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Abstract:

Let M is a I'-ring. In this paper the concept of orthogonal symmetric higher bi-derivations on semiprime I'-
ring is presented and studied and the relations of two symmetric higher bi-derivations on T'-ring are

introduced.
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Introduction:

Let M and T" be two additive abelian groups, M is
called a I'-ring if the following conditions are
satisfied for any x,y,zeM and «, Bel":

i) xay eM
i) xa(y + z) = xay + X0z

x(o + B)y = xay + xBy

x+y)az = xaz + yaz
i) (xay)Bz = xa(yBz)
The nottion of a T'-riing was first introduced by
Nobusawa and generalized by Barnes 1966 (1) as
above definition. It is well known that every ring is
I'-ring . M is called prime if xI'MI'y=0 implies that
x=0 or y=0 and it said to be semiprime if xI MI'x=0
implies that x=0 for all x,y eM ,(2) .M is said to be
n-torsion free if nx=0 , xeM implies that x=0 where
n is positive integer, (3). Khan A.R, Chaudhry
M.A and Javaid I. in (4) defined a derivation on I'-
ring as follows :An additive mapping d:M—M is
said to be derivation on M if d(xay)=d(x) ay +xa
d(y) for all x,yeM and ael'. Rahman M.M. and
Paul A.C. in (5) are defined a Jordan derivation on
I'-ring as follows: An additive mapping d:M—M is
said to be Jordan derivation on I'-ring if d(xox) =
d(x) ax +xo d(x) for all xeM and o€l . It is clear that
every derivation of a I'-ring M is Jordan derivation
of M. Suliman N.N. and Majeed A.H. in (6) are
introduced the definition of orthogonal derivation
on I'-ring as follows :Let d and g be two
derivations on M are said to be orthogonal if d(x)
I'MTI g(y) =(0)=g(y) I'MI'd(x) for all x,yeM. Ozturk
M.A, Sapanci M, Soyturk M, Kim K.H. ,in (7)
presented the definition of symmetric bi-derivation
on I'-ring M as follows: A mapping
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d:MxM—M is said to be symmetric if d(x,y)=d(y,X)
for all x,yeM.

symmetric bi-derivation on M if d(xay,z)=d(x,z)oy
+xad(y,z) for all x,y,z eM , ael and d is said to be
Jordan bi-derivation on M if
d(xox,y)=d(x,y)ax+txad(x,y) for all x,y,z €M and
a€el. It is clear that every bi-derivation of a I'-ring M
is Jordan bi-derivation of M. Marir A.M in (8)
introduced the concept of higher bi- derivation on
I'-ring M as follows : Let D=(d;) ;ey be a family of
bi-additive mapping on MxM into M is said to be
higher bi-derivation if
dp(XQy,zawW)=Y; 4 j=n d; (x, z)ad; (y, w) for all
X.Y,ZW eM , ael. Salah M.Salih and Ahmed
M.M. in (9) introduced the concept of Jordan higher
bi-derivations of prime I'-rings as follows: let
D=(d;) ;ey be a family of bi-additive mapping on
MxM into M is said to be Jordan bi-derivation if
dp(x0X,y0y)= T jon i (x, y)ad;(x, ) For all
x,YyeM ,a €l .

In this paper the results of the concept of
orthogonal symmetric higher bi-derivations on
semiprime TI'-ring are introduced, and some of
lemmas and theorem are proved .

Orthogonal Symmetric Higher bi-Derivations on
Semiprime I'-Rings.

In this section the concept of orthogonal
symmetric higher bi-derivations are presented and
studied on I'-rings and introduced an example and
some lemmas.

Definition (2-1):

Let M be a I'-ring, let D=(d;) ;eny and G=(g;) ien
be two symmetric higher bi-derivations on a I'-ring
M .Then d,, and g,, are said to be orthogonal if for
ali x,y,zeM and neN

dn(x,y) TMIgy(y,2)=(0)= gn(y,z) TMI'd,(X,y)
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Where d,(Xy)
ML gy (y,2)=Xi2 di(x, y)amB g;(y,z) = 0, for all
meM and «, Bel’

Now, the following example is about orthogonal
symmetric higher bi-derivations:

Example (2-2) :

Let M be a I'-ring , d,, and g,, be two symmetric
higher bi-derivations on M. Put M'=MxM and
['=I'xI’ ,we define dpand gpon M’ by
dp:M'—M' and g,:M'—M’ such that d ;,((x,y))=
(d(x),0) and g5 ((x,y))=(0, gn(»)) for all xyeM’
and neN. Then d; and g, are symmetric higher bi-
derivations such that d,, and g, are orthogonal .
Now, the following lemmas of orthogonal
symmetric higher bi-derivations on I'- ring M.
Lemma (2-3):(2) Let M be a 2-torsion free
semiprime I'-ring an X,y be elements of M. If for all
a,fel’, then the following conditions are
equivalent:

i) xaMpy =0

i) yaMpBx =0

iii) xaMpBy + yaMBx =0
If one of these conditions is fulfilled , then xay =
yax =0 .
Lemma (2-4) :(2) Let M be a 2-torsion free
semiprime I'-ring and x,y be elements of M such
that xaMBy + yaMpBx = 0 for all a, BeT’
then xaMBy = yaMBx=0.
Lemma (3-5) :

