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Abstract:

For many problems in Physics and Computational Fluid Dynamics (CFD), providing an accurate
approximation of derivatives is a challenging task. This paper presents a class of high order numerical
schemes for approximating the first derivative. These approximations are derived based on solving a special
system of equations with some unknown coefficients. The construction method provides numerous types of
schemes with different orders of accuracy. The accuracy of each scheme is analyzed by using Fourier
analysis, which illustrates the dispersion and dissipation of the scheme. The polynomial technique is used to
verify the order of accuracy of the proposed schemes by obtaining the error terms. Dispersion and dissipation
errors are calculated and compared to show the features of high order schemes. Furthermore, there is a plan
to study the stability and accuracy properties of the present schemes and apply them to standard systems of
time dependent partial differential equations in CFD.
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Introduction

Many phenomena in physics like turbulent function values so that the derivatives must be
fluid flows have a range of time scales and space calculated by solving for a matrix system
scales. The length scales that are resolved by implicitly. It is well known (4-6) that implicit
computation models are determined by the spectral schemes are significantly more accurate for the
resolution (1), and the accuracy with which these small scales than explicit schemes with the same
scales are represented depends upon the numerical stencil width, i.e., the number of nodes in the
scheme (2). Fourier analysis of finite difference scheme. Many implicit or spectral-like compact
schemes (3) shows that the errors in computing the schemes have been developed (4, 7-9). Since the
derivatives can be quite large for smaller scales. spectral methods require the flow to be simple in
This small scale inaccuracy becomes increasingly both domain and boundary condition, many
important as the energy in the small scales attempts have been made to overcome this
becomes increasingly comparable to that of the drawback of the spectral methods (9-10).
large scales, which may result in overwhelming In this paper, finite difference
numerical errors in computations such as large approximations of the first derivative will be
eddy simulation of high Reynolds number derived for a discrete data set. In reference (3),
turbulence (4). Therefore, the numerical schemes such approximations are performed by implicit
should represent all the relevant scales properly. schemes in which the maximum stencil sizes on

Finite difference schemes can be classified the left-hand-side and right-hand-side of the
as explicit and implicit schemes (2). Explicit equations are 5 and 7 respectively. In this work, a
schemes express the nodal derivatives as an generalized framework that can handle any stencil
explicit weighted sum of the function values at the size on both sides will be derived, and a matrix
adjacent nodes. On the other hand, implicit or form of the approximation will be built, so it is
compact schemes equate a linear combination of easy to obtain the coefficients in the scheme by
the nodal derivatives to a weighted sum of the solving a linear system. A variety of high order
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schemes will be presented with dispersion and
dissipation error analysis.

The derivation of the schemes using the
matrix form

In deriving the finite difference schemes,
an approximation of the derivative f' can be
expressed as a linear combination of
{fk—iJfk—i+1J "'Jfk—l ﬁfkﬁfk+1ﬁ ey fk+j—1l fk+j}'
A uniform space with mesh size h is considered.
The approximation of the first derivative f; can be
expressed as follows:

Cofu—i T Cifimivr + o F Ciafemg F Ciafiioa + fie +
Cistfirr t Cafirr o F Cn—lfk’+j—1 + Cnfk’+j =
1
~ldofimt + difiempr + o F diofiy Fdisa fiea +
difi + divafirr T divafirz o FHdpa frria +
dnfk+l] (1)
The traditional approach is using Tayler series
expansion to find the relations between the
coefficients cy, ..., ¢y, dg, ..., dy, as in (1). In this

work, the derivation is based on the following
system:

e=21
Pc—th 2

The elements of the matrices P and P’ are derived
by assuming that

Letting x, = 0 and the mesh size h = 1 gives the system as follows:

