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Abstract:

In this paper, an estimate has been made for parameters and the reliability function for Transmuted
power function (TPF) distribution through using some estimation methods as proposed new technique for
white, percentile, least square, weighted least square and modification moment methods. A simulation was
used to generate random data that follow the (TPF) distribution on three experiments (E;, E,, E3) of the real
values of the parameters, and with sample size (n=10,25,50 and 100) and iteration samples (N=1000), and
taking reliability times (0 < t < ). Comparisons have been made between the obtained results from the
estimators using mean square error (MSE). The results showed the percentile estimator is the best in (E;, E,)
but modification moment is the best in (E5).

Keywords: Estimation methods, Mean square error, Percentiles, Quadratic rank transmutation map,
Transmuted power function distribution.

Introduction:

The power function (PF) distribution is one of ax®1
the distributions derived from the beta distribution, S, 0,4) = g (1 +4
many researchers have studied this distribution by X\ %
estimating its parameters and the reliability function —24 (5) ) - (1)
because it is one of the distributions used in xX\* X\*
reliability The probability density function (pdfy (@84 = (5) (1 t4 _1(5) ) - (2)
and the cumulative distribution function (cdf) with The reliability function for (TPF) distribution is

scale parameter 8 > 0 and shape parameter a > 0 _ B t\*
are given, respectively, as follows ": R(t;@,6,2) =1— (5) 1+4
a—-1
: - t\*
g(x;a,0) = 9 0<x<¥6 —,1(5) ) ..(3)
G(x;a,0) = x—a ,0<x <86 The quantile function for (TPF) distribution is
1
Muhammad and others (2016) 2  suggested . @
transmuted power function (T-PF) distribution by / a 2 2 \
) i 4 3. 0 1+1 1+
using the quadratic rank transmutation map xp = | T (T> —F| + T )
2 A 2VA 2VA
f@ = A+ D6 - A6M)°, 1A <1 \ /

F(x) = g(x)((l +A)— ZAG(x))

Where g(x) and G(x) are (pdf) and (cdf) for (PF) . . )
distribution, respectively, f(x)and F(x) are (pdf) Estlmgtlon Method: .

and (cdf) for (TPF) distribution, respectively, and 2 In this item methods for estimating parameters

is transmuted parameter|A| < 1, as follows and reliability function are presented.
¢ New Technique White Method

White estimation method depends mainly
on its application on the reliability function of
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distribution #, a new technique is proposed for white
method which depends on the cumulative
distribution function. for estimating its parameters
and format conversion function to formulate similar
linear regression equation, which is characterized
by the use of its estimate as an initial value of the
other estimation methods, from (1), getting :
1

1 a
0“ <(1+/1)2 P)7+1+,1 5
xi == f— E— - rj ——
O\ va\\\2va 21
Where
i
Pi=——7= F(xg;a,6,2) ,i=12,..,n ..(6)
Let
1
(2 - a) 41
[ Zﬁ i Zﬁ e
Then (5) became
a
xg) = ﬁkl . (8)
90!
In(x§)) = In <ﬁ ki>
aln(x(l-)) = n(6%) — Inva + In(k;)
In(ky) — InVa = aln(x(;)) — In(8%) ... (9)

The linear equation

z=@y+y ...(10)

Compare (9) with (10), getting:
= In(k) — IV, 0 = a,y;

Y =—-nO% ..(11)

Since

Zisai =9z - 2)
Zis i = )*

LAy =@ .. (12)

From (10), getting:

Y=z—-¢y ..(13)

From (11) and (12), getting:

Oyw = exp (— %) ..(14)

And (12) and (14) are the initial value («,, 8,) for
the estimators in the other methods.

Substitute (12) and (14) in (3), getting:
Ryw(t;a,0,1) =1

() (o1 o0

e Percentile Method
Parameters estimation for this method
depends on inverse distribution function for any
distribution. Is depends on minimizing value in (5),
5by equating with zero and square this value, getting

= In(x))

A

78

[ o

(R

..(16)
Substitute (7) in (16), getting :
1\ 2
n k;\a
S = ZiZI X(i) -6 <ﬁ> (17)

To find estimation formulas for (6) and («), taking

the partial derivative of (17) w.r.t (#) and (a) and

equating to zero, respectively, getting:
1

ae Z 2{ ¥~
1

1\ L
(ﬁ) Zi=1x(i)ki -
1

1

o) )\~ )

