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Abstract:

The main purpose of this work is to introduce some types of fuzzy convergence sequences of
operators defined on a standard fuzzy normed space (SFN-spaces) and investigate some properties and
relationships between these concepts. Firstly, the definition of weak fuzzy convergence sequence in terms of
fuzzy bounded linear functional is given. Then the notions of weakly and strongly fuzzy convergence
sequences of operators (T}, ) are introduced and essential theorems related to these concepts are proved. In
particular, if ([},) is a strongly fuzzy convergent sequence with a limit ' where T linear operator from
complete standard fuzzy normed space (U, NVy,®) into a standard fuzzy normed space (V,Ny,®) then T
belongs to the set of all fuzzy bounded linear operators FB(U, V). Furthermore, the concept of a fuzzy
compact linear operator in a standard fuzzy normed space is introduced. Also, several fundamental theorems
of fuzzy compact linear operators are studied in the same space. More accurately, every fuzzy compact linear
operator I': U — V is proved to be fuzzy bounded where (U, NVy,®) and (V, Ny, ®) are two standard fuzzy
normed spaces.

Keywords: Fuzzy compact linear operator, Fuzzy convergence sequence of operators, Standard fuzzy

normed spaces, Strongly fuzzy convergent, Weakly fuzzy convergent.

Introduction:

Fuzzy set theory was initiated by Zadeh in
1965(1), then numerous mathematicians have
studied this concept and obtained different main
results from various points of view(2,3). The
definition of the fuzzy norm was firstly introduced
by Katrasas (4) who defined the fuzzy norm in
linear space. Felbin (5) presented another different
type of fuzzy norm defined on a vector space.
Thought of a fuzzy normed linear space and the
fuzzy linear operator was introduced by Shih Chuan
and John Mordeson (6). Bag and Samanta (7)
studied the relation between fuzzy boundedness and
fuzzy continuity and gave a notion of boundedness
of a linear operator in fuzzy normed spaces. They
also debated the notions of convergent sequence
and Cauchy sequence in the same space. In (8)
Sadeqi and Salehi introduced the concept of the
fuzzy compact operator and proved the equivalence
of the concepts of fuzzy boundedness and fuzzy
norm continuity of linear operators. Moreover,
different approaches for the space of fuzzy norm
can be found in (9-22). In this paper, the first main

goal is to present the definition of weak and strong
fuzzy convergence sequence of operators in a
standard fuzzy normed space (U,NV,®) (briefly
SFN-space) where (® is an arbitrary continuous t-
norm. Then basic properties related to these
concepts are given. The second goal is to introduce
the notion of fuzzy compact linear operators and
discussed some important properties of them.

Structurally, this paper involves the following: the
basic properties of a standard fuzzy normed space
are given, then, in Section 3, the definition of
strongly and weakly fuzzy convergence sequence of
operators in an SFN-space are presented. In Section
4, the concept of a fuzzy compact linear operator
from an SFN-space into another SFN-space is
given. Besides, different properties of the fuzzy
compact linear operator will be proved, for
example, the product of a fuzzy compact linear
operator I" and fuzzy bounded linear operator A on
a standard fuzzy normed space (U, NV,®) is proved
to be fuzzy compact and in case U is finite
dimension then the linear operator I'" is proved to be
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fuzzy compact. Finally, the paper finished with a
conclusion section.

Preliminaries

This section presents some definitions of standard
fuzzy normed spaces and basic properties related to
these concepts.

Definition 1(23)

Suppose that ®:[0,1]> - [0,1] a binary
operation. Then ® is called continuous t-norm if
® satisfies the following properties for each
p,6,B,0 €[0,1]:

- p®8=80p

2 p®1=p
3-(p®H®R=p®BOP

4- Ifp < 6andf < othen, p®B < §®o.

The following definition of the standard fuzzy
normed space considered in (24) is given.

