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Abstract:

This paper investigates the effect of magnetohydrodynamic (MHD) of an incompressible generalized
burgers’ fluid including a gradient constant pressure and an exponentially accelerate plate where no slip
hypothesis between the burgers’ fluid and an exponential plate is no longer valid. The constitutive
relationship can establish of the fluid model process by fractional calculus, by using Laplace and Finite
Fourier sine transforms. We obtain a solution for shear stress and velocity distribution. Furthermore, 3D
figures are drawn to exhibit the effect of magneto hydrodynamic and different parameters for the velocity

distribution.
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Introduction:

Recently, non-Newtonian fluids theory has
many interesting theories so classical Newtonian
fluids cannot characterize the most of fluids in
technology and industry. There is not any a linear
relationship between the rate of strain and the stress
at a point in fluid mathematically. These fluids have
been modeled in a number of different types with
their constitutive equations changing greatly in
complexness. Between the non- Newtonian liquids
there is viscoelastic fluids (have both viscous and
elastic identify) which are most commonly used.
Consequently ,several equations of viscoelastic
fluid are suggested by Oldroyd _ B fluid models(1-
3) Maxwell fluids(4) and Burgers’ fluids model(5).

The derivative fractional succeeded with
the constitutive equations of viscoelastic fluids used
to describe viscous properties, with are modified by
substituting the derivative time of an integer
derivate fractional with constitutive equations by
Riemann -Liouville from operator fractional(6, 7).

Zheng et al (8),discussed 3D flow between
two side walls perpendicular that was generalized in
oldroyd_ B fluid because of a constant pressure
gradient. Fetecua.et.al (9, 10).discussed exact
solution for oldroyd B fluid between the two side
wall that perpendicular to the plat.
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Y. Liu et al (11), has studied the effect of
radiation with heat transfer and
magnetohydrodynamic flow by burgers’ fluids
because of the exponential accelerating plate. Ebaid
(12) has studied the Effect of MHD on peristaltic
transport of a Newtonian fluid in an asymmetric
channel with slip condition .Yaqing Liu .et al(13)
investigated the magnetohydrodynamic which
generalized Maxwell fluid that induced of moving
plate and effects of second-order slip. Ghada et al,
(14) investigated the magneto hydrodynamic flow
of burgers’ fluid by flowing and accelerating plate
under the influence of the gradient pressure .Shihao
et al(15), investigated effect of slip on 3D flow on
fluid Burger between two side of wall generated by
accelerated plate and a constant gradient pressure ,
Zheng et al(16) investigated studied slip effect on
magnetohydrodynamic which be an Oldroyd B
fluid beginning by an accelerated plate.

In this research, we discuss the Influence of
magneto hydrodynamic (MHD) on 3D Flow for
Burgers’ Fluid with Slip Condition between the two
side of the walls that generated by a constant
pressure gradient and exponential accelerated plate.
The best solution of the velocity distribution and
shear stress are acquired by using the Fourier Sine
and Laplace transformations.

The description of the problem and its solution
Suppose that the generalized burgers’ fluid with

fractional derivative between the two sides of wall

which occupy the complete space over the plate that
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is perpendicular to the side of wall. The fluid starts
to move because of the exponentially accelerated
plate with a movement of this velocity Exp(-t) and a
pressure constant B and by the presence of the slip
condition .The related boundary condition and
initial condition are as follows:

02 ,Z,0
U(Y: Z, 0) = at U(Y' Z, 0) = % =Y,
(0<z<dand y>0) . (D
u(0,z,t) = Exp(—t) + ¢ d,u(0,z1),
(0<z<dandt
>0) -(2)
u(y,zt) = dyu(y,zt) =0 ,(t =0 and
(z=d,0) ,y=0) ..(3)
dyu(y,z,t) > 0,(t =0 and y - o,
0<z<d) N C))

Where (¢ )represents the slip coefficient, (d)
represents the distance between the two side walls.

The equalization of an incompressible and
generalized burger’s fluid are presented by (6):

T——pI+S
)= (1+,13D ) A...(5)

s(1+2¢° 5 AT DD

Where -pl  represents the Indetermlnate
Spherical Stress , T represents the Cauchy Stress
Tensor, S represents the extra stress tensor , 4, a
new material constant of burgers’ fluid , 4,
represents the relaxation time and A; represents
the retardation times , u represents viscosity
coefficient, A= L+