(7 2

1

k 0

T RIN

2
2o Lo () m() o () ()
xpl—=) In|l—=)-0|—=] In|l—=
=1\ " O\V1 VA VA VA
=0 ..(19)
Now, solving (16) numerically by Newton Raphson

method
Let

F@=y. | k()

Then



Open Access
Published Online First: July 2021

Baghdad Science Journal
2022, 19(1): 77-83

P-1SSN: 2078-8665
E-ISSN: 2411-7986

f'(@) = Z;| Xohi In(k) (;_21) fn (%>

2
6 kla ln(kl)
— =

L ()
(A

So
o f(a)
a =ayg———— ..(20

PER 0 f’(a) ( )
Substitute (18) and (20) in (3), getting:
RPER(t; a, 9, /1) =1

¢ apER
—<A ) 142
OpEr
¢ apER
—1<A> e
QPER

e Least Square Method

The idea of this method is to minimize
sum of squared differences between observed
sample values and the estimated expected values by
linear approximation. A technique is used which is
proposed by (Kindermann ,Lariccia ) (1983) to
converse of non-linear model to linear model and
useing  (Parzen) (1979) technique by inverse
distribution °,

By using (8), getting:

x(P) =6 (%)E - (22)

Now, taking partial derivatives of (22) w.r.t (6) and
(a) respectively:
1

=03 () ()

By estimating the first order Taylor series

f@+h)=f@)+hfi@®+hf(®) ..(23)
Where
f(t+h)=E(x(P)) )
1
ki\@
F@ =607
1
ki \@o
fi(®) = <ﬁ) b (24)
1
o) = (290 (Fey (K
L= < al >(ﬁ) i (\/Z)

h]_:g_go ,h2=a—a’0 )
Substitute (24) in (23), getting:

79

E(x(P)) = b, (%)_ + @00 % )—
oo ()¢
E(x(P)) = 6 (%f
oo ()¢
0 : 1
@ @)@
b= (G (3
@ @)
o=

1
—09\ / ki@ ki
() ()" n )
oo = () ()" (7
Then the matrix (H) , becomes as following

@ (Py) @ (Py)
w(P,) @ (Py) ]

—_——

@(Py) ¢<pn)J o

Then the general formula for estimating the
parameters is

Y" = (HTH)"'H"X;

Where
X()
X(2)

YT = (A OLs )andXL- =

drs — Qg )
R \x(n)/

(2,05

Ars — g $2(p)

Getting:

Os = fl(P)

PN e

Substitute 8,5 and @,s from (25) in (3), getting
approximate reliability estimators as follows
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ﬁLS(t; a, 9, A) =1

()

(=) (1+2

HLS R

_2 <L>m> (26)
i

e Weighted Least Square Method

This method is used to find estimation of
a , 6 on order and this idea based on finding inverse
function of distribution and compare it with the
formula of model sample linear regression as the
following formula’:
Yi=a+b¥;+e€
From (22), getting:

ln(x(i)) = ln(9) + Eln (ﬁ) (28)

And comparing (28) with (27), getting:
Y = In(x)

~(27)

a=1Im6) ..29)
1
= in(5)
From (27), getting:
e=Y—a-b¥; ..(31)

By multiplication (31) by (yl) and taking the sum
of it, after that squared the two sides, getting:

5= le() Zl1<1—%a—%b)2...(32)

This method based on making(§), which called
weighted least squares function, to be less:
Let

1 Y,

vy,
Then (32) became:

n
6= Z (1 — ao; — b]/i)z (33)

i=1
Now, driving the equation (33) (w.r.t) (a) and(b),
and equaling with zero, getting:
a6 n

= Z —2(1 —ao; — by;)o; =0
i=1

da

n
Z, 1(01' —ao;“ —by;o;) =0
i=

_ Yie10i — b Yl vio;

n
i=10i

g; =

.(34)

a8 n
55 = ., 20— ag = by)(r) = 0
n n
Z Yi _az i Yi _bz YL
i= 1 i=1
i Zb TVt g
Zn o-l i

By equating (34) with (35), getting:

80

2

o )
Z RO
WO

i= 1)/121 101 Zl 10121 10iYi
2
i VLZZi:1Ji _(Zi:1yi0i)

i=1

From equations (30) and (36), getting:

&WLS = E e (37)

Now, substituted (36) in (34), to get(a) , and from
(29) , getting :

Owis = exp(a)  ...(38)