Let M be a semiprime I'- ring . Suppose that the
bi-additive mappings d,, and g,, on MxM into M
satisfies d,,(X,y)IT'MI"g,(x,y)=(0) for all x, yeM and
neN. Then d,,(x,y)I'MI g,(y,z)=(0) for all zeM and
neN.

Proof:

Suppose that d,,(x, y)I'MI g, (X,y)=(0)
dn(x,y)IMI g, (X,y)=2i di(x, y)amBg;(x,y) = 0
...(1) for all meM and «, Bel
Replace x by x + z in (1)

i=1di(x +z,y)amBg;(x + z,y) = 0

1 (d; (6, y) +di(z, y)amB(g;(x,y) +
gi(z,y)) =0 i=1di(x, y)ampBg;(x,y) +
di(x,y)amBgi(z,y) + di(z,y)amBg;(x,y) +
di(z,y)amBg;(z,y) = 0
By equation (1)
iz, di(x, y)ampBgi(z,y) =
-1 di(z,y)amBgi(x,y) ......(2)
Multiplication(2) by yté Y.i=, d;(x,y)amBg;(z,y)
for all teM and y, §el’
i1 di(x, y)ampBg;(z,y) yté
Yiz1di(x,y)ampBg;(z,y) =0
Since M is semiprime I"-ring

Yie1di(o,y)amBgi(z,y) =0 ......(3)

Replace gi(Z; J’) by gi(}" Z) in (3)
Yi=1di(x, y)ampBgi(y,z) =0
Thus d, (x,y)TMTg,(y,z) =(0)

Lemma (2-6) :

Let M be a 2-torsion free semiprime I'- ring such
that xayfz = xByaz for all a,Bel,x,y,zeM and
two symmetric higher bi-derivations d,, and g,, for
all neN are orthogonal if and only if
dn(x, ¥)agn (v, 2) + gn(x, y)ad,(y,z) = 0 for all
neN .

Proof :

Suppose that
dn (6, y)agn(y,2) + gn(x, y)ad,(y,2z) = 0
Y1 di(x,y)agi(y,2) + gi(x,y)ad;(y,z) =

Replace x by xfw in (1) for all weM

Y di(xpw,y)ag; (v, z) +
gi(xpw,y)ad;(y,z) =0

?=1 di(xf y)ﬁdl (W' J’)agi(y, Z) +
9i(x, ¥)Bgi(w,y)ad;(y,2)=0.....(2)
Replace d;(w, y) by g;(w,y) in (2)

Z?=1di(x;}’)ﬁgi(w’}’)agi(% Z) +
gi(x'}’)[)’gi(w;}’)adi(% 2)20(3)

By Lemma (2-4)
Yie1di(x,y)Bgi(w,y)ag;(y, z)=0=
Z?:Lgi(x;}’)ﬁgi(W')’)adi()’;Z)--(“)
Replace g;(w,y) by min (4) for all meM

dn (%, y)TMI gn(y,2) = (0) =

9n(x, Y)TMTd, (y, 2)

Thus d,, and g, are orthogonal

Conversely, suppose that d,, and g,, are orthogonal

dn(x’y)FMan(y'Z) = (0) =
n(x, y)TMTdy (y, 2)

Yiidi(x,y)ampBg;(y,z) =0 =
Y1 gi(x, y)ampBd;(y, z)

Yi=1di(x,y)amBg;(y, z) +
Liz19:(c,y)ampBd;(y,z) =0

By Lemma (2-3) Xi;di(x,y)ag;(y,2z) =0=
Liz19:(x,y)ad;(y,2)

Z?:l di(xry)agi(yrz) + gi(x'y)adi(y'z) =0
Thus d,, (x, y)agn (v, 2) + gn(x, y)ad,(y,z) = 0
Main Results:

In this section introduce some theorems of

orthogonal symmetric higher bi-derivations on
semiprime I'-ring.
Theorem (3-1): Let M be a 2-torsion free
semiprime I'-ring such that xayfz = xByaz for all
a,Bel ,x,y,zeM.Two  symmetric  higher  bi-
derivations d,, and g, for all neN are orthogonal if
and only if d,(x,y)agn(y,z)=0 or
9n(x,y)ad, (y,z)=""0 for all x,y,zeM and neN .

