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Abstract: 
The main purpose of this work is to introduce some types of fuzzy convergence sequences of 

operators defined on a standard fuzzy normed space (SFN-spaces) and investigate some properties and 

relationships between these concepts. Firstly, the definition of weak fuzzy convergence sequence in terms of 

fuzzy bounded linear functional is given. Then the notions of weakly and strongly fuzzy convergence 

sequences of operators (Γn ) are introduced and essential theorems related to these concepts are proved. In 

particular, if (Γn) is a strongly fuzzy convergent sequence with a limit Γ where Γ linear operator from 

complete standard fuzzy normed space (U, 𝒩U,⊛) into a standard fuzzy normed space (V, 𝒩V,⊛) then Γ 

belongs to the set of all fuzzy bounded linear operators 𝔽𝔹(U, V). Furthermore, the concept of a fuzzy 

compact linear operator in a standard fuzzy normed space is introduced. Also, several fundamental theorems 

of fuzzy compact linear operators are studied in the same space. More accurately, every fuzzy compact linear 

operator Γ: U → V is proved to be fuzzy bounded  where (U, 𝒩U,⊛) and (V, 𝒩V,⊛) are two standard fuzzy 

normed spaces.  

 

Keywords: Fuzzy compact linear operator, Fuzzy convergence sequence of operators, Standard fuzzy 

normed spaces, Strongly fuzzy convergent, Weakly fuzzy convergent. 

 

Introduction: 
Fuzzy set theory was initiated by Zadeh in 

1965(1), then numerous mathematicians have 

studied this concept and obtained different main 

results from various points of view(2,3). The 

definition of the fuzzy norm was firstly introduced 

by Katrasas (4) who defined the fuzzy norm in 

linear space. Felbin (5) presented another different 

type of fuzzy norm defined on a vector space. 

Thought of a fuzzy normed linear space and the 

fuzzy linear operator was introduced by Shih Chuan 

and John Mordeson (6). Bag and Samanta (7) 

studied the relation between fuzzy boundedness and 

fuzzy continuity and gave a notion of boundedness 

of a linear operator in fuzzy normed spaces. They 

also debated the notions of convergent sequence 

and Cauchy sequence in the same space. In (8) 

Sadeqi and Salehi introduced the concept of the 

fuzzy compact operator and proved the equivalence 

of the concepts of fuzzy boundedness and fuzzy 

norm continuity of linear operators.  Moreover, 

different approaches for the space of fuzzy norm 

can be found in (9-22). In this paper, the first main 

goal is to present the definition of weak and strong 

fuzzy convergence sequence of operators in a 

standard fuzzy normed space (𝑈, 𝒩,⊛) (briefly 

SFN-space) where ⊛ is an arbitrary continuous t-

norm. Then basic properties related to these 

concepts are given. The second goal is to introduce 

the notion of fuzzy compact linear operators and 

discussed some important properties of them. 

Structurally, this paper involves the following: the 

basic properties of a standard fuzzy normed space 

are given, then, in Section 3, the definition of 

strongly and weakly fuzzy convergence sequence of 

operators in an SFN-space are presented. In Section 

4, the concept of a fuzzy compact linear operator 

from an SFN-space into another SFN-space is 

given. Besides, different properties of the fuzzy 

compact linear operator will be proved, for 

example, the product of a fuzzy compact linear 

operator Γ and fuzzy bounded linear operator Λ on 

a standard fuzzy normed space (U, 𝒩,⊛) is proved 

to be fuzzy compact and in case U is finite 

dimension then the linear operator Γ is proved to be 
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fuzzy compact. Finally, the paper finished with a 

conclusion section. 

 

Preliminaries  
This section presents some definitions of standard 

fuzzy normed spaces and basic properties related to 

these concepts. 

Definition 1(23)  

     Suppose that ⊛: [0,1]2  →  [0,1]  a binary 

operation. Then ⊛ is called  continuous t-norm if 

⊛ satisfies the following properties for each 

ρ, δ, β, σ ∈ [0, 1]: 
 

 1-   ρ ⊛ δ =  δ ⊛ ρ 

 2-   ρ ⊛ 1 =  ρ 

 3-  (ρ ⊛ δ) ⊛ β =  ρ ⊛ (δ ⊛ β) 

 4-  If ρ ≤  δ and β ≤  σ then, ρ ⊛ β ≤  δ ⊛ σ. 

 

The following definition of the standard fuzzy 

normed space considered in (24) is given. 

 

Definition 2 (24)  
    A Standard fuzzy normed space (briefly, SFN-

space) is a triple (U, 𝒩,⊛) where U is a linear 

space over field K, ⊛ is a continuous t-norm and 𝒩 

is a fuzzy set on U satisfying the conditions: 

 

(𝒩1) 𝒩(𝓊) >  0, ∀𝓊 ∈ U 

(𝒩2) 𝒩(𝓊) = 1 if and only if 𝓊 = 0. 

(𝒩3) 𝒩(ρ𝓊) =
1

|ρ|
𝒩(𝓊) , ∀ 𝓊 ∈ U and ρ ≠ 0. 

