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Abstract.

The main goal of this paper is to introduce and study a new concept hamed & -supplemented which
can be considered as a generalization of W- supplemented modules and 5-hollow module. Also, we introduce
a & -supplement submodule. Many relationships of & -supplemented modules are studied. Especially, we
give characterizations of 8 -supplemented modules and relationship between this kind of modules and other
kind modules for example every §-hollow (3-local) module is 8 -supplemented and by an example we show

that the converse is not true.
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Introduction:

Throughout this paper all rings are
commutative with identity and all modules are
unitary left R-modules. A proper submodule N of M
is called "small (N<<M), if N+K = M, for K< M
implies K = M" (1). Equivalently a submodule N of
a module M is called "small (N<<M), if N+K # M,
for every proper submodule N of M"(2). A module
M is called ‘“singular (nonsingular) if
Z(M)=M,(Z(M)=(0)), where Z(M)={xeM:ann(x) <,
R}"(1). A submodule N of a module M is said to be
"5-small if N+K =M with % is singular implies K =
M" (1). A submodule N of a module M is called "
supplement of a submodule N of M if N is a
minimal element in the set of submodule L <M with
N+L= M"(3). Equivalently, M = N+K and NNK<<
N "(3). And a module M is called a "supplemented
module if every submodule of M has a
supplemented in M" (4, p.348). An R-module M is
called a "semisimple R-module if Soc(M) = M
(where Soc(M) Y~ A, where A is simple
submodule of M"(4). It is known that an R-module
M is a "semisimple module if and only if every
submodule of M is a direct summand" (4).

In this paper we introduce the concept of & -
supplemented module: "M is called §&'-
supplemented module if for every semisimple
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submodule N of M, there exist a submodule K such

that M = N+K and NNK<<K" and investigate
o

characterizations and properties of & -supplemented

modules. Also the relationship between this kind of

modules and some other modules is given.

Preliminary

Definitions 1

1. A submodule N of an R-module M is said to be
"5- supplement of a submodule K of M if N+K =

M and NNK<<N" (1). And a module M is
o

called a "6-supplemented module if for every
submodule of M has a &-supplement in M" (1).
A submodule N of an R-module M is called "5 -
small if N+K =M with % is singular implies K =
M" ().

Let M be an R-module, then & (M)
N {N<M;M/N is singular simple} = Z N (5).

N<5< M

2.

Remarks and examples 2

1. Obviously, every small submodule of an R-
module M is &-small, but the converse is not
true integral, for example Z , as Z -module is -
small but not small(1)

If A is a supplement of B in an R- module M,
then B need not to be a supplement of A in M.
For example in the Z -module Z ,, we have Z ,
is a supplement of {0, 2}. It is clear that {0, 2}
is not a supplement of Z ,.
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3. Supplement needs not to be existing for
example the module 2 Z of the module Z as Z -
module has no supplement (since the only
small submodule of Z are {0}, 2Z and Z is an
indecomposable.

If N, K are two a submodule of an R-module
M such that K is a supplement of N, then:

If W+K = M, for some W submodule of N,

then K is a supplement of W(4, 4.41-1, p.348).
For L< N, K+L s a supplement of % in ¥
L

4.
a)

b)

L

(4, 4.41-7, p.348)
Definition 3 (6) Let M be an R-module. M is said to
be W-supplemented if every semisimple submodule
of M has a supplement in M.
Definition 4 (7)((1)) An R-module M is called
lifting (&-lifting if and only if for every submodule
N of M there exists submodule K, K'<sM such that

M=K® K’ with K<N and NNK'<<K/(NNK' << K)).
5

Lemma 5 (6) Let M = N+L, L is a submodule of an
R-module M and N is semisimple submodule of M.
Then M = N'@ L for some N'< N.

Characterization of & -supplemented

Definition 6 An R-module M is called &'-
supplemented module if for every semisimple
submodule N of M, there exists a submodule K such

that M = N+K and NNK <<K.
)

Definition 7 A submodule N of an R-module M is
called 8"-supplement of a submodule L of M means
that N is semisimple submodule of M such that M =
N+L with NNL<<N.
o
Examples and Remarks 8
1. Every supplemented module is &'-
supplemented module. But the converse is
not true in general for example: Q as Z -
module is & - supplemented since Q has no

semisimple submodule, but Q is not
supplemented module.
2. Every W-supplemented module is &-

supplemented.
Proof The proof is clear since every small
submodule is &-small (1).
3. If M is singular module then M is &-
supplemented iff M is W- supplemented.

Proof Since M is singular then NNK << K iff NNK
o

<< K (where K and N are two submodules of M.
§ -
§ -

is
is

of
is

summand
module

4. Every direct
supplemented
supplemented
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Proof Suppose that M is & -supplemented module
and M = M;®M, .Let N semisimple submodule of
M. So, there exists a submodule K of M such that
M= N+K with NNK << K. Thus M;=N®(M;NK) (
o
by modular law). Therefore M;=L®(M;NK),for
some L< N ( by lemma 5). Hence M;NK<®M,.
NNK<<K < M, then by (7,
o
proposition(1.2.10)) NNK<<M. Since NNK <
o

Now,

M;NK <®M, therefore NN(M;NK)=M;N(NNK) =
NNK <<M;NK (7, proposition1.2.10).
5

5. If A is & -supplement of B in a module M,
then B needs not to be 8 -supplemented of
A in M. For example: Z , is 8 -supplement
of Z ¢ in Z ¢ but Z ¢ is not & -supplemented
of Z,inZg, since Z,D Zg=7Z¢ and Z,N Z

6=Zy 7y << Z,butZ,is notd-small in
o

Zsg.