—l 1-1 . -1
12 (1-0% - 1
po| P (1-0D)3 1
D™t @-Dmt e (mDm
Lo a-om D"
p' =
r 0 0 0 0
1 1 1
—2i 2(1-1) -2
32 3(1—i)? 3
(m— 1):(—1')"1_2 (m— 1)(:1 —im? (m— 1):(—1)7"_2
m(—i)™? m(1-i)m™ 1 m(—1)™?

p =
[f~ f2 fa o i [ fl](m+1)><(21+1)
and
P =
[f’—i f,—z f’—1 f’0 f’1 f’2 f,j](m+1)><(21+1)
where
1
Xk
sz
%3
fe = k and f', =
o
X Jm+1)x1
0 !
1
2xk
3xk2
(m— 1.)x m-2
k
-1
mxj’ dmsnx1
1 1 1 1 1
0 1 -1 l
0 1 (1—1)2 I?
0 1 (1-1)3 I3
0 1 (I—-1m-1 m-1
01 ¢-m m Ym+1)x(21+1)
0 0 0 0 0
1 1 . 1 1
0o 2 2(—1) 2j
0 3 33— 1)? 3)2
0 (m=1) -~ (m-DG-D™? (m-1)m2
0 m m(j —1)™! mjm1

“(m+1)x(n+1)
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Co [ do
C d,
: d,
Ct-1 ds;
c=|1 ,andd =|
Ce+1
Cn-1 da1-1
- Cn “(n+1)x1 - d21 “(21+1)x1

where i and j are positive integers withn =i + j
and | = max{i, j}.

Remarks:

1. All approximations from eq. (2) are called
compact because of using derivatives in the left-
hand side, and eq. (2) represents the traditional
finite difference approximations for the first
derivative if i = j = 0.

2. If i = j, the schemes obtained from eq. (2) are
central, and the highest order that can be reached is
equal to m = max{2n, 2}.

3. If i =j 4+ 1, the schemes obtained from eq. (2)
are backward, and the highest order that can be
reached is equal to m = 2n + 1.

4. If j =i+ 1, the schemes obtained from eq. (2)
are forward, and the highest order that can be
reached is equal to m = 2n + 1.

Wheni=j=1

In this case [ =1,n=2and m = 4, and from
eq. (2), this results in:

[0 0 O] 1 1 1]
|1 1 | 0 1][do
|—2 0 [1‘ |1 0 1|[ ]
3 0 3 -1 0

l4 0 l1 0 1J

From eg. (1), the highest scheme of this set is of
order 4, and it is central as follows:

CCS0O4.
3
ka+1]

1, Y 1[-3
o1 et fien = E[Tfk—l +
Wheni=2,j=1

In this case [=2,n=3andm =7, and from
eq. (1) and eg. (2), this results in:
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0 0 0 O
1 1 1 1
—4 =2 0 2[[
12 3 0 3||la
-32 —4 0 4|1
80 5 0 5llcs
-192 -6 0 6
448 7 0 7
-1 1 1 1 11
-2 -1 0 1 2
4 1 01 4 I[SO]I
I8 -1 001 8 [
nl 16 1 0 1 16 |d2|
-32 -1 0 1 32 ld3J
64 1 0 1 64| 4
[—128 -1 0 1 128!
BCSOT: —fi_s + 2 fiey + fi + = fin =
%[%fk—z - gfk—l + %fk +5fk+1 + %fk+2]

Wheni=1,j=2

In this case [=2,n=3and m =7, and from
eg. (1) and eq. (2), this results in:

0 0 0 07

1 11 1

-2 0 2 4 |([a

3 0 3 12]|1

—4 0 4 32l

5 0 5 80!lc

-6 0 6 192

L7 0 7 448

-1 1 1 1 17
-2 -10 1 2
41014-{3‘)]I

18 -1 01 8 [
nl 16 10116d2
—32—10132d3J
64 1 0 1 644
128 -1 0 1 128

FCSOT:2fi_y + fi

1 16
~ L

2 1
+§flé+1 +Efl£+2 =

1 8 47
72fk 2 gfk +§fk+1+mfk+2]
Wheni=2,j =2

In this case [ =2,n=4and m = 8, and from
eg. (2), this results in:
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From eq. (1), the highest scheme of this set is of
order 8, and it is central as follows:

1 4 4
CCSO08: gfk’_z +5flé—1 +flé+§flé+1+
1 1|-25 20 20
scfkr2 = ;[Efk—z — S fe-r o frern
25
e fk+2

Wheni=3,j=2

Inthiscase [ =3,n=>5andm = 11, and from eq. (2), this results in:

0 0
1 1
-6 —4
27 12
—108 -32
405 80
—1458 —192
5103 448
—17496 —1024
59049 2304
—196830 —5120
L 649539 11264

0 0 O 0

1 1 1 1
-2 0 2 4
3 0 3 12
-4 0 4 32
5 0 5 80
-6 0 6 192
7 0 7 448
-8 0 8 1024
9 0 9 2304
—-10 0 10 5120
11 0 11 11264

From eq. (1), the scheme has the form:

BCSO11:

1 3 3 3
s0fk-3 t 35Sz ¥ o fu-1 Hfe H S fen +

71 11
~ 500 fk-2 — o fe-1

3 1|-71
o5 fie+2

1 5 107
gfk + gfk+1 +

0 0

1 1
—4 -2

12 3
—-32 —4

80 5
—-192 -6
448 7
—-1024 -8
2304 9
—-5120 -10
-11264 11

=+ 5005

k-3

1000

S OO OO OO OOO RO

1
fk+2 + %fk+3]

0 0 0

1 1 1

2 4 6

3 12 27
4 32 108
5 80 405
6 192 1458
7 448 5103
8 1024 17496
9 2304 59049
10 5120 196830

11 11264 649539

O 0O o0

(@]

P ————

[}
w1

(e}
N

g
IS

[r—
a o
o wn

N

[

e e

1 1 1 11 1 1
-3 -2 -1 01 2 3
9 4 1 0 1 4 9 |rdy
1 —27 -8 -1 01 8 27 |iq,
| 81 16 1 0 1 16 81 |iq
| _ 1] —243 -32 -1 0 1 32 243 dz
[T h| 729 64 1 0 1 64 729 d3
| -2187 —128 -1 0 1 128 2187 d‘*
| 6561 256 1 0 1 256 6561 d5
—19683 —512 —1 0 1 512 19683 | "6
59049 1024 1 0 1 1024 59049
177147 —2048 —1 0 1 2048 1771471
Wheni=2,j=3
Inthiscase [ =3,n=5andm =11, and from
eqg. (2), this results in:
1 1 1 11 1 1
-3 -2 -1 01 2 3
9 4 1 01 4 9 |rdy
—27 -8 -1 0 1 8 27 |iq,
81 16 1 0 1 16 81 |f4
_ 1] —243 -32 -1 0 1 32 243 d2
|l 729 64 1 0 1 64 729 d3
—2187 —-128 -1 0 1 128 2187 d‘*
6561 256 1 0 1 256 6561 d5
—19683 —512 -1 0 1 512 19683 |6
59049 1024 1 0 1 1024 59049
177147 —2048 —1 0 1 2048 177147-
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From eq. (1), the scheme has the form:
FCSO11:

