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Abstract:

The aim of this paper is introducing the concept of (m,n) strong full stability B-Algebra-module
related to an ideal. Some properties of (m,n)- strong full stability B-Algebra-module related to an ideal have
been studied and another characterizations have been given. The relationship of (m,n) strong full stability B-
Algebra-module related to an ideal that states, a B- A-module X is (m,n)- strong full stability B-Algebra-
module related to an ideal H , if and only if for any two m-element sub-sets { Ny , Ny ¢, I}lelxz_...xn}and

{M}‘,l, MS’LS’Z’ e, M}‘,l‘}‘,z’..,’}‘,n}Of XQ, if ﬂ] ¢ 2?21 (Zl'A n XmH, for each J =1, .., m, 1= 1,..., na; €
{ th’ NXLXZ’ " I>IX1X2Xq} and ﬁf € {MY1’ MS’1:5’2’ T MS’1:5’2:""$’Q}
implies#an({ Ng,» N, x,0 7 le,x2,---,xq}) Z ra({My, My 5,7, My, 5agnd) have been proved..

Keywords: Baer-(m,n)-criterion related to an ideal, F-S-B-A-module related to an ideal, (m,n)-full-stable-B-

A-module related to ideal, Multiplication-(m,n)-B-A-module relative to ideal, Pure-(m), ))- sub-module.

Introduction:

An algebra is a setA =@ and if the
following conditions are satisfied, 1- the set A with
addition and multiplication are satisfied through a
domain F is a space of vectors, 2- a (dod’) =(ad) od’
= 3o (ad) for alla € F, V4,d € A, 3- the set A
with + and o forms a ring by -1-. R is called an
algebra where R is a ring, [R, +,,, —,0] such that+
and- are binary operations ,— is unary and
nullaryelement is 0 satisfying, [R,+,—,0] group
which is commutative, [R,.] which is a semi-group
anda.(E+0) =(a.6) + (4.0) and (3 + &).0 =
(3.0) + (€ +0)(1). Suppose that A is an algebra,
recall that a B- algebra- left module ( B-A-left
module) is a B-space E insomuch as E is an algebra-
left module, and [|a]|||Ix]| = ||a.x||(2 € A % € E)
according to (1). Following (2) a map from a B-
algebra- left module X into a B—algebra — left
module ¥ (algebra A is not necessary abelian ) is
called a A-multiplier (homomorphism) if it
satisfiesvVa € A, x € X, T(a.x) = 4. TX. In (1), a sub-
moduleN in M is said to be stabile, if N2 f(N)V
R —homomorphism f from sub-module N into
module M. Mis called full stability R-module ,if

each sub-module in M is stable . Assume that X is
B—algebra — module, X is called F-S-
B—algebra —module related to an ideal K of
algebra A, if V sub-module N in X and,v multiplier
6:N — X holds N + KX 2 6(N)" (1). Let R*" pe
the collection of every matrices ny <7 over a ring ‘R.
Ae ™" denote A" is transpose of A. In general,
write N™*1 for an R-module N, the collection of all
matrices ny xz where all elements in N. Suppose that
M a right Banach Algebra-module and let N be a
left f-module. Let xe€ MM 3§e R™Nand y €
MW@k - with multiplication, %$ (resp. $y) is good
defined element in M>™(resp. NW<)_ "If y© MM,
S € R™Mandyc NV¥ are define

Ly (8) = (v € MPM|is = 0; forall § € §}

rk(8) = {0 € NVk|s5=0; foralls €S}
Lama(Y) ={s € RWNYsp =0; forall p €Y}

rgma(X) = {§ € RPN xs =0; for all x € X}
Write N'= N, N,= N**(3) . In our work for fixed
positive integers n,m the concept of (m,n)-full
stability Banach Algebra modules relative to an
ideal have been introduced.
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(m,n)-Strongly-Fully-Stable-Banach-Algebra
Modules Related to ideal

A left B-algebra-module X is n —generated where
n € N ifthere is exist X4, ..., X, € X such that for all
X€X can be represented X = Y —;ay.X,for
some 4, ...,4, in algebra. A module which is 1-
generated is called a cyclic module (4) .A right
module over R, M is called strongly fully (m,n)-
stable relative to an ideal A of Rv™, if NnM"
A 20(N) for all n-generated sub-module of M" and
0 : N—>M %R-homomorphism (5)