Let M be an R-module with Rad(M) = 0,
then M is semisimple supplemented
module iff M is & - supplemented .

Proof =)By (1) every supplemented module is &"-
supplemented

<) Let K be a submodule of M, thus K is
semisimple, but M is &'~ supplemented ,thus there

exists N<M such that N+K =M and NNK <<K<
)

8(M). But 8(M) < Rad(M) = 0, thus NNK=0 <<K
and hence M is a supplemented module.

Now, we have the following
Remark 9 Let M be an R-module, then M is &"-
supplemented iff every semisimple submodule N of
M, there exists a submodule N’ such that M= N'@L

and NNL <<L.
)

Proof Let N be a semisimple submodule of M,
since M is &"- supplemented and M = N+L and

NNL<<L, then by lemma 5 there exists N’<N such
)

that M= N'®L and NNL << L. Conversely, let N be
o

a semisimple submodule of M. Then by assumption,

there exists N’<N such that M= N'®L and NNL <<
o

L implies M=N+L. Hence M is & - supplemented.
Proposition 10 Let M be a & - supplemented, then

every semisimple submodule of % is a direct

summand.
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Proof. Suppose that M is a & - supplemented. Then
.. M
every very semisimple submodule of —has the

form (S(—Mfor semisimple submodule N of M and

6(M) € N. So there exist a submodule L of M such

that M=N+L and NNL<<L implies NNLES &§(M).
)

Now, NN(L+ 8(M))=(NﬂL)+8(M) =§(M). So,

M _ N+L _ N L+6(M)

= = . Th i irect

san - san 500 ® san Y san ( 5 18 a direc
summand ofl
s

The following theorem gives a characterization
for 8"~ supplemented module.
Theorem 11 Let M be an R-Module, then the
following statements are equivalent:-

1. Mis & - supplemented.

2. For every semisimple submodule N of M,
there is a decomposition M= M;®M, such
that M; <N and NNM, << M.

o
3. Every semisimple submodule N of M can

be written as N= A®B, where A is a direct

summand of M and B << M.
o

Proof (1)—(2) Following Remark (9)

(2)—(3) Let N be a semisimple submodule of M,

then by(2), M= A®B for some A< N and NNB<<
o

B. By Modular Law, N= A®(NNB) ( where

ANNNB = 0).Since NNB<<B cM, then by (7,
)

proposition 2.1.10), we have and NNB << M.
é

(3)—(1) Let N be a semisimple submodule of M,
thus by the hypothesis N= A®B, where A is a

direct summand of M and B << M. Now, M= A®k
)

, for K <M and A <N, then M= N+K= (A®B)+K=
A®(B+K) and (A®B)NK= (ANK)®BNK) = 0 &
(BNK) = BNK. Since B<K<M and K<<K, then

1) o
BNK<<MNK= K. That is M = N+K and NNK =
)
BNK <<K < M. Therefore, M is & -supplemented
1)
module.

The following proposition is similar to (5,
proposition 2.3).
Proposition 12 Let M be an R-module A and B are
submodules of M such that A < B. Then:
1. If B is a & - supplement submodule in M,

then % is a 8- supplement submodule in %.
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2. If B is a &"- supplement summand of C in
M, then CA%A isa &'~ supplement of% in %

Proof 1 Suppose that B is a &'~ supplemented of N
in M, so B is semisimple submodule of M with M =

B+N such that BANN <<N. Now, E is semisimple

o
submodule in 2. Then M—5+ and - ﬂN+A
A A A A
Env+4) _ A+(BON) << and so E is a -
A A S A
supplemented in%, where an% is a

homomorphism and ANB<<N, implies f(ANB)
)

_(AnB)+A

<< Nt
A A

o

2. Itis similar to proof 1.

Corollary 13 Every factor of - supplemented
module is & - supplemented module.

Remark 14 An inverse image of &'~ supplemented
module needed not &"- supplemented. For example:

Let f: Z — Z ¢ be an epimorphism (—z)z Zgand Zg is

semisimple but f%(Z¢) = Z and Z is not semisimple.
Proposition 15 Let M be an R-module and A< B<

M. If is & -supplement in % and A is a & -

supplement in M. Then B is a & - supplement in M.
Proof Suppose that A is A & - supplemented of L in

M and % is 8- supplement of % in%. Thus, 2

B

—_ ==+
A

Noand 2nY << also M = A+L and ANL<<L
A A A S A S

with each of A and E is semisimple. Since B =

BN(A+L) = A+(BﬂL)and 2N 2= 2R <<2 that s

o

<<—. ANL<<LL<L N and

hence ANL<<N .Furthermore BN(NNL)<<N (7,

1) 1)
proposition 2.1.10). By Modular Law, N
A+(NNL), but B=B+A, then M = B+N = B+(NNL).
Therefore B is & - supplement in M.