(𝒩4) 𝒩(𝓊 + 𝓌) ≥ 𝒩(𝓊) ⊛ 𝒩(𝓌) , ∀𝓊, 𝓌 ∈ U. 

(𝒩5) 𝒩(𝓊) is a continuous fuzzy set. 

 

The next proposition shows that an ordinary normed 

space with some conditions will be standard fuzzy 

normed space induced by the norm ‖.‖ as in (24). 

 

Proposition 1(24)  

      Suppose that (U, ‖. ‖) be an ordinary normed 

space with ‖𝓊‖ is an integer for each 𝓊 ∈ U and 

𝓊 ⊛ 𝓌 = 𝓊. 𝓌 for each 𝓊, 𝓌 ∈ [0,1]. Define  

𝒩‖.‖(𝓊) = {

1

‖𝓊‖
     if 𝓊 ≠ 0

1          if 𝓊 = 0

 

Then (U, 𝒩‖.‖,⊛) is standard fuzzy normed space 

deduced from the norm ‖. ‖. 

The following group of definitions are presenting 

the notions of the open ball, open and closed set 

convergent and Cauchy sequence, and the closure of 

a set respectively that given in (24). 

 

Definition 3 (24)  

      Let (U, 𝒩U,⊛) be an SFN-space. Put B(𝓊, ϵ) =
{𝓌 ∈ U: 𝒩(𝓊 − 𝓌) > (1 − ϵ)}. Then B(𝓊, ϵ) is 

called an open ball centered at 𝓊 ∈ U with radius 

0 < ϵ < 1. 

 

Definition 4 (24)   

     Suppose that (U, 𝒩U,⊛)  is an SFN-space 

and 𝒜 ⊆ U. Then  

(1) 𝒜 is open set if for each 𝒶 ∈ 𝒜  there is 

an 0 < ϵ < 1 with B(𝒶, ϵ) ⊂ 𝒜. 

(2) 𝒜 is closed set if 𝒜c is open, that is 𝒜c = U ∖
𝒜. 

 

Definition 5 (24)  

      In an SFN-space  (U, 𝒩U,⊛), for any 0 < ρ < 1 

a sequence (𝓊n) in U is said to be: 

1- convergent to a point 𝓊 ∈ U if there is a natural 

number N ∈ ℕ with 𝒩(𝓊n − 𝓊) > (1 − ρ) for 

each n ≥ N. 

2- Cauchy if there is a natural number N ∈ ℕ with 

𝒩(𝓊n − 𝓊m) > (1 − ρ)   where n, m ≥ N.  

 

Definition  6 (24)  

     Let 𝒜 be a subset of an SFN-space (U, 𝒩U,⊛). 

Then  𝒜̅ is called the closure of 𝒜 which is the 

intersection of all closed sets containing: 𝒜̅ =
⋂ Bclosed B⊇𝒜 . 

 

Definition 7 (24)  

     Suppose that (U, 𝒩U,⊛)  is an SFN-space 

and 𝒜 ⊆ U. Then 𝒜 is called fuzzy bounded if for 

each ∈ 𝒜 there is a real number say r, 0 < r < 1   

with 𝒩(𝒶) > (1 − r).   

 

Definition 8 (24) 

     Suppose that (U, 𝒩U,⊛)   and (V, 𝒩V,⊛) be two 

SFN-spaces and Γ: D(Γ) →V  

be a linear operator, where D(Γ) ⊂U. The operator Γ 

is said to be fuzzy bounded if there is a real number 

r, 0 < r < 1 such that for all 𝓊 ∈ D(Γ), 𝒩V (T𝓊) ≥ 

(1- r) 𝒩U (𝓊) . 

The set of all fuzzy bounded operator is denoted by 

𝔽𝔹(U, V)  such that 

𝔽𝔹(U, V) =
{Γ: U → V|Γ is a fuzzy bounded operator } (25). 

 

Theorem 1(25)  

     Suppose that (U, 𝒩U,⊛) and (V, 𝒩V,⊛) are two 

SFN-spaces. Then (𝔽𝔹(U, V), 𝒩,⊛) is SFN-space  

such that 𝒩(Γ) = inf𝓊∈D(Γ) 𝒩V(Γ𝓊) for each Γ ∈

𝔽𝔹(U, V).   

 

Definition 9 (25)   

     A linear functional g from an SFN-space 

(U, 𝒩U,⊛)  into the SFN-space (K, 𝒩K ,⊛) is called 

fuzzy bounded if there exists r, 0 < r < 1 with 

𝒩K(g(𝓊) ≥ (1 − r) 𝒩U(𝓊) for each 𝓊 ∈ D(g). 
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Furthermore, the standard fuzzy norm of g is 

𝒩(g) = inf𝓊∈D(g) 𝒩K(g(𝓊)) and  𝒩K(g(𝓊) ≥

𝒩(g) ⊛ 𝒩U(𝓊). 

 

Theorem 2 (25) 

     Let (U, 𝒩U,⊛) be SFN-space. Then U is 

compact if and only if each sequence of elements in 

U has a subsequence converging to an element in U.  