3 3 3 3
Togfie-2 T g fi—1 + fi ¥ 7 firr + 55 Sz +

Wheni=3,j=3

1, 1T -1 107 5 Inthis case [ =3,n=6andm =12, and from
200 Tk+3 = Z[ﬁfk% ~ To00 -2 T fk-1— eq. (2), this results in:
%fk + %fk+1 +%fk+2 + %fk+3
0 0 0 0 0 0 0
1 1 1 1 1 1 1
—6 —4 -2 0 2 4 6
27 12 3 0 3 12 27 |rCo
—108 —32 —4 0 4 32 108 [[©1
405 80 5 0 5 80 405 ||c2
—1458 -192 -6 0 6 192 1458 || 1
5103 448 7 0 7 448 5103 |lcs
—17496  —1024 -8 0 8 1024 17496 l|¢Cs
59049 2304 9 0 9 2304 59049 llced
—196830 —5120 —10 0 10 5120 196830
649539 11264 11 0 11 11264 649539
2125764 —24576 —12 0 12 24576 2125764
F1 1 1 11 1 1
-3 -2 -1 01 2 3
9 4 1 0 1 4 9
—27 -8 -1 01 8 27 |[do]
81 16 1 0 1 16 81 ||d1
1| —243 -32 -1 0 1 32 243 [|dz
=71 729 64 1 0 1 64 729 ||d;
—2187 —-128 -1 0 1 128 2187 |ld,
6561 256 1 0 1 256 6561 llds
-19683 -512 -1 0 1 512 19683 |ld,]
59049 1024 1 0 1 1024 59049
—177147 —2048 —1 0 1 2048 177147
| 531441 4096 1 0 1 4096 531441

From eq. (1), the scheme has the form:

CCSO12:

o ficsF st = oy + i = flan +
9 1 1| -49 231
oo fev2 togg fiws = g[mfk—s ~ ToogJk-2
%fk—l + %fk+1 + %fmz + %fms
Dispersion and dissipation errors from
Fourier analysis

When using finite difference
approximations for solving differential equations,
the approximate solutions generate errors, which
associate with odd and even derivatives terms.
These terms contribute to numerical dispersions
and dissipations. The numerical solution has a
dispersion behavior if the derivative of the leading
term is odd while it has a dissipative behavior if
the derivative of the leading term is even. In flow

transition problems with small length scales, the
behavior of the numerical solutions can be
described by dispersion and dissipation errors
because the dispersive error terms lead to
oscillated solutions while the dissipation error
terms affect the smoothing of gradients, see (11)
for more details.

The Fourier analysis is an efficient tool of
measuring the dispersion and dissipation errors by
guantifying the wave number of the numerical
approximation (12). The imaginary part and the
real part of the wave number introduce the
dispersion error and the dissipation error
respectively. The wave numbers for the proposed
schemes using Fourier analysis are derived, and
the dispersion and dissipation errors terms for
these schemes are calculated as listed in Tables 1
and 2 below.
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Table 1. Dispersion error terms of the proposed schemes

Scheme Dispersion Error Terms
CCSO4 3R sin[k] "
®lz¥ cos[k]
BCSO7 1 R i(—27 + 16cos[k] + 11cos[2k]) + 5(16 + 5cos[k])sin[k]
3¢ 16cos[k] + cos[2k] — i(18i + 8sin[k] + sin[2k])
FCSO7 2
1 4i(19 + 11cos[k])sin [%] + 5(16 + 5cos[k])sin[k]
=R
3¢ T18 ¢ 16cos[k] + cos[2k] + 2i(4 + cos[k])sin[k]
CCSs08 5 R 32sin[k] + 5sin[2k]
6 € 18 + 16cos[k] + cos[2k]
BCSO1 1 2i(16350cos[k] + 1902cos[2k] + 5(3140 + cos[3k])) + 3150sin[k] + 756sin[2k]
1 30 C| 225cos[k] + 36cos[2k] + cos[3k] — i(200i + 75sin[k] + 24sin[2k] + sin[3k])
FCSO1 1 —2000 + 375cos[k] + 1488cos[2k] + 137cos[3k] + 7875isin[k] + 2772isin[2k] + 147isin[3k]
1 30 m 200 + 225cos[k] + 36cos[2k] + cos[3k] + 75isin[k] + 24isin[2k] + isin[3k]
—k
CCso1 7 R 375sin[k] + 132sin[2k] + 7sin[3k] .
2 10 € 200 + 225cos[k] + 36cos[2k] + cos[3k]
Table 2. Dissipation error terms of the proposed schemes
Scheme Dissipation Error Terms
CCS04 sin[k]
3l oS
BCSO7 1I i(—27 + 16cos[k] + 11cos[2k]) + 5(16 + 5cos[k])sin[k]
3 m| 16cos[k] + cos[2k] — i(18i + 8sin[k] + sin[2k])
FCSO7 , I .
1 4i(19+ 11cos[k])sm[§] + 5(16 + 5cos[k])sin[k]
—§Im 18 + 16cos[k] + cos[2k] + 2i(4 + cos[k])sin[k] |
CCSOs 5I 32sin[k] + 5sin[2k]
6 g + 16cos[k] + cos[2k]
BCSO11 1

