular spaces and 

compression all results.  
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بعض النتائج حول التطبيقات الئنائية المنظمة و النقاط الصامدة التقريبية في فضاءات الوحدات المحدبة 

 يةالحقيق
 

 رمينة فؤاد عبد الجبا          سلوى سلمان عبد
 

 , العراق.بغداد ,م الرياضيات, كلية التربية للعلوم الصرفة/ ابن الهيثم, جامعة بغدادقس

 

 الخلاصة:

التطبيقات الئنائية المنظمة في فضاءات الوحدات المحدبة الحقيقية ثم برهنا بعض خواصها التي تسمح بنتائج ذات صلة بمفهوم  تم تقديملقد       

عرفة مالى نقطة صامدة لتطبيقات متعددة القيم  ذات خطوتينالتحدب الناعم النتظم لفضاءات الوحدات المحدبة الحقيقية. تم برهنة تقارب متتابعة 

 .لفضاءاتلى هذه اع

 

 تحدب منتظم, تطبيقات متعددة القيم, فضاءات الوحدات الحقيقية, نقاط الصامدة. الكلمات المفتاحية: 

 

 

 

 

 