 

Fuzzy Convergence Sequence and Fuzzy 

Convergence Sequence of Operators 
This section is devoted to introduce the notations of 

strongly and weakly fuzzy convergent sequence of 

operators and prove some properties in the standard 

fuzzy normed space. It is well known that if 

(U, 𝒩U,⊛) is an SFN-space, then the set of all fuzzy 

bounded functional  𝔽𝔹(U, K) = {g: U → K, g is 

fuzzy bounded linear functional} with a fuzzy norm 

𝒩(g) = inf𝓊∈U𝒩K(g(𝓊)) which is called the fuzzy 

dual space of U (25).  

 

First, the definition of weak fuzzy convergence 

sequence  in terms of fuzzy bounded linear 

functional on a standard fuzzy normed space 

(U, 𝒩U,⊛) is introduce as follows. 

 

Definition 10 

     Let (U, 𝒩U,⊛) be an SFN-space. A sequence 
(𝓊n ) in U is called weakly fuzzy convergent if 

there exists an element 𝓊 ∈ U such that limn→∞ g( 

𝓊n) = g(𝓊 ) for every g ∈ 𝔽𝔹(U, K).  
 

Theorem 3 

    Suppose that (𝓊n ) be a sequence in an SFN-

space (U, 𝒩U,⊛). If (𝓊n )  fuzzy convergent 

sequence then (𝓊n ) weak fuzzy convergent with 

the same limit. 

Proof: let (𝓊n ) be a sequence in an SFN-space 

(U, 𝒩U,⊛). Since (𝓊n ) fuzzy converges to 𝓊 ∈ U 

then there exists an element ρ ∈ (0,1) and a 

positive integer N ∈ ℕ  with 𝒩U(𝓊n − 𝓊) > 1 − ρ 

for all n ≥ N. Now for each g ∈ 𝔽𝔹(U, K) 

𝒩K(g(𝓊n) − g(𝓊)) = 𝒩K(g(𝓊n − 𝓊)) ≥
 𝒩(g) ⊛ 𝒩U(𝓊n − 𝓊). 

Put 𝒩(g) = 1 − σ for some 0 < σ <  1, then there 

is 1 − δ,  0 < δ < 1 with (1 − σ) ⊛ (1 − ρ) > 1 −
δ. Hence 𝒩K(g(𝓊n) − g(𝓊) > (1 − δ) and this 

shows that (𝓊n ) is a weakly fuzzy convergent. 

To prove that a sequence (𝓊n ) in an SFN-space 

(U, 𝒩U,⊛) is weak fuzzy convergence, the 

following definition is introduced. 

Definition 11 

     Suppose that (U, 𝒩U,⊛) be an SFN-space and 

𝒜 ⊆ U. Then 𝒜 is said to be  fuzzy total set if 

span𝒜 ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = U. 

Theorem 4  

     Let (U, 𝒩U,⊛) be an SFN-space and (𝓊n ) be a 

sequence in (U, 𝒩U,⊛). If the sequence (𝒩(𝓊n )) 

is a fuzzy bounded and the sequence g(𝓊n) fuzzy 

converges to g(𝓊) for each element g of a fuzzy 

total subset 𝒜 ⊂ 𝔽𝔹(U, K), then the sequence (𝓊n ) 

is a weakly fuzzy convergent to 𝓊. 

 

Proof: Since  (𝒩(𝓊n )) is a fuzzy bounded 

sequence then 𝒩(𝓊n ) > 1 − r for all n and 

𝒩(𝓊 ) > 1 − r for some 0 < r < 1. To prove that 

the sequence (𝓊n ) is a weakly fuzzy convergent to 

𝓊, suppose that for every g ∈ 𝔽𝔹(U, K), the 

sequence g(𝓊n) should converge to g(𝓊). Since 𝒜 

is fuzzy total in 𝔽𝔹(U, K), for each g ∈ 𝔽𝔹(U, K),  

there is a sequence (gi) in span 𝒜 such that gi 

fuzzy converges to g. Hence for any given 0 < ϵ <
1 obtain 𝒩U(gi − g) > 1 − ϵ. Moreover, since 

gi ∈ span 𝒜, there is an N such that for all n >  N 

and  0 < ρ < 1, 𝒩K(gi(𝓊n) − gi(𝓊)) > (1 − ρ). 

Hence for n> N, obtain 

𝒩K(g(𝓊n) − g(𝓊))

≥ 𝒩K(g(𝓊n) − gi(𝓊n))

⊛ 𝒩K(gi(𝓊n) − gi(𝓊))

⊛ 𝒩K(gi(𝓊) − g(𝓊)) 

 

                                         ≥ 𝒩U(g − gi) ⊛
𝒩(𝓊n ) ⊛ (1 − ρ) ⊛ 𝒩U(gi − g) ⊛ 𝒩(𝓊 ) 

 

  ≥ (1 − ϵ) ⊛ (1 − r) ⊛
(1 − ρ) ⊛ (1 − ϵ) ⊛ (1 − r)  

Hence there exists δ such that 0 < 1 − δ < 1 and 

(1 − r) ⊛ (1 − c) ⊛ (1 − p) ⊛ (1 − r) ⊛
(1 − c) > (1 − δ). 

This shows that the sequence (𝓊n ) fuzzy converges 

weakly to 𝓊. 