Substitute (37) and (38) in equation (3), getting:
ﬁWLS(t; a, 9, /1) = 1

¢ awLs

_<A ) 142
OwLs
< ¢ )aWLS

— Al = ..(39)
OwLs

e Modification Moment Method
The idea of this method, for estimating the
first parameter, is based on equating the
approximate expected value of (cdf) with the
formula of (cdf) in x(4), and on the variance of the
distribution to estimate the second parameter *

E(F(xw)) = F(xq) - (40)

From (6), E (F(x)) =P1=— ..(41)
Rewrite (4), for the first observation (x(1)) as

RN

b =

..(36)

n+1

follows
L« VA 142 1+2\° :
- 322) -2 )
1+ [, VA 14+2)

By substituting (41) and (42) in (40), getting:
Vi 1421 (1 + A)Z 1
*( ga 22 J\2va/ n+1
5 x(yVA
1+ 2

QMM
) -k

To estimate the parameter(a), equate the sample
variance with a population variance as follows:

[

. (43)
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o 2a+2(1-2) Table 1. Default value for parameters
a .
((a +2)(2a + 2)) Experiment E, E, E,
2 a 25 4 1
— 262 ( 2at+1-2 ) Parameters 0 2.5 15 3
(a+1)C2a+1) A 01 05 0.9
_ Yo (g — X)?
~ n—-1 3. Choose life time for estimating reliability
Amm
S =2 . 2atl—d 2 e Incase (E;{), havechosen0 <t <
n-—1 +a’o ((a+1)(2a+1)) 2.5.
= 20+ 200 =) - (44) e Incase (E;) , have chosen 0 < t <
(222200 s,
(a+2)Q2a+ 2))
Substitute (43) and (44) in equation (3) , getting: e Incase (E3) , have chosen 0 <t <
Rum(t;2,6,2) =1 3.
t amm Such that t(l) = 0.1, and t(i+1) =
- <§MM> (1 +4 toy+0.1,i=12,..
apmMm
_ A(;) ) .. (45) 4. At this stage, random data is generated by
Omm (4) and using MATLAB language version
R2015a.
Simulation Experiments and Results: 5. After stage -4- , finding estimators and
In This section estimation of the parameters is reliability function, and finding MSE(8) =
presented by NW, PER, LS, WLS and MM for S (8-6)°

multiple parameters values and sample sizes, the , Where (0 is an estimator of

N

building simulation experiments include stages as parameter ().
follows _ Tables 2, 3 and 4 show the values of the mean and
1. Take sample size n: (n=10, 25, 50 and 100) ~ MSE for the parameter estimators and the reliability
and replicated sample (N=1000). function, as follows

2. Take several values for the parameters
(a, 8),as shown in Table 1:

Table 2. Estimated values for (a, 8)and (R) using(E{: R = 0.71050)

Methods n Mean Estimated Values MSE
a 0 R a 0 R

NW 10 2.47943 2.43938 0.69027 0.22949 0.17207 0.02899
PER 247946 2.43935 0.69026 0.22947 0.17208 0.02899
LS 2.47946 2.38803 0.66974 0.21869 0.17828 0.03136
WLS 2.65771 2.59729 0.74608 0.30821 0.18579 0.02921
MM 2.26733 2.36578 0.64641 0.29698 0.18564 0.03645
NW 25 2.47190 2.46180 0.69961 0.05976 0.05255 0.01006
PER 2.47191 2.46178 0.69960 0.05975 0.05256 0.01006
LS 2.44625 2.46178 0.69034 0.05951 0.05428 0.01047
WLS 2.54951 2.53344 0.72565 0.06966 0.05468 0.01047
MM 2.25982 2.37663 0.653939 0.12042 0.06516 0.01492
NW 50 2.48160 2.47738 0.70337 0.02662 0.02381 0.00473
PER 248161 2.47738 0.70336 0.02662 0.02381 0.00473
LS 2.46828 2.46485 0.69868 0.02663 0.02427 0.00484
WLS 252091 2.51406 0.71672 0.02881 0.02424 0.00480
MM 2.26991 2.38809 0.65726 0.08092 0.03506 0.00885
NW 100 2.49234 2.49016 0.70787 0.01326 0.01181 0.00241
PER 2.49234 2.49015 0.70787 0.01326 0.01182 0.00241
LS 2.48553 2.48375 0.70548 0.01323 0.01190 0.00242
WLS 251221 250876 0.71471 0.01386 0.01197 0.00246
MM 2.28103 2.39874 0.66175 0.06200 0.02152 0.00583
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Table 3. Estimated values for (e, 8)and (R)using(E,: R = 0.77301)