Definition 2 (24)

A Standard fuzzy normed space (briefly, SFN-
space) is a triple (U,V,®) whereU is a linear
space over field K, ® is a continuous t-norm and
is a fuzzy set on U satisfying the conditions:

MYNMm) > 0,vu el
(V) N(uw)=1ifandonlyif « = 0.
(V) NV (pw) = liplN(u) ,VueUandp % 0.

WNoONu+w)=Nu) ®N(w), Vu,w € U.
(Vg) IV () is a continuous fuzzy set.

The next proposition shows that an ordinary normed
space with some conditions will be standard fuzzy
normed space induced by the norm I.I as in (24).

Proposition 1(24)

Suppose that (U,|[.]|) be an ordinary normed
space with ||«¢|| is an integer for each « € U and
u ® w = w.w for each u,w € [0,1]. Define

1
M) = {fraq 7O
1 ifuu=0

Then (U, V) ,®) is standard fuzzy normed space
deduced from the norm ||. ||.
The following group of definitions are presenting
the notions of the open ball, open and closed set
convergent and Cauchy sequence, and the closure of
a set respectively that given in (24).

Definition 3 (24)
Let (U, Vy,®) be an SFN-space. Put B(u, €) =
fweUNmum—w)>(1—¢€)} Then B(u,e€) is

called an open ball centered at «« € U with radius
0<ex<1.

Definition 4 (24)

Suppose that (U, Ny, ®)
and A € U. Then
(1) A is open set if for each a € A
an 0 < e < 1 withB(a,€) c A.
(2) A is closed set if A€ is open, that is A€ =U\
A.

is an SFN-space

there is

Definition 5 (24)

In an SFN-space (U, NVy,®), forany0<p<1
a sequence (uy) in U is said to be:
1- convergent to a point «« € U if there is a natural
number Ne€N with N(w, —u) > (1—p) for
eachn > N.
2- Cauchy if there is a natural number N € N with
Ny —uy) > (1 —p) where n,m > N.

Definition 6 (24)

Let A be a subset of an SFN-space (U, Vy,®).
Then A is called the closure of A4 which is the
intersection of all closed sets containing: A =

ﬂclosed B2A B.

Definition 7 (24)

Suppose that (U,Ny,®) is an SFN-space
and A < U. Then A is called fuzzy bounded if for
each € A there is a real number say r, 0 <r<1
with V(a) > (1 — ).

Definition 8 (24)

Suppose that (U, MVy,®) and (V,Vy,®) be two
SFN-spaces and I D(IN) -V
be a linear operator, where D(I') cU. The operator I'
is said to be fuzzy bounded if there is a real number
r, 0 <r < 1 such that for all 2« € D(T'), Ny (Tw) >

(1-1) My () .

The set of all fuzzy bounded operator is denoted by
FB(U,V) such that
FB(U,V) =

{I': U - V]I is a fuzzy bounded operator } (25).

Theorem 1(25)

Suppose that (U, Ny, ®) and (V, Vy,®) are two
SFN-spaces. Then (FB(U,V), V,®)is SFN-space
such that V(') = infyepry Ny(I'w) for eachT €
FB(U, V).

Definition 9 (25)

A linear functional g from an SFN-space
(U, NVy,®) into the SFN-space (K, Vg ,®) is called
fuzzy bounded if there exists r, 0 <r <1 with
Nk(g(uw) = (1 —r) Ny(u) for each u € D(g).
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Furthermore, the standard fuzzy norm of g is
N(g) =infuepg Nk(g(w)) and  Ng(g(w) =
N(g) ® Ny(w).

Theorem 2 (25)

Let (U, Ny, ®) be SFN-space. Then U is
compact if and only if each sequence of elements in
U has a subsequence converging to an element in U.