 

Definition 12 

     Suppose that (U, 𝒩U,⊛)  is an SFN-space 

and 𝒜 ⊆ U. Then 𝒜 is called : 

 

(i) Rare (or nowhere dense) in U if the interior of  

𝒜 ̅̅̅̅   is empty. 

(ii) Meager in U if 𝒜 represents the countable union 

of rare sets. The complement of a meager set is 

called residual. 

(iii) Nonmeager in U if 𝒜 is not meager in U. 

 

It is well known that in an SFN-space (U, 𝒩U,⊛)  

every convergent sequence is Cauchy. Also, an 

SFN-space (U, 𝒩U,⊛)  is called complete if each 

Cauchy sequence in U converges to an element in 

U. One of the essential theorems in functional 

analysis is Baire's theorem (26). Now, Fuzzy Baire's 
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theorem in the standard fuzzy normed spaces is 

proved. 

 

Theorem 5 

     If an SFN-space (U, 𝒩U,⊛) is complete, it is 

non-meager in itself. Hence if  U ≠ ∅ is complete 

and U = ⋃ Xk
∞
k=1   (Xk closed) then there is at least 

one Xk  contains an open subset which is not equal 

to ∅ . 

 

Proof: Assume the complete SFN-space U was 

meager in itself. Then  

 

U = ⋃ 𝒜k
∞
k=1                                                 …(1)  

 

with each 𝒜k nowhere in U. Cauchy sequence (𝒶k) 

will be constructed whose limit is 𝒶 is in no 𝒜k this 

contradicts eq.(1) by assumption 𝒜1 is a nowhere 

dense subset in U therefore 𝒜̅1 does not contain an 

open set that is not equal to ∅ but U does. This 

implies 𝒜̅1 ≠ U.Thus the complement  𝒜1
C̅̅ ̅̅ = U −

𝒜̅1 ≠ ∅ and open. A point 𝒶1 in 𝒜1
C̅̅ ̅̅  is taken and an 

open ball about it, say B1 = B(𝒶1, ϵ1) ⊂ 𝒜1
C̅̅ ̅̅ , for 

each 0 <  ϵ1 < 1. By assumption, 𝒜2 is nowhere 

dense in U therefore 𝒜̅2 does not contain a 

nonempty open set. Thus B(𝒶1,
ϵ1

2
) ⊈ 𝒜̅2, that 

follows 𝒜2
c̅̅ ̅̅ ∩ B(𝒶1,

ϵ1

2
) is not empty and open. Now 

let B2 = B(𝒶2, ϵ2) ⊂ 𝒜2
c̅̅ ̅̅ ∩ B(𝒶1,

ϵ1

2
) where ϵ2 <

ϵ1

2
 

, then by induction, obtain a sequence of an open 

ball Bk = B(𝒶k, ϵk) where ϵk < 2−k , k=1,2,… 

such that  Bk ∩ 𝒜k = ∅ and Bk+1 ⊂ B(𝒶k,
ϵk

2
) ⊂ Bk 

. Since ϵk < 2−k and 1 − ϵk < 1 − 2−k the 

sequence (𝒶k) of the centers is Cauchy and 

converges say, 𝒶k → 𝒶  because U is complete. 

Now for every m and n > m, Bn = B(𝒶m,
ϵm

2
) 

therefore   𝒩U(𝒶m − 𝒶) ≥ 𝒩U(𝒶m − 𝒶n) ⊛

𝒩U(𝒶n − 𝒶) ≥ (1 − 
ϵm

2
 ) ⊛ 𝒩U(𝒶n − 𝒶) = (1 − 

ϵm

2
 ) ⊛ 1= (1 − 

ϵm

2
 ).Thus 𝒶 ∈ Bm for each m. 

Since Bm ⊂ 𝒜m
C̅̅ ̅̅ ̅ , then for each m,  𝒶 ∉ 𝒜m 

therefore 𝒶 ∉ ⋃𝒜m = U. This contradicts 𝒶 ∈ U. 

 

According to the previous theorem (Fuzzy Baire's 

Theorem), the uniform fuzzy boundedness theorem 

is now ready to establish.  

 

Theorem 6 

      Let (Γn) be a sequence in 𝔽𝔹(U, V) where 

(U, 𝒩U,⊛) is complete SFN-space and (V, 𝒩V,⊛) 

is an SFN-space such that (𝒩V(Γn𝓊)) is a fuzzy 

bounded sequence for every 𝓊 ∈ U, with  

 

𝒩V(Γn𝓊) ≥ 1 − r𝓊                                      …(2) 

where 0 < r𝓊 <  1. Then the sequence (𝒩(Γn)) is a 

fuzzy bounded sequence so there is a number  r, 

 0 < r < 1 with 𝒩(Γn) ≥ 1 − r, n ∈ ℕ. 