1076



Baghdad Science Journal

Vol.16 (4) Supplement 2019

Proof :
Suppose that d,, (x, y)ag, (v, z)=0
dn(x,y)agn(y,2) = ¥iz, di(x,y)agi(y,z) = 0

Replace x by xgt in (1) for all teM and Sel’
Yic1di(xpt,y)agi(y,z) =0
Yie1diCoy)Bdi(t,y)agi(y,2) =0 ......(2)
Replace d;(t,y) by min (2) for all meM

Yie1 di(x, y)pmag;(y,z) =0

d,(x,y)TMl'g, (y,z) = (0) by Lemma (2-3) , d,
and g,, are orthogonal

Similarly way if g,(x,y)ad,(y,2z)=0, d,, and g,
are orthogonal

Conversely, suppose that d,, and g,, are orthogonal
dy (x, y)TML gy (y,2) = (0)

Yis1di(x, y)ampBgi(y,z) = 0

By Lemma (2-3)

Z?=1di(x;}’)a.9i()’: Z) =0

Thus dy,(x,y)agn(y,z) =0

And by g,(x,y)TMI'd,(y,z) = (0)

Yie19i(x, y)ampBd;(y,z) = 0

By Lemma (2-3)

Yie19i(y)adi(y,z) =0

Thus g, (x,y)ad,(y,2) =0

Theorem (3-2) : Let d,, and g,, be two symmetric
higher bi-derivations of a 2-torsion free semiprime
I'-ring M and where d,, is commuting and g,, is
commuting for all neN . Then the following
conditions are equivalent for every neN :

i) d, and g, are orthogonal.

i) dpgn=0.

i) gnd,=0.

V) dpgn+ gndn=0.

V) d, gy 1S symmetric higher bi-derivation .

vi)  g,d, is symmetric higher bi-derivation .
Proof : (i) & (ii)

Suppose that d,, and g,, are orthogonal

Gn(x, y)TMId, (y, z) = (0)
d,,(gn(x,y)TMTd, (y,z), m;) = (0) for all m;eM
> di(g:i (e y)amBdy(y,z),m) =0 for all
meM

Yi=1di(9:(x, y), myad;(m,my)Bd;(d;(y, 2), m) =

0...(1)
Replace di(di(y' Z), ml)by di(gi(xl )’)» ml) in (1)

Z?=1 di(gi(-xJ }’)' ml)adi(mi ml).b)di (gi(X, y)' ml) =
0

Since M is semiprime I"-ring

2?=1 di(gi (X, J’)' ml) =0

dn(gn(x' :V)v ml) =0

dngn =0

Conversely , suppose that d,,g, =0
d, (g, (x,y),m) = 0 for all meM
Yieg di(gi(x,y),m) =0......(2)
Replace x by xaz in (2)

?:1 di(gi(va:J/);m) = O
Yie1di(gi(x,y)agi(z,y),m) =0
2?21 di(gi(x’Y):m)adi(gi(z;}’);m) =0
2?21 di(gi(x! Y):m)agi(di(z; )’);m) =0...... (3)
Replacing d;(g;(x,y),m) by d;(xy) and
9i(d;(z,¥), m) by g;(y,2) in (3)
Yie1di(x,y)agi(y,z) =0
dn(x,y)agn(y,z) =0
By Theorem (3-1) d,, and g,, are orthogonal
Proof : (i) & (iii)

Suppose that d,, and g,, are orthogonal
dn(x:y)FMan(y' Z) = (O) we get
In(dn(x,y)TMT g, (v, 2z), my) = (0) for all m;eM
Yie19:(di(x, y)amBg;(y,z),my) =0 for all
meM

Yie19i(di(x,y), m)agi(m,m)Bg;(9;(y,2), m;) =
Replace g;(g;(y,2), my) by g;(d;(x,y),my) in (2)

Yic19i(di(x,y), myag;(m,m)Bg;(d;(x,y), my) =
0
Since M is semiprime I'-ring
Z?:lgi(di(xfy)'ml) =0
gn(dn(xf }’)'7711) = 0
gndn =0
Conversely , suppose that g,d, =0
gn(d,(x,y),m) = 0 for all meM
1 9idi(x,y),m)=0.... 3)
Replace x by xaz in (3)

?=1 gi(di(xa’Z'Y),m) =0
2?=1gi(di(x’}’)adi(zr}’);m) =0
Z?=1gi(di(x’}’).m)agi(di(zr}’);m) =0
Z?=1gi(di(x’}’).m)adi(gi(zr}’);m) =0...... (4)
Replacing  g;(d;(x,y),m) by gi(xy) and
di(9i(z,y),m) by g;(y,z) in (4)
Yie19i(x,y)ad;(y,z) =0 we get
In(x,y)ad,(y,2) =0
By Theorem (3-1) d,, and g,, are orthogonal
Proof : (i) & (iv)