Definition 1: Let K be B- A-module , K is called
(m,n)-S-F-S-B-A-M-R to ideal H of A™®, if for
everyn —generated sub-modulejof K" and for each
multiplier 6 : J —» KM which satisfies 6(J) < n
K™H for two fixed positive integers n,n.
In (1) "Let M be nonempty subset of a left
B- A-module X, the annihilater ann,(M) of B-A-
module M is {4€A;ax=0forallxeM}=
ann,(M).
Notation 1:
Suppose that X be a B-algebra-module
1) le Sai, = (@0 [REN, X €Xi=
1,2, n}
My, gy = (@10, [t €M, 3; €X,i
=12,,n}
2) £pmxn Ny, sy o, = {8 € AN, & (@B1y,) =
0, vny € N;
woAannM

NX1,X2, x,l}
= {d € AT, 4 (@rhy,)
=0, Vmy, € Mylyz Yn}
Proposition 1: A B- A- module X is (m,n)-S-F-S-B-
A-M-R to ideal , if and only if for any two m-
element sub—set§ { Ny Nigsopr oo le,le...,xn}and
My, My, 50 My g, g dof - XS0 By @
tiaAn XMH, foreach j=1, ..., m, i=1,..,
n; € { Ng» Ny oo le,xz,---,xn} and  B; €
{MY1' MY1 AR M}‘,l_yz_...lyn} Implles
7 an({ Ny, Nigzpr oo le,xz,---,xn})
E 7 an({My, My, 5,00 My, D
Proof: Presume that X is (m,n)-S-F-S-B-A-M-R to
ideal and there exist two m- element subsets
{ N)'(l' N)’(l,)'(zl }

Viyar

» Ny iy

and {My,, My, 5, My, 3,5, J0f M, such that if
l\'/[yj g Y™ Aa; N XPH, for each j = 1, ..., m
and/’ﬂAn({ le' N)’(l,)kzv"" AP o }) c
’l’VArL({Myl, Myl g My i }).Deflne

le 1 a; A—-X"by f(Zl 1 aiNg) = Z?zl ail\'/l}\,l. . Let
Ny, = (Mg, My, ..my). If X5 a;Ny, = 0, then
Y aik;=0,j=1,2, ..,m, implies that rN; = 0

where r = (r, .., 1) and hence
r'€ 7An{ Nip» Nigsipr ) Ny g, oo - By
assumption rKy, = 0 where j =1, ....m, when

YizimiMy, = 0. ThUSfIS well defined. Clearly that f

is multlpller (m,n)- strongly-fully-stable of X
implies that there is t = (t;,...,t;) €A" such that

f(zril=1riN>'(i) = r1:1 % (Z?:lrilyi(i) +b =
req 2izq (teTi)Ny, + bfor eachy ", 1;Ny, €
LNy, Aand b e X" Letr=(0,...,01,0, ...,
0) €AY, have 1 in the position i-th and otherwise put
O' M}‘,i: f(NXL) = r]l-zl tkl,\\l)'(i + b E Z?:l NXlA n
X™WH,this is contradiction. Conversely suppose that
there exists m-generated B-A-sub-module of X"and
multiplier YL, Ny, A—X"such that
H(Z, Ng,A) ¢ X, Ny, AN X™H. Therefore there
exists an element ﬁ(—zrl 1TiNg,) € T, Ny Asuch
that p(M g XL wAN X"H.Take M, =M;,
when jis 1, ..., n], hence own m-element subset
{UQW;), ..., p(¥)}such that p(My) € Ry Ny AN
X"H, j = 1, ..m. Let n= (t, ...,
t) € 7 an({ Niy» Niy 0705 Ny i, 1), then na;= 0,
i.eY, t;a;;=0, foreachj =1, ..., m, Ny.= (ay, &,
- aq) and{u(My), ..., u(M)} 1 = TR, tiu(My) =
Yk=1 tku(Z?ﬂani) = Y=1 4=y tx1iNg) = 0
therefore
/VAIL({ lef Nk, %00 "
u(My)}), hence
’l’"ArL({ le, le,xz, Tty le,x2,~~~,xq})g /rAn_({U(M}‘II)'
H(Myl.y2,~~-yq)}) this is a contradiction. Hence X
is (m,n)-S-F-S-B-A-M-R to ideal H of A™™.
Corollary 1 :If X is (m,n)-S-F-S-B-A-M-R to ideal
H of A™™, therefore any two m-element sub-sets
{ N, le,,-(z, o) and

» N o

) Nigsoi DS+ an({B(My),

My, My, 5,00, My g o, JOT X

/r’ATL({ NX1! le XZ’ Y N)’(l’)'(z’...’)'(rl})

c /’/VA[L({MylP y1 S/ZP Tty Myl }‘/2 }‘,v }) |mp|IeS that
NigA + NegoA + oo+ Ny g A N XPH =
MY1A + MYLYZA + MY1'Y2' ,YnA n Xn]]:I

Proof : The proof is clear

In (2), A B-A- module X is called to holds Baer
criterion (B-C) if all submodule of X holds Baer
criterion, this mean that for every sub-module N in
X and algebra— multiplier :N — X , so 334 € A s.t
() =an Vvn e N".