Fuzzy Convergence Sequence
Convergence Sequence of Operators
This section is devoted to introduce the notations of
strongly and weakly fuzzy convergent sequence of
operators and prove some properties in the standard
fuzzy normed space. It is well known that if
(U, Vy,®) is an SFN-space, then the set of all fuzzy
bounded functional FB(U,K) ={g: U—=K, g is
fuzzy bounded linear functional} with a fuzzy norm
N(g) = inf,cyNk(g(w)) which is called the fuzzy
dual space of U (25).

and Fuzzy

First, the definition of weak fuzzy convergence
sequence in terms of fuzzy bounded linear
functional on a standard fuzzy normed space
(U, Vy,®) is introduce as follows.

Definition 10

Let (U, Vy,®) be an SFN-space. A sequence
(un ) in U is called weakly fuzzy convergent if
there exists an element « € U such that lim,,_,, g(
uy) = g(u ) for every g € FB(U, K).

Theorem 3

Suppose that (u«, ) be a sequence in an SFN-
space (U, Ny,®). If (u,) fuzzy convergent
sequence then (u, ) weak fuzzy convergent with
the same limit.
Proof: let (u,) be a sequence in an SFN-space
(U, NVy,®). Since (u,, ) fuzzy converges to « € U
then there exists an element p € (0,1) and a
positive integer N € N with My(u, —u) >1—p
for all n > N. Now for each g € FB(U, K)
Nk (g(un) — g(u)) = Nx(glun —u))
N(g) ® Ny(un —w).
Put V(g) =1 — o for some 0 < o < 1, then there
is1—68, 0<é6<1with(l-o)®A—-p)>1-
8. Hence Ny(g(u,)—g(uw) > (1—38) and this
shows that (u,, ) is a weakly fuzzy convergent.
To prove that a sequence () in an SFN-space
(U,Ny,®) is weak fuzzy -convergence, the
following definition is introduced.
Definition 11

Suppose that (U, NVy,®) be an SFN-space and
A S U. Then A is said to be fuzzy total set if
spanA = U.

Theorem 4

Let (U, Vy,®) be an SFN-space and (u«, ) be a
sequence in (U, Ny, ®). If the sequence (W (uy, ))
is a fuzzy bounded and the sequence g(uw,) fuzzy
converges to g(u«) for each element g of a fuzzy
total subset A c FB(U, K), then the sequence (u,, )
is a weakly fuzzy convergent to .

Proof: Since (W(uy,)) is a fuzzy bounded
sequence then N(u,)>1-—r for all n and
N(w)>1—r for some 0 <r < 1. To prove that
the sequence (u, ) is a weakly fuzzy convergent to
w, suppose that for everyge FB(U,K), the
sequence g(uy,) should converge to g(«). Since A
is fuzzy total in FB(U,K), for each g € FB(U,K),
there is a sequence (g;) in span A such that g;
fuzzy converges to g. Hence for any given 0 < € <
1 obtain My(g; —g) > 1—e€. Moreover, since
gi € span A, there is an N such that for alln > N
and 0 <p<1, Ng(gi(un) —gi(w)) > (1—p).
Hence for n> N, obtain
Ni(glun) — g(w))

2 NK(g(’un) - gi(un))

® Nx(gi(uy) — gi(w))

® N (gi(w) — g(w))

=>MNy(g—g)®
Nuy) ®A—-p) ®Ny(gi—g) ®N(u)

2(1-9®(1-NE
1-p®A-e®@1-1)
Hence there exists & such that 0 <1 -8 < 1 and
1I-D®A-9A-p®A-NG®
1-0>01-9).
This shows that the sequence («,, ) fuzzy converges
weakly to .

Definition 12
Suppose that (U, Ny, ®)
and A € U. Then A is called :

is an SFN-space

(i) Rare (or nowhere dense) in U if the interior of

A is empty.

(if) Meager in U if A represents the countable union
of rare sets. The complement of a meager set is
called residual.

(iii) Nonmeager in U if A is not meager in U.

It is well known that in an SFN-space (U, Vy,®)
every convergent sequence is Cauchy. Also, an
SFN-space (U, NVy,®) is called complete if each
Cauchy sequence in U converges to an element in
U. One of the essential theorems in functional
analysis is Baire's theorem (26). Now, Fuzzy Baire's
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theorem in the standard fuzzy normed spaces is
proved.