                          

Proof: For each 0 < k < 1, let 𝒜k ⊆ U be the set 

of all 𝓊 such that 𝒩V(Γn𝓊) ≥ 1 − k. Now for any 

𝓊 ∈ 𝒜k
̅̅ ̅̅  there is a sequence (𝓊i) in 𝒜k converging 

to 𝓊. This means that for each fixed n, 𝒩V(Γn𝓊i) ≥
1 − k  and obtain 𝒩V(Γn𝓊) ≥ 1 − k because Γn is 

fuzzy continuous and so is the fuzzy norm. Hence 

𝓊 ∈ 𝒜k and 𝒜k is closed. By eq.(2),  every 𝓊 ∈ U 

belongs to some 𝒜k. Thus  U = ⋃ 𝒜k
∞
k=1 . Because 

U is complete SFN-space, Theorem 5  implies that 

some 𝒜k contains an open ball 

B1 = B(𝓊1, ϵ) ⊂ 𝒜k1
                                  …(3) 

 

Let 𝓊 ∈ U where 𝓊 ≠ 0 and put 

 

s = 𝓊1 + 𝓊                                                  …(4) 

 

with 𝒩U(s − 𝓊1) > (1 − ϵ)  that is means  s ∈
B(𝓊1, ϵ). By eq.(3) and from the definition of 𝒜k1

 , 

𝒩V(Γns) ≥ (1 − k1). Also  𝒩V(Γn𝓊1) ≥ (1 − k1) 

since 𝓊1 ∈ B(𝓊1, ϵ). From eq.(4) obtain  𝓊 = s −
𝓊1 and: 

𝒩V(Γn𝓊) = 𝒩V(Γn(s − 𝓊1)) ≥ 𝒩V(Γns) ⊛
𝒩V(Γn𝓊1) ≥ (1 − k1) ⊛ (1 − k1). 

 

Thus for all n,  𝒩(Γn) = inf𝒩V(Γn𝓊) ≥ (1 − r) for 

some 0 < r < 1. 

 

Now, some types of fuzzy convergence sequences 

of operators (Γn )  in an SFN-space 𝔽𝔹(U, V) are 

established. The Strongly fuzzy convergent and 

Weakly fuzzy convergent sequences are introduced 

as follows: 

Definition 13 

     Let (U, 𝒩U,⊛) and (V, 𝒩V,⊛) be an SFN-

spaces. A sequence (Γn ) of operators Γn ∈
𝔽𝔹(U, V) is called 

(i) Strongly fuzzy convergent if (Γn𝓊 ) fuzzy 

converges strongly in V for each 𝓊 ∈ U. That 

means 𝒩V(Γn𝓊 − Γ𝓊) → 1 for any n ≥ N. 

 

(ii) Weakly fuzzy convergent if (Γn𝓊 ) fuzzy 

converges weakly in V for each 𝓊 ∈ U. That means 

that 𝒩K(g(Γn𝓊) − g(Γ𝓊)) → 1 for every g ∈
𝔽𝔹(V, K). 
 

Lemma 1 

     Let (Γn) be a sequence of the fuzzy bounded 

linear operator Γn: U → V defined on a complete 

SFN-space (U, 𝒩U,⊛) into an SFN-space (V, 𝒩V,⊛
). If (Γn) strongly fuzzy convergent sequence with 
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limit Γ thenΓ ∈  𝔽𝔹(U, V). 

 

Proof: Since Γn𝓊 → Γ𝓊 for every 𝓊 ∈ U, the 

sequence  (Γn𝓊) is bounded for each 𝓊. Since U is 

complete, (𝒩(Γn)) is a fuzzy bounded sequence by 

the uniform fuzzy boundedness theorem, say 

𝒩(Γn) ≥ (1 − r) for all n and  0 < r < 1. This 

follows that 𝒩V(Γn𝓊) ≥ 𝒩(Γ) ⊛ 𝒩U(𝓊). This 

implies 𝒩V(Γ𝓊) ≥ (1 − r)  ⊛ 𝒩U(𝓊) as n → ∞. 

For a sequence of fuzzy bounded linear functional 

gn ∈ 𝔽𝔹(U, K) the strongly fuzzy convergent and 

weakly fuzzy convergent notions are introduced as 

follows: 

 

Definition 14 

     Let (gn ) be a sequence of fuzzy bounded linear 

functional  on an SFN-space (U, 𝒩U,⊛). Then: 

(i) Strong fuzzy  convergence of (gn ) means that 

there exists a fuzzy bounded linear functional 

g ∈ 𝔽𝔹(U, K) with 𝒩(gn − g) → 1 which is written 

as  gn →  g. 

 

(ii) Weak fuzzy convergence of (gn )  means that 

there exists a fuzzy bounded linear functional 

g ∈ 𝔽𝔹(U, K) with gn(𝓊) → g(𝓊) for each 𝓊 ∈ U. 

 

Theorem 7 

     Let (U, 𝒩U,⊛) and (V, 𝒩V,⊛) be a complete 

SFN-spaces. A sequence (Γn ) of operators Γn ∈
𝔽𝔹(U, V) is strongly fuzzy convergence if and only 

if  

 

(a) (𝒩(Γn)) is a fuzzy bounded sequence. 

(b) (Γn𝓊) is Cauchy sequence in V for every 𝓊 in a 

total subset 𝒜 of U.  

 

Proof: Since (Γn𝓊 ) strongly fuzzy convergence 

sequence of operators for every 𝓊 ∈ U then 

condition one follows from Theorem 6 since U is 

complete, also condition two follows. 