Definition 2 :A B- algebra- module X is called hold
Baer-(m,n)-criterion relates (B-(m,n)-C-R) to an
ideal H if each sub-module of X satisfies B-(m,n)-C-
R) to an ideal H ,this mean that, for every m-
generated sub-module L of X' and A-
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multiplierf: L — XU ,there isa
6(l) =4l e X"Hforalll € L.
Proposition 2 : If X satisfies B-(m,1)-C-R to ideal
and 7,(LNM) = #4(L)+74(M) for each m-
generated sub-modules of X", then X satisfies B-
(m,n)-C-R to an ideal.

Proof : Let P = Ax+Ax,+...+AX,, be m-generated
sub-module of XU, f: P — XU multiplier . Now, by
induction on . Clearly that X holds B-(m,n)-C-R
to an ideal, if m= 1. Suppose that X satisfies B-
(m,n)-C-R to an ideal for each k-generated sub-
module of X, for n-1= k. Write L= A% , M=
AXp*...+AXy, therefore for each w; € L and w, € M
fli(wa) = yaws, Flw(we) = yaWo for some yy, y» € A.
It is clear y;-y, € 7a(LOM) = 7 (L)+7,(M).
Suppose thaty;- y,= z:+ z, with z,€ 7y(L), 2:€
frA(M) and let y = y;-z,= y,+ z,.Then for any w =
wi+w, EP  with wieL and w,eM, f(w)
f(wi)+f(Wz) =wiyi+ Wayo= Wi(yi- Z1) + Wa(y2t Z2)
Wiy + Wy = (Wit Wa)y = Wy.

inA such that

Proposition 3 : Suppose that X is a B-A- module.
Get X holds B-(m,n) — C-R to an ideal if and only
if Ox"7ran(Ng, A +Ng g, A+ ¥ Ny oo XrLA) c
Ny A+ N oo A+t Ny oo A N XWH for any
n-elements subset { Ny, le,xz'“' } of
X,
Proof : Assume that B-(m,n)-C-R to an ideal holds
for m-generated sub-module
of X" let Ng,= (Kiz; Kiz,. Im) foreachi=1, ..., n
and Myz {MY1’ Viye M}‘,l'}‘?'...'yq} €
Ex"an( Ny, A+ Ny, g, A+ + le,xz,---,x,lA)i M. = (aui,
i, ..., an). Define WNgA  +N; oA
ot Nepsg i A2X0Y QL Na) =
A MYi al.lf le Ny, @i, theny* , k;ja; = 0 where
=1, ...m, therefore Lyr=0andr =(r, ..., Iy)
and hence r€ ran( Ny, A + Ny, x,A
+o.+ le,xz.--uqu)- By assumption rlN; = 0, i =1,...,
nso Y-, M;.a; = 0. Therefore f is well defined and
M is an multiplier it is an easy. By assumption exist t
€ Asuch that u(X\, Ny a;) = t( T1, My.a) =
1 My, (tay) for each Y1) Ny a; € Y- Ni A. Let
r=(0,...,0,1,0, ..., 0) € A" in the i-the position is
1 and 0 otherwise.M;, = W(X, Ny,) = X Nyt €
Y-, Ny, Awhich is contradiction. This implies that
g)SnTAn-(N A NX X A + +NX1X ' A) e A
+Ng o, A o Ny o A N X™H. Conversely,

’ N)‘(ll).(z,"',)'(rl

‘N X1,X2
suppose that
X" an( N A + Ny oA+ + Ny sy 0,8) S Ny A
+Ni g, A oA Ny AN )S“]H for each

{Nieys Niey s, N g, JIN X" Then for each
multiplier f: Ny, Ny . 1}15(1,5(2,...,5(}1—>X“ and s
= (S, . S0) ETm(Ng A Ny A
*. +NX1X2 qA) ' 2:151{,(2?:11}]5&1') = 0, for
eachy Ny t; € X, Ny, A,
thusy_; sif(Zim, Ny, ti) =
ner ST Ny, set;) =0, thus f(X, Nyt;) €
{’X“TAQ(N A +Ng oA+ Ne g A) = Ny A

+ Nigy i A +oot Ny s, i, A D X"WH, for some t €A.
Hence X satisfies B-(m, Il) -C-R to an ideal.