Theorem 5

If an SFN-space (U, Ny, ®) is complete, it is
non-meager in itself. Hence if U # @ is complete
and U = UgZ; Xy (X closed) then there is at least
one Xy contains an open subset which is not equal
to Q.

Proof: Assume the complete SFN-space U was
meager in itself. Then

U = UR, A ()

with each A nowhere in U. Cauchy sequence (ay)
will be constructed whose limit is a is in no Ay this
contradicts eq.(1) by assumption A, is a nowhere
dense subset in U therefore A4, does not contain an
open set that is not equal to @ but U does. This
implies A; # U.Thus the complement A$ =U —
A, # @ and open. A point a, in AS is taken and an
open ball about it, say B; = B(aq,€;) © AS, for
each 0 < €; < 1. By assumption, A, is nowhere
dense in U therefore A, does not contain a
nonempty open set. Thus B(al,%) ¢ A,, that
follows A5 N B(ay,~) is not empty and open. Now
let B, = B(ay, €;) © A5 N B(a;, ) where e, <2
, then by induction, obtain a sequence of an open
ball By, = B(ay, €) where e, <27X | k=1.2,...
such that By N Ay = @ and By,; < B(ay, %k) C By

Since <27 and 1—¢.<1-27% the
sequence (ay) of the centers is Cauchy and
converges say, ay —» a because U is complete.

Now for every m and n>m, B, = B(ap, =
therefore M@y —a) = Ny(am —an) ®
My(an—a) =2(1-2) ® Mylan—a) = (1 -
67"’ ) ® 1= (1 - 67"‘ ).Thus a € B,,, for each m.

Since B, C cﬂ_g , then for each m, a & Ay
therefore a ¢ UA,,, = U. This contradicts a € U.

According to the previous theorem (Fuzzy Baire's
Theorem), the uniform fuzzy boundedness theorem
is now ready to establish.

Theorem 6

Let (I,,) be a sequence in FB(U,V)where
(U, NVy,®) is complete SFN-space and (V, Vy,®)
is an SFN-space such that (N (Th)) is a fuzzy
bounded sequence for every «« € U, with

Ny (uuw)=1-r, ...2)

where 0 < r, < 1. Then the sequence (V' (T},)) is a
fuzzy bounded sequence so there is a number r,
O<r<1lwithN{,)=1-rn€eN.

Proof: For each 0 <k < 1, let Ax € U be the set
of all « such that Ny (I,«) = 1 — k. Now for any
u € Ay there is a sequence (u;) in Ay converging
to «. This means that for each fixed n, Ny (T, %) =
1 —k and obtain Ny (T,2t) = 1 — k because T, is
fuzzy continuous and so is the fuzzy norm. Hence
u € Ay and Ay is closed. By eq.(2), every «w € U
belongs to some Ay. Thus U = Uy_, Ay. Because
U is complete SFN-space, Theorem 5 implies that
some Ay contains an open ball

By = B(uq,€) € Ay, ...(3)

Let 2« € U where « # 0 and put
S=u, +u ...(4)

with NVy(s—wuq,) > (1 —€) that is means sé€
B(u,€). By eq.(3) and from the definition of Ay,
Ny([Tps) = (1 —ky). Also Ny (Tyuq) = (1 —kq)
since 4 € B(uq,€). From eq.(4) obtain « =s—
4 and:

Ny (Thu) = Ny(Tn(s — uq)) = Ny(Ts) ®
Ny(Thu1) =2 (1 —ky) ® (1 —ky).

Thus for all n, NV (T,) = infNy(T,) = (1 —r) for
some 0 <r<1.