 

For the converse, assume that conditions (a) and (b) 

are holds, so that  𝒩(Γn) ≥ (1 − r) for all n and 

0 < r < 1. Consider any 𝓊 ∈ U, the sequence 

(Γn𝓊) will be proved to be strongly fuzzy converges 

in V. Let 0 < c < 1 be given. Since span𝒜 is dense 

in U; therefore, there is s ∈ span𝒜 with 𝒩U(𝓊 −
s) > (1 − c). Since s ∈ span𝒜, the sequence (Γns) 

is Cauchy by (b). Thus there is a natural number N 

with 𝒩V(Γns − Γms) > (1 − p) where 0 < p < 1 

and  n, m > N. Now for n, m > N obtain 

 

𝒩V(Γn𝓊 − Γm𝓊)   
≥ 𝒩V(Γn𝓊 − Γns)
⊛ 𝒩V(Γns − Γms)
⊛ 𝒩V(Γms − Γm𝓊) 

 

                               ≥ 𝒩(Γn)  ⊛ 𝒩U(𝓊 − s) ⊛
𝒩V(Γns − Γms) ⊛ 𝒩(Γm) ⊛ 𝒩U(𝓊 − s) 
 

                               > (1 − r) ⊛ (1 − c) ⊛ (1 −
p) ⊛ (1 − r) ⊛ (1 − c) 

 

Hence there exists q such that 0 < 1 − q < 1 and 

(1 − r) ⊛ (1 − c) ⊛ (1 − p) ⊛ (1 − r) ⊛
(1 − c) > (1 − q). 

 

Hence 𝒩V(Γn𝓊 − Γm𝓊) > (1 − q) for all n, m >
N. This shows (Γn𝓊) is Cauchy in V. Since V is 

complete, (Γn𝓊) converges in V. Because 𝓊 ∈ U 

was arbitrary. This shows the sequence (Γn) strong 

fuzzy convergence. 

 

Fuzzy Compact Linear Operators on SFN-space  

In this section, the notion of fuzzy compact linear 

operators on a standard fuzzy normed space will be 

given. Moreover, the main general properties of this 

notion will be proved. 

 

Definition 15 

     Let (U, 𝒩U,⊛) and (V, 𝒩V,⊛) be an SFN-spaces 

and Γ: U → V a linear operator between U and V. 

Then Γ is called fuzzy compact operator if  for each 

bounded subset 𝒜 of U, Γ(𝒜) is relatively compact 

in V, that is, the closure Γ(𝒜)̅̅ ̅̅ ̅̅ ̅ is compact. 

 

Theorem 8 

     Let (U, 𝒩U,⊛) and (V, 𝒩V,⊛) be two SFN-

spaces. The linear operator Γ: U → V is fuzzy 

compact if and only if the sequence (Γ(𝓊n)) has a 

convergent subsequence in V for every fuzzy 

bounded sequence (𝓊n ) in U. 

 

Proof: Consider Γ be a linear operator from an SFN-

space (U, 𝒩U,⊛)into an SFN-space (V, 𝒩V,⊛) and 

let Γ be fuzzy compact. Assume that (𝓊n ) be a 

fuzzy bounded sequence in U. Then by 

Definition15, (Γ(𝓊n)) is relatively compact, this 

means that the closure of (Γ(𝓊n)) is compact in V. 

Hence by Theorem 2, the sequence (Γ(𝓊n)) 

contains a convergent subsequence. 

For the converse, assume that each fuzzy bounded 

sequence (𝓊n ) in U contains a subsequence, say 

(𝓊nk) with(Γ(𝓊nk)) converges in V. Suppose that  

𝒜 be any fuzzy bounded subset 𝒜 ⊆ U and 

consider (ℯn ) be any sequence in Γ(𝒜). Then 

ℯn = Γ(𝓊n) for 𝓊n ∈ 𝒜 and the sequence (𝓊n ) is 

fuzzy bounded since 𝒜 is fuzzy bounded. The 

sequence (Γ(𝓊n))  by the assumption contains a 

convergent subsequence, hence the closure Γ(𝒜)̅̅ ̅̅ ̅̅ ̅ is 

compact. Thus Γ is fuzzy compact. 
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Relying on the above theorem, the next proposition 

discusses the relationship between the fuzzy 

compact linear operator and the fuzzy bounded 

operator. 

 

Proposition 2 

     Every fuzzy compact linear operator Γ: U → V  is 

fuzzy bounded where (U, 𝒩U,⊛) and (V, 𝒩V,⊛) are 

two SFN-spaces.  

 

Proof: let Γ be a fuzzy compact linear operator the 

operator Γ have to proved fuzzy bounded. The set 

E = B(𝓊, ϵ) = {𝓌 ∈ U: 𝒩(𝓊 − 𝓌) > (1 − ϵ)}  is 

fuzzy bounded for each 0 < ϵ < 1. Now consider 

(ℯk) an arbitrary sequence in Γ(E) that can be 

written as ℯk = Γ(𝓊k) for some (𝓊k) in U. Since E 

is fuzzy bounded and by assumption, Γ is fuzzy 

compact operator, hence by Theorem 8, the 

sequence (ℯk) contains a convergent subsequence. 