Suppose that d,, and g,, are orthogonal
By Theorem (3-2) (ii) dp,g, =0...... (5)

And by Theorem (3-2) (iii) g,d, =0 ...... (6)

By (5) and (6) dngn + gndn =0

Conversely, suppose that d,g, + gnd, =0

(dngn + gndn)(X,y)=0

(dngn)(x: 3’) + (gndn)(xr y) =0

dp(gn(x,¥),m) + gn(dy(x,y),m)=0 for all
meM

Z{;l di(gi(x' Y):m) + gi(di(xl Y)'m) =

Replace x by xaz in (7) we get
Yiz1di(gi(xaz, y),m) + g;(d;(xaz,y),m) = 0

Zln=1di(gi(xry)agi(zly)rm) +
gi(di(x,y)ad;(z,y),m) =0
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Zln=1 di(gi(x' }’)' m)adi(gi(ZJ }’), m)+
i (dl (x' J’)' m)agi (dl (Z, y), m)=0

Zln=1 di (gl (X, }’): m)agi (dl (Z' J/); m)+
gi(d;i(x,y),m)ad;(g;(z,y),m)=0 ...... (8)
Replacing d;(g;(x,y),m) by d;(x,y) and
9i(d;(z,y),m) by g;(y, 2) and
gi(d;(x,y),m) by g;(x,y) and
d;(gi(z,y),m) by d;(y,z) in (8)
Yic1di(x,y)agi(y,2) + gi(x, y)ad;(y,2) = 0
dn (0, y)agn(y,2) + gn(x, y)ad,(y,2) =0
By Lemma (2-5) d,, and g,, are orthogonal
Proof : (i) & (v)

To prove
(dngn) (va, Y) = (dngn)(xv y)a(dngn) (z,y)
(dngn)(x' Y)a(dngn)(zr 3")
= d,(gn(x,y),m)d,(gn(z,y), m) for all meM
= Y1 di(gi(x,y),m)ad;(gi(z,y),m) ...... )
And (dngn)(xaz,y) = dp(gn(xaz,y),m) =
Z?:l di (gl (X(ZZ, }’)' m)
=Yt di(gi(x, y)agi(z,y),m)
= Yie1d;(gi(x,y), m)ad;(gi(z,y),m) ...... (10)
By (9) and (10) d, g, is higher bi-derivation
Conversely , to prove d,, and g,, are orthogonal

dn(x,y)TMI' g, (y,2) =

d,(d,(x,y)TMI'g, (y,z),t) for all teM

= Yic1di(di(x, y)amBg;(y, z),t) for all a,Bel
and meM

= ?=1 di(gi(x' .V): t)adi(m' t)ﬂdi(gi(y' Z)' t)

Replace g; (v, z) by g;(x,y) in (11)
= 2?:1 di (gl (X, .V): t)adi (m' t)ﬁdi (gl (x' }’)' t)
Since R is semiprime T'-ring and by Theorem (3-
2) (ii)
0=2XL,di(gi(x,y),t) we getd,g, =0
Thus d,(x,y)TMTl'g,(y,z) = (0) by lemma (2-3)
d, and g, are orthogonal
Proof : (i) & (vi)
Similar way used in the proof of (v)
Theorem (3-3): Let M be a 2-torsion free
semiprime I'-ring, d,, and be two symmetric higher
bi-derivations for all neN . Suppose that d,,?> = g,2,
thend,, — g,and d,, + g,, are orthogonal .
Proof :

Suppose that d,,2 = g, 2, then for all X,yeM :

= [(dn - gn)(dn + gn) + (dn + gn)(dn -
gl y)
[(dy — gn)(dy + 8] y) + [(dy + gn)(dp —

gnlxy)
= Yiel (di — g)(di + gD (x y) + [(d; +
g)(di —g)] xy)
= Yii(di® + dig; — gidi — gD y) +
(df — dig; + gid; — gf)(x,y)

?=1 diz(X! Y) + di(gi(x, Y)l m) - gi(di(x, Y)! m) -
giZ(X, Y) + diZ(X, Y) - di(gi(x, Y)I m) +
gi(di(x,y), m) — g;?(x,y) for all meM

0= dnz(Xl Y) + dn(gn(X: Y);m) -

gn(dn(xr Y)rm) - gnz(xl Y) + dnz(X, Y) -
dp(gn(xy), m) + gn(dy(xy), m) — gnz(xi y)

(dn — gn)(dp + gn) + (dy + 8n)(dy —8n) =0
By Theorem (3-1-6) (iv) d, — gyand d,, + g,are

orthogonal
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