Now, we have the following proposition
Proposition 16 Let M = M;®M, if A is &-
supplement of A; in M; and B is & - supplement of
B; in M,, then A®B is & - supplement of A;®B; in
M.

Proof Since each of A and B is semisimple, then so

is A® B. Now, M; = A+A; with ANA; <<A; and
0

BNNNL
ANL

Notice that,

M, = B+B; with BNB;<<By, then M = (A+A1) @
o

(B+B,) = (A ® B) + (A:® B,). Since (ANA;) @
(BNBy) <<A® By. S0, (A® B) + (A;® B;)<<
s s
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A® B, . That is A®B is a & - supplement of A;®
B, So that (A®B) N (A:®B)<<A® B
o

Therefore A®B is & - supplement of A;®B;.
Proposition 17 Let M; and M, are two submodules
of M with M; is 8- supplemented and M;+M, has
8- supplement in M, then M, has &"- supplement in
M.

Proof Since M;+Mj has a & - supplement in M, so
there exist a submodule L of M such that M =

(M;+My) + L and (M;+M,)NL <<L. Furthermore
o

M, is 8 -supplement with the submodule M,+LNM,
of M;+M,, hence (M,+L)NM; is semisimple
submodule of M;+M, . But M;<M;+M,, so Mis
also semisimple (since (M;+M,) is semisimple).
Hence (M,+L)NM; is semisimple in M;j. This
means that there exists a submodule K of M; such
that ((M2+L)HM1)+K:M1 with ((Mz"‘L)an)ﬂK

<<K. That is (M,2+L)NK<<K. Now,
0 o
M=M+My+L = (Ma+L)NM)+K)+Mp+L=

M,+(K+L). Since M,N(K+L) < (( M+ My)NL)+
((Mx+L)NK). So M,N(K+L)<<K+L. But M, is
o

semisimple. Thus M, is & - supplement of K+L in
M.

The following proposition gives some properties
of 8"~ supplemented modules
Proposition 18 Let M be an R-module, N and K be
submodules of M such that K is 8"~ supplement of
N then

1. If W+K = M for some submodule W of N
then K is & - supplement of W.
2. IfKis & - supplement of L< M, then K is &
- supplement of N+L.
K+L . * N
3. If L< N, then —— s d - supplement of T
in 2.
L
Proof

1. Since K is &- supplement of N thus K is
semisimple submodule of M and N+K = M,

NNK <<K. But W<N and WNK< NNK <<K,
) )

so WNK <<K(8,lemmal.3-1). Therefore K is
o

8"- supplement of W.
Since K is 8- supplement of N thus K is
semisimple submodule of M, N+K = M and

NNK<<K. Also K is & supplement of L,

o
thus K+L = M and KNL << K. Therefore M=
o
N+L+K and by Modular law
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(N+L)NK=(NNK)+HLNK)<<K (8, lemmal.3-
o

1). Hence K is 8"~ supplement of N+L.
Suppose that N+K = M and NNK<<K (K is
o

& - supplement of N). Now, L< N ,NN(K+L) =
(NNK)+L (modularity) and %ﬂ K+l _ (NNK)+L

L L
Since NNK<<K thus NOO+L - K+
5

<<— (8,

é‘ L
lemmal.3-1). Now, the assertion follows from
N K+L _M

L =

L L

An R-module is called "5-hollow if every proper
submodule of M is &-small (1)". The following
proposition shows that the classes of &-hollow
modules is an embedding in the classes of §-
supplemented modules.
Proposition 19 Every &-hollow module is &'-
supplemented module.
Proof

Let N be a semisimple submodule of &-hollow
module M. Thus by (8), M= N®K, for K<M . Then

by N= N®(NNK). Since M is 8-hollow, thus N <<

1)
M and NNK<N, hence NNK <<M. Therefore by
o
theorem 11 M is &"- supplemented.
Examples 20

1. The Z ¢-module Z ¢ and the Z -modules Z,,
L=, g are S-hollow(1), and hence they are
8- supplemented.

The converse of the last Proposition is not
true as the following example:

The Z -module, Zi, is & -supplemented
since Z 1, has only one semisimple
submodule which is <2 >, and Z ;, = <4>
®<3>,<4><<2>and<2>N<3>=<

6 > <<<3> by Theoremll, Z i, as Z -
)

module is 8- supplemented but Z 1, as Z -
module is not 3-hollow(1).
Corollary 21 Every hollow module
supplemented module.
Proof It's an obvious, since every hollow is &-
hollow, and by proposition 19 the proof is omitted.
The converse is not true for example, Q as Z -
module is &'~ supplemented module but not hollow
module.
Corollary 22 Every indecomposable and &-lifting
module is 8- supplemented.
Proof By (1, proposition 3.8) every indecomposable
and &-lifting is &-hollow and by proposition 19, M
is & - supplemented module.

is &-
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