Now, some types of fuzzy convergence sequences
of operators (I, ) in an SFN-space FB(U,V) are
established. The Strongly fuzzy convergent and
Weakly fuzzy convergent sequences are introduced
as follows:
Definition 13

Let (U,Ny,®) and (V,Ny,®) be an SFN-
spaces. A sequence (I,) of operators T, €
FB(U, V) is called
(i) Strongly fuzzy convergent if (I,u) fuzzy
converges strongly in V for each « € U. That
means Ny (I,«e —T'w) — 1 forany n > N.

(i) Weakly fuzzy convergent if (T,u) fuzzy
converges weakly in V for each « € U. That means
that Ng(g(T,u) —g(Tw)) -1 for every ge
FB(V, K).

Lemma 1

Let (I;,) be a sequence of the fuzzy bounded
linear operator T},: U — V defined on a complete
SFN-space (U, NVy,®) into an SFN-space (V, Ny, ®
). If (I},) strongly fuzzy convergent sequence with
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limit r thenl' € FB(U,V).
Proof: Since Iyu —» T'uw for every « €U, the
sequence (I,«) is bounded for each 4. Since U is
complete, (V' (T,)) is a fuzzy bounded sequence by
the uniform fuzzy boundedness theorem, say
N{Ty)=@A-r) for all nand 0<r<1. This
follows that N (Thyu) =N (T) ® Ny(w). This
implies Vy(Tu) = (1 —r) ® Ny(w) asn — oo,
For a sequence of fuzzy bounded linear functional
gn € FB(U,K) the strongly fuzzy convergent and
weakly fuzzy convergent notions are introduced as
follows:

Definition 14

Let (g, ) be a sequence of fuzzy bounded linear
functional on an SFN-space (U, Vy,®). Then:
(i) Strong fuzzy convergence of (g, ) means that
there exists a fuzzy bounded linear functional
g € FB(U, K) with M (g, — g) — 1 which is written

as gn — g

(if) Weak fuzzy convergence of (g,) means that
there exists a fuzzy bounded linear functional
g € FB(U,K) with g,,(«) - g(uw) foreach « € U.

Theorem 7

Let (U,Vy,®) and (V,Ny,®) be a complete
SFN-spaces. A sequence (I, ) of operators I}, €
FB(U, V) is strongly fuzzy convergence if and only
if

(a) (V' (T},)) is a fuzzy bounded sequence.
(b) (I,2¢) is Cauchy sequence in V for every « in a
total subset A of U.

Proof: Since (I, ) strongly fuzzy convergence
sequence of operators for every « € U then
condition one follows from Theorem 6 since U is
complete, also condition two follows.

For the converse, assume that conditions (a) and (b)
are holds, so that N (I,) = (1 —r) for all n and
0<r<1. Consider any w« €U, the sequence
(T,0) will be proved to be strongly fuzzy converges
inV. Let 0 < ¢ < 1 be given. Since span is dense
in U; therefore, there is s € spancA with Ny(w —
s) > (1 —c). Since s € spancA, the sequence (I;s)
is Cauchy by (b). Thus there is a natural number N
with Ny (T,s —ps) > (1 —p) where 0<p<1
and n,m > N. Now for n, m > N obtain

Ny (T — Tywt)
> Ny (Thu — Iys)
® Ny (Tys — Ips)
® Ny(Tps — M)

2N(Th) @MNy(u—s)®
NV(FnS - Fms) ® N(Fm) ® NU(’“ —s)

>A-DEA-9®1-
POA-DO (-0

Hence there exists q such that 0 <1—q <1 and
I-N®A-90-p®A-NG®
1-9>1-09.

Hence Ny (Tyu —Tpu) > (1 —q) for all n,m >
N. This shows (I,«) is Cauchy in V. Since V is
complete, ([,«¢) converges in V. Because « € U
was arbitrary. This shows the sequence (T,) strong
fuzzy convergence.

Fuzzy Compact Linear Operators on SFN-space
In this section, the notion of fuzzy compact linear
operators on a standard fuzzy normed space will be
given. Moreover, the main general properties of this
notion will be proved.