Corollary 2 :Let X be a B-A- module. X is (m,n)-
S-F-S-B-A-M-R to an ideal if and only if
x"ran( N, A + Ny o A+ Ny g A) = Ny A

+Ng oA+t Ngso ok An X"H for n-element
subset { ler le,xzf ) x1 Xo,* } of Xll

Following (1) "suppose that A is a unital B-
A and assume o > 1.Algebra-module X is said Quasi
a-injective (Q-a-inj), if algebra-module
homomorphism ¢ :N—X s.t || ¢ || < land there is
algebra-module homomorphism 6: X—X, st oi =
¢ and || 0| <a, iisan isometry from submodule N

Followmg (1) assume that 4 is unital B A
and suppose that o >1. Algebra—module X is said to
be Quasi-a-injective relate to an ideal H of algebra
if,
@ . N—.JX is algebra-module homomorphisms.t 1 >
lle |, and there is algebra-module homomorphism
0:X—X, st (6 o i)(n) —p(n) EXHand o = |0 ||
where i is an isometry from submodule N of X to X.

The concepts strongly Quasi-(m,n)-
injective -B-A- module related to ideal for some o is
introduced.
Definition 3 :Suppose that 4 is a unital B-A and
1< a. X is said to be strongly Quasi- (m,n)-o-
injective relate to an ideal | of A™"if B: N— X"is
algebra-module homomorphisms such that 1=||4]| ,
there is a :X"—X" algebra-module homomorphism,
such that (a o i)(n) —p(n) € X™Iand 1 >||@ ||, iisan
isometry from m-generated submodule Nin X. X is
strongly Quasi-(m,n)-injective relate to an ideal | ,if
X is strongly — Quasi - (m,n)- a— injective relate to
ideal for some a.
Proposition 4 : If X is (m,n)-S-F-S-B-A-M-R to |
ideal of an algebra, then X is strongly Quasi (m,n)-
inective B- algebra module relate to an ideal I.
Proof : set N = oA+ ...+ a,A , m-generated sub-
module of X", a;€X" let a be greater than land f be
any algebra-modulehomomorphism from N to X"
such that ||f || < 1. Since X(m,n)-S-F-S-R to ideal,
therefore f(oyA+ ...+ a,A) © A+ ...+ a,ANX"I,
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thus thereist = (ty, ..., t,) €A and w € X"/ Let &
=(0, ..., 1,0, ..., 0) such that f{Qj-,; ;) = t
(X, @)+ w. Define g :X" — X as g (a;) = t'a;,
clearly g is well defined algebra-module
homomorphism. Now f(X1, a;) - g(X\, @) =t
L @) +w-t (X, ;) =w € X™Iand since for
ally €EmA + ...+ apd, y = X1, a;s;for some s =
(-0 s0) € A, f(y) — gy) = fEL; ais)—
g(Xh i ais) = (T, a) ) - 9((Xin, ai)s) = (f
Ch,a) - 9@L,a))s € X™I, therefore X is
strongly quasi (m,n)-banach algebra module relative
to ideal.
Definition 4: A sub-module N of Banach A-module
is called pure-(m, n)- sub-module if IN = NnX" | VI
of A™™,

When the sub-module of (m, n )-S-F-S-B-
A-M-R to ideal have been partial answer in the next
proposition .
Proposition 5: Let X be a (m, n )-S-F-S-B-A-M-R
to a non-zero ideal I of A™™, then every (m,n)-pure
sub-module is (1, n )-S-F-S-B-A-M-R to an ideal.
Proof: Assume that N is pure-(m,n)- sub-module of
X. For every sub-module L of N and a multiplier f:
L — N, put g=i o f: L — X(where i is the inclusion
mapping of N to X ),then by assumption f(L) = g(L)
cX™I, since f(L) € N. Hence f (L) SL N X" N N.
Because N is pure (m, n )-sub-module of X then N
N X™ =N"I, for all ideal | of A™" , therefore f(L)
CL NN™I .Therefore N is (m, n )-S-F-S-B-A-M-R
tol

Conclusion:
In this work, the concept of (m,n) strong
full stability B-Algebra-module related to a non-

zero ideal 1 of A™™ has been introduced and it is
also easy to study its properties by linking it with
other concepts. The relationship of (m,n) strong full
stability B-Algebra-module related to an ideal that
states, if X is (m,n)- strong full stability B-Algebra-
module related to an ideal I of an algebra, then X is
strongly Quasi (m,n)-inective B- algebra module
relate to an ideal | have been proved, and show that
every (m,n)-pure sub-module of (m,n) strong full
stability B-Algebra-module related to a non-zero
ideal 1 of A™" is (m,n) strong full stability B-
Algebra-module related to a non-zero ideal | of A™™"
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