Now suppose that Γ(E) is unbounded, this means 

that Γ(E) contains unbounded sequence say (𝓌k)  

and this sequence has no convergent subsequence. 

But since each sequence (ℯk) in Γ(E) has 

convergent subsequence therefore Γ(E) must be 

fuzzy bounded.  

 

Proposition 3 

    Let (U, 𝒩U,⊛) and (V, 𝒩V,⊛) be an SFN-spaces 

and Γ: U → V  be a linear operator. If Γ is fuzzy 

bounded and the dimension of Γ(U) is finite then Γ 

is a fuzzy compact operator. 

Proof: Let (𝓊n ) be any fuzzy bounded sequence in 

U. Then by using the inequality 𝒩V(Γ𝓊n) ≥ 

𝒩(Γ) ⊛ 𝒩U(𝓊n) (see(24), Remark2.2) it is clear 

that the sequence  (Γ𝓊n) is fuzzy bounded. Thus 

(Γ𝓊n) is relatively compact since the dimension of 

Γ(U) is finite that follows, the sequence (Γ𝓊n) has 

a convergent subsequence. Because (𝓊n) was an 

arbitrary fuzzy bounded sequence in U, hence by 

Theorem 2, Γ is fuzzy compact.  

 

For a finite-dimensional SFN-space (U, 𝒩U,⊛), 

each linear operator on U is fuzzy bounded (see(25), 

Theorem2.8.14). In the following, a linear operator 

over a finite dimension SFN-space is proved to be a 

fuzzy compact. 

 

Proposition 4 

    Let (U, 𝒩U,⊛) and (V, 𝒩V,⊛) be an SFN-spaces 

and Γ: U → V  be a linear operator. If the dimension 

of U is finite then Γ is a fuzzy compact operator. 

 

Proof: Because the dimension of U is finite, hence Γ 

is fuzzy bounded operator by Theorem 2.8.14 (25) 

and since dim Γ(U) < dim U therefore by 

Proposition 3,  Γ is a fuzzy compact operator. 

Let (U, 𝒩U,⊛) and (V, 𝒩V,⊛) are two SFN-spaces, 

then the set of all fuzzy compact linear operators is 

denoted by 𝔽ℂ(U, V) such that 𝔽ℂ(U, V) =
{Γ|Γ: U → V  is a fuzzy compact linear operator}. 

Now by Theorem 8, the following result is 

provided.  

 

Theorem 9 

     Let (U, 𝒩U,⊛) be an SFN-space and (V, 𝒩V,⊛) 

complete SFN-space. If (Γn) ∈ 𝔽ℂ(U, V) and  

(Γn) → Γ  is a fuzzy convergent sequence of 

operators then the limit operator Γ is fuzzy compact. 

 

Proof: Assume that (𝓊k ) ∈ U be any fuzzy 

bounded sequence. It must prove that the image 

(Γ𝓊k ) has a convergent subsequence. Because  Γ1 

is fuzzy compact operator, then the sequence (𝓊k ) 

has a subsequence say, (𝓊1,k ) such that (Γ1𝓊1,k) is 

Cauchy sequence. Also, the sequence (𝓊1,k ) has a 

subsequence say, (𝓊2,k ) such that (Γ2𝓊2,k) is 

Cauchy sequence. Continue in this process and then 

define a sequence (𝓌k ) = (𝓊k,k ). It is clear that 

(𝓌k ) is a subsequence of (𝓊k ) and it has the 

property that for each positive integer number 

n ∈ ℕ the sequence (Γn𝓌k) is Cauchy. By the 

assumption (𝓊k ) is a fuzzy bounded sequence, this 

means that there is  0 < r < 1 such that 𝒩U(𝓊k) ≥
(1 − r) for each k. Therefore  for each k,  

𝒩U(𝓌k) ≥ (1 − r), assume that (Γ𝓌k) is a Cauchy 

sequence in V. Because Γk converges to Γ, there is 

q ∈ ℕ with 𝒩(Γ − Γq) > (1 − ρ) where 0 < ρ <

1.  Since (Γn𝓌k) is Cauchy, there is some N ∈ ℕ 

with 𝒩V(Γq𝓌i − Γq𝓌k) > (1 − ρ) whenever 

i, k >  N. Then, for all i, k > N, obtained 

 

𝒩V(Γ𝓌i − Γ𝓌k)

≥ 𝒩V(Γ𝓌i − Γq𝓌i)

⊛ 𝒩V(Γq𝓌i − Γq𝓌k)

⊛ 𝒩V(Γq𝓌k − Γ𝓌k) 

 

                       ≥  𝒩(Γ − Γq) ⊛ 𝒩U(𝓌i) ⊛

𝒩V(Γq𝓌i − Γq𝓌k) ⊛ 𝒩(Γq − Γ) ⊛ 𝒩U(𝓌k) 

 

                       ≥ (1 − ρ) ⊛ (1 − r) ⊛ (1 − ρ) ⊛
(1 − ρ) ⊛ (1 − r). 

 

Hence there exists ω such that  0 < ω < 1 and 

(1 − ρ) ⊛ (1 − r) ⊛ (1 − ρ) ⊛ (1 − ρ) ⊛
(1 − r) > (1 − ω). 