2i(15700 + 16350cos[k] + 1902cos[2k] + 5cos[3k]) + 3150sin[k] + 756sin[2k]
% (—147 + Im[

225cos[k] + 36cos[2k] + cos[3k] — i(200i + 75sin[k] + 24sin[2k] + sin[3k])
FCsSO11 1 R —2000 + 375cos[k] + 1488cos[2k] + 137cos[3k] + 7875isin[k] + 2772isin[2k] + 147isin[3k
30 el 200 + 225cos[k] + 36cos[2k] + cos[3k] + 75isin[k] + 24isin[2k] + isin[3k]
7 I 375sin[k] + 132sin[2k] + 7sin[3k]

10 200 + 225cos[k] + 36cos[2k] + cos[3k]

CCSO012

-0

=03}

=041

Also, the dispersion and dissipation errors of the

00003t !
]
proposed schemes are compared to show the - e CCS04
features of high order schemes as illustrated in i ! BCSO7
- . I
Figure 1 and Figure 2 below. 0000t —— FCSO7
*M%MHLJFHWH—H%—HLHA—A—‘—P.. _" et
e 05 10 15 20 25 30 CCsos
o5 (o 15 "'-2_.g 55‘\".‘ ETh 00001 \\ o e - BCSO11
N ", VY - cCso4 -t \
| .\‘\ \ \ ‘ Sos07 \ wnemnees FCSO11
r . % \ 00002} \
\_“ \_\ .|]-ll _____ Feso7 ll CCs012
02 ".‘ i '.| | = cCcsos 00003F ]‘.
\ ".. \W - BCSO11
‘\“ 1 I|I R FCSO11
Voo H CCso12 Figure 2. The dispersions errors of the proposed
. ] ]
vl

F

schemes
igure 1. The dispersions errors of the proposed
schemes
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Verifying the Order of Accuracy

To verify the order of accuracy of the
proposed schemes, the technique of the n™ order
polynomial P,(x) = Y.'_ axx® is used (6), and
the first remained coefficients (aq,a;,....,a,) of
this polynomial determine the order of the scheme
as indicated in Table 3 below.

Table 3. Error terms of the proposed schemes

Schemes Error terms Order
CCs0o4 a5+ 2a7 + 3a9 + 4all 4
+ 5a13
BCSO7 —8(a8 — 2a9 + 10al10 7
— 20al11
+ 67al12
—134a13)
FCSO7 8(a8 + 2a9 + 10a10 + 20all 7
+ 67al12
+ 134a13)
CCS08 16(a9 + 10all + 67a13) 8
BCSO11 —432(al2 — 3al13 + 28a14) 11
FCSO11 432(al2 + 3al13 + 28a14) 11
CCso012 1296(a13 + 28al5) 12
Conclusion

In this paper, many high order schemes for
approximating the first derivatives are constructed
by solving the coefficients of a matrix system. By
using Fourier analysis, the dispersion and
dissipation errors of these schemes are calculated.
When comparing dispersion and dissipation errors,
the results show that high order schemes have
fewer errors, which can be applied in
computational problems with high frequency. In
addition, the orders of the proposed schemes are
verified by polynomial techniques. The upcoming
project is to generalize this method to derive
schemes of high order derivatives and apply these
schemes in some CFD problems.
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