Definition 15

Let (U, NVy,®) and (V, Ny, ®) be an SFN-spaces
and T: U - V a linear operator between U and V.
Then T is called fuzzy compact operator if for each
bounded subset A of U, I'(A) is relatively compact
in 'V, that is, the closure T'(A) is compact.

Theorem 8

Let (U,Ny,®) and (V,Ny,®) be two SFN-
spaces. The linear operatorI:U -V is fuzzy
compact if and only if the sequence (I'(zt,)) has a
convergent subsequence in V for every fuzzy
bounded sequence («, ) in U.

Proof: Consider I' be a linear operator from an SFN-
space (U, Ny, ®)into an SFN-space (V, MVy,®) and
let T' be fuzzy compact. Assume that (u«,) be a
fuzzy bounded sequence in U. Then by
Definition15, (T'(w,)) is relatively compact, this
means that the closure of (I'(«,)) is compact inV.
Hence by Theorem 2, the sequence (T'(up))
contains a convergent subsequence.

For the converse, assume that each fuzzy bounded
sequence (u, ) inU contains a subsequence, say
(tpx) With(T'(2e,)) converges in V. Suppose that
A be any fuzzy bounded subset A < U and
consider (e, ) be any sequence in T'(A). Then
ey = '(uy) for u, € A and the sequence (uy, ) is
fuzzy bounded since A is fuzzy bounded. The
sequence (I'(uy,)) by the assumption contains a
convergent subsequence, hence the closure T(A) is
compact. Thus I is fuzzy compact.
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Relying on the above theorem, the next proposition
discusses the relationship between the fuzzy
compact linear operator and the fuzzy bounded
operator.

Proposition 2

Every fuzzy compact linear operator I': U - V is
fuzzy bounded where (U, Vy,®) and (V, Ny, ®) are
two SFN-spaces.

Proof: let T' be a fuzzy compact linear operator the
operator I have to proved fuzzy bounded. The set
E=Bu,e)={w eU:N(u—-—w)>(1—-¢€)} is
fuzzy bounded for each 0 < e < 1. Now consider
(ex) an arbitrary sequence in I'(E) that can be
written as ey = I'(wy) for some (uy) in U. Since E
is fuzzy bounded and by assumption, T is fuzzy
compact operator, hence by Theorem 8, the
sequence (ex) contains a convergent subsequence.
Now suppose that T'(E) is unbounded, this means
that T'(E) contains unbounded sequence say (wy)
and this sequence has no convergent subsequence.
But since each sequence (ex) in T(E) has
convergent subsequence therefore T'(E) must be
fuzzy bounded.

Proposition 3

Let (U, NVy,®) and (V, Ny, ®) be an SFN-spaces
and T: U —>V be a linear operator. If T' is fuzzy
bounded and the dimension of I'(U) is finite then T
is a fuzzy compact operator.
Proof: Let (u, ) be any fuzzy bounded sequence in
U. Then by using the inequality Ny (Tuy) =
N(T) ® Ny(uy) (see(24), Remark2.2) it is clear
that the sequence (T'uty,) is fuzzy bounded. Thus
(T'uy,) is relatively compact since the dimension of
I'(U) is finite that follows, the sequence (I'w,) has
a convergent subsequence. Because (u«,) was an
arbitrary fuzzy bounded sequence in U, hence by
Theorem 2, r is fuzzy compact.

For a finite-dimensional SFN-space (U, Ny, ®),
each linear operator on U is fuzzy bounded (see(25),
Theorem?2.8.14). In the following, a linear operator
over a finite dimension SFN-space is proved to be a
fuzzy compact.

Proposition 4

Let (U, NVy,®) and (V, Vy,®) be an SFN-spaces
and I': U - V be a linear operator. If the dimension
of U is finite then T is a fuzzy compact operator.

Proof: Because the dimension of U is finite, hence I'
is fuzzy bounded operator by Theorem 2.8.14 (25)
and since dimT'(U) <dimU therefore by
Proposition 3, T is a fuzzy compact operator.