Mean Estimated Values MSE
Methods n a ] R a 0 R

NW 10 3.92861 1.47751 0.75758 0.75758 0.00738 0.01317
PER 3.93304 1.47741 0.75782 0.93220 0.00739 0.01312
LS 3.76691 1.46196 0.73987 0.94429 0.00885 0.01510
WLS 4.21068 150183 0.78437 1.15069 0.00630 0.01287
MM 3.73664 1.36641 0.68264 1.04280 0.02722 0.02852
NW 25 3.95035 1.49080 0.76830 0.24990 0.00234 0.00442
PER 3.95262 1.49075 0.76840 0.24937 0.00234 0.00441
LS 3.87060 1.48356 0.76027 0.25690 0.00253 0.00461
WLS 4,07582 150172 0.78035 0.27801 0.00215 0.00454
MM 3.76145 1.36144 0.68391 0.31708 0.02202 0.01844
NW 50 3.98683 1.49660 0.77346 0.12409 0.00116 0.00237
PER 3.98806 1.49657 0.77351 0.12402 0.00116 0.00236
LS 3.94363 1.49278 0.76919 0.12384 0.00112 0.00232
WLS 405191 150226 0.77972 0.13245 0.00111 0.00245
MM 3.79954 1.36011 0.68547 0.17054 0.02086 0.01592
NW 100 4.00761 1.49961 0.77624 0.06647 0.00060 0.00141
PER 4,00825 1.49960 0.77627 0.06649 0.00061 0.00141
LS 3.9854 149767 0.77409 0.06537 0.00059 0.00135
WLS 4.04043 150247 0.77943 0.06921 0.00059 0.00137
MM 3.82419 1.35925 0.68624 0.10183 0.02045 0.01488

Table 4. Estimated values for (e, 8)and (R)using(E3: R = 0.34500)

Mean Estimated Values MSE
Methods n a 0 R a 0 R

NW 10 0.97988 2.87867 0.31882 0.08647 0.30109 0.02352
PER 0.98877 2.87366 0.31986 0.11098 0.30392 0.02410
LS 0.95199 2.82495 0.30500 0.08535 0.32185 0.02479
WLS 1.04868 2.98115 0.34951 0.10968 0.28692 0.02411
MM 1.09842 2.47063 0.31157 0.07684 0.66741 0.02244
NW 25 097074 2.92156 0.32416 0.02326 0.10005 0.00749
PER 0.97637 2.91862 0.32510 0.03183 0.10062 0.00772
LS 0.95526 2.89158 0.31626 0.02456 0.10513 0.00803
WLS 0.99947 2.96640 0.33750 0.02520 0.09416 0.00729
MM 1.01674 2.45790 0.29029 0.00767 0.50386 0.01171
NW 50 0.98280 2.95787 0.33318 0.01025 0.04542 0.00341
PER 0.98557 2.95619 0.33371 0.01059 0.04551 0.00348
LS 0.97384 2.94094 0.32864 0.01080 0.04627 0.00357
WLS 0.99719 2.98025 0.33994 0.01055 0.04267 0.00328
MM 1.00354 2.47514 0.28930 0.00154 0.44015 0.00919
NW 100 0.98909 2.97477 0.33817 0.00479 0.02161 0.00159
PER 0.99053 2.97386 0.33847 0.00485 0.02160 0.00160
LS 0.98424 29657 0.33573 0.00502 0.02160 0.00164
WLS 0.99614 2.98573 0.34149 0.00475 0.02009 0.00151
MM 1.00053 2.48696 0.29186 0.00035 0.40844 0.00850

Conclusions:

e A new technique

is proposed for white
estimation method, and it has presented good
estimators for scale parameters and reliability
function.

Taken,0 <A <1 , because some estimation
formula like (PER, LS, MM) included (V1) then
the results are complex number, If it is
taken (1 < 0).

The results in tables (2,3 and 4) indicate that: -

82

In experiment (E;) appeared (@.s, Oyw)
and (Ryw,Rpgr)are better than other
estimators.

In experiment (E3) , (@yw,Q@pgr) are
better in (n = 10,25) respectively, but
(@Ls) is better in (n =50,100)
and (8y,.s) is better than other estimators.
(Rwis, Rper) are better in (n = 10,25)
but (Rys) is better in(n = 50,100).

In experiment (E3) appeared (&) and
(Byw.s) are better than other estimators.
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