 

By Remarks (2.6) (23). Therefore, obtain 

𝒩V(Γ𝓌i − Γ𝓌k) > (1 − ω) which proves that 

(Γ𝓌k) is Cauchy. Since V is complete so (Γ𝓌k) 

converges. Notice that (𝓌k ) is a subsequence of  
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the sequence (𝓊k ) and using Theorem 8; therefore, 

Γ is a fuzzy compact.  

 

The final result explains the relationship between 

the product of two linear operators on standard 

fuzzy normed spaces. 

 

Proposition 5 

     Let Γ: U → U be a fuzzy compact linear operator 

and Λ: U → U  be a fuzzy bounded linear operator 

on SFN-space (U, 𝒩U,⊛). Then the product ΓΛ 

and ΛΓ are fuzzy compact. 

Proof: Let Γ be a fuzzy compact operator and Λ be a 

fuzzy bounded operator on U. To show that ΓΛ is a 

fuzzy compact operator, take a fuzzy bounded set 

𝒜 in U since  Λ is fuzzy bounded operator so Λ(𝒜) 

is fuzzy bounded set and Γ[Λ(𝒜)] =  ΓΛ(𝒜) is 

relatively compact because Γ is a fuzzy compact 

operator. Hence ΓΛ is a fuzzy compact operator. 

Now to prove that ΛΓ is fuzzy compact, assume that 

(𝓊n ) be any fuzzy bounded sequence in U, then the 

sequence (Γ𝓊n) has a convergent subsequence 

say, (Γ𝓊nk) by Theorem 8  and the sequence 

(ΛΓ𝓊nk) converges by Corollary (2.7)(i)(24). Thus 

ΛΓ is fuzzy compact.  

  

Conclusion: 
In this paper, the convergence of the 

sequence of operators in a standard fuzzy normed 

space is studied then some of their essential 

properties are discussed. The concept of fuzzy 

compact linear operators between standard fuzzy 

normed spaces is given. Finally, several properties 

of fuzzy compact linear operators in a standard 

fuzzy normed space (SFN-spaces) have been 

studied. 
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 القياسية الضبابيةرية يامعالضبابية والمؤثرات المتراصة الضبابية على الفضاءات الالمتتابعة المتقاربة 
 

 رغد ابراهيم صبري
 

 قسم العلوم  التطبيقية, الجامعة التكنولوجية,  بغداد, العراق .

 

 :الخلاصة
 المعيارية على الفضاءات عرفة الم ؤثراتللم ضبابيةات التقارب التتابعالغرض الرئيسي من هذا العمل هو تقديم بعض أنواع م

 القياسية(SFN-spaces)  هذه المفاهيم  في البداية , يتم تقديم تعريف متتابعة التقارب الخصائص والعلاقات بين بعض  والبحث فيالضبابية 

 )  بعد ذلك تم برهان أن المتتابعة الخطية الضبابية المقيدة.الضبابي الضعيف بدلالة الدوال  ( 𝓊n)تتقارب تقارباً ضبابيا ضعيفا مع   الحد نفسه

fuzzy Baire's and uniform fuzzyboundedness   (متقاربة ضبابياً.  تم ذكروبرهان نظريتين مهمتين(𝓊n ) المتتابعةفي حالة أن  

  ضبابي القوي والضعيفيتم تقديم مفاهيم متتابعات التقارب ال النظريات ضرورية  في الاتصال مع التقارب الضبابي الضعيف. وهذه للمؤثرات

Γ  حيثΓ  متتابعة متقاربة ضبابياً بقوة مع(Γn )  واثبات النظريات الأساسية المتعلقة بهذه المفاهيم . على وجه الخصوص, إذا كان (Γn ) 

,V)فأن  Γ تنتمي  𝒩V,⊛)  الى الفضاء المعياري  الضبابي القياسي(U, 𝒩U,⊛) المؤثر الخطي من الفضاء المعياري الضبابي القياسي التام 

اري الى مجموعة كل المؤثرات الخطية الضبابية المقيدة. . اضافة الى ذلك , تم تقديم مفهوم المؤثر الخطي المتراص الضبابي في الفضاء المعي

  بتعبير أدق , ثبت  الخطية المتراصة الضبابية على نفس الفضاء.الضبابي القياسي. أيضا , تتم دراسة العديد من النظريات الأساسية للمؤثرات 

,V)فضاء معياري ضبابي قياسي. 𝒩V,⊛)و (U, 𝒩U,⊛)على  ي يكون مقيد ضبابي بحيث أن كل منأن كل مؤثر خطي متراص ضباب

لمؤثر الخطي الضبابي المتراص يجب أن في نهاية البحث , أثبتنا أن ا Γ والمؤثر الخطي الضبابي المقيد  Λالفضاء المعياري الضبابي القياسي

,U)  يكون متراصاً ضبابياً. 𝒩U,⊛) 

 

تقارب  المعيارية الضبابية القياسية, , الفضاءاتمتتابعة التقارب الضبابي للمؤثرات ,المؤثر الخطي المتراص الضبابي الكلمات المفتاحية:

 ضبابي قوي, تقارب ضبابي ضعيف.

 

 