Let (U, NVy,®) and (V, Vy,®) are two SFN-spaces,
then the set of all fuzzy compact linear operators is
denoted by FC(U,V) such that FC(U,V)=
{T|l": U - V is a fuzzy compact linear operator}.
Now by Theorem 8, the following result is
provided.

Theorem 9

Let (U, Vy,®) be an SFN-space and (V, Vy,®)
complete SFN-space. If (I},) € FC(U,V) and
(Ihy) =T is a fuzzy convergent sequence of
operators then the limit operator I is fuzzy compact.

Proof: Assume that (uy) € U be any fuzzy
bounded sequence. It must prove that the image
(Tuy ) has a convergent subsequence. Because T
is fuzzy compact operator, then the sequence (¢ )
has a subsequence say, () such that (I i) is
Cauchy sequence. Also, the sequence (u«qy ) has a
subsequence say, (u#, ) such that (Tu,y)is
Cauchy sequence. Continue in this process and then
define a sequence (wy ) = (uyy ). It is clear that
(wy ) is a subsequence of (uy ) and it has the
property that for each positive integer number
n € N the sequence (T,wy)is Cauchy. By the
assumption (i ) is a fuzzy bounded sequence, this
means that there is 0 < r < 1 such that Ny (uy) =
(1—-r) for each k. Therefore  for each Kk,
Ny (wy) = (1 —r), assume that (Twy) is a Cauchy
sequence in V. Because Iy converges to T, there is
q €N with V(I'—T;) > (1—p) where 0<p <
1. Since (I,wy) is Cauchy, there is some N € N
with Ny (Tqw; — Tquws) > (1 —p)  whenever
i,k > N. Then, for all i, k > N, obtained

Ny (Tw; — Twy)
> Ny(Tw; — Tquw)
® Ny (Tquwi — Tqwy)
@ NV(Fq’LU’k - F’LU’k)

> V(T - Fq) ® Ny(wi) ®
Ny(Tqwi — Tqwy) ® NV (Tq —T) ® My (wi)

2(1-p)®A-N®A-p®
1-p®A-1).

Hence there exists w such that 0 <w < 1 and

A-p®A-ND®A-p®A-p®
1-n>0-w).

By Remarks (2.6) (23). Therefore, obtain
Ny (Tw; — Twy) > (1 —w) which proves that
(Twy) is Cauchy. Since Vis complete so (Tuwy)
converges. Notice that (uwy ) is a subsequence of
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the sequence (uy ) and using Theorem 8; therefore,
I is a fuzzy compact.

The final result explains the relationship between
the product of two linear operators on standard
fuzzy normed spaces.

Proposition 5

Let I': U - U be a fuzzy compact linear operator
and A: U —» U be a fuzzy bounded linear operator
on SFN-space (U,Ny,®). Then the product T'A
and AT are fuzzy compact.
Proof: Let I' be a fuzzy compact operator and A be a
fuzzy bounded operator on U. To show that I'A is a
fuzzy compact operator, take a fuzzy bounded set
A inUsince A is fuzzy bounded operator so A(A)
is fuzzy bounded set and T[A(A)] = TA(A) is
relatively compact because I' is a fuzzy compact
operator. Hence'A is a fuzzy compact operator.
Now to prove that AT is fuzzy compact, assume that
(u, ) be any fuzzy bounded sequence in U, then the
sequence (T'w,) has a convergent subsequence
say, (Tu,,) by Theorem 8 and the sequence
(AT'uy) converges by Corollary (2.7)(i)(24). Thus
AT is fuzzy compact.

Conclusion:

In this paper, the convergence of the
sequence of operators in a standard fuzzy normed
space is studied then some of their essential
properties are discussed. The concept of fuzzy
compact linear operators between standard fuzzy
normed spaces is given. Finally, several properties
of fuzzy compact linear operators in a standard
fuzzy normed space (SFN-spaces) have been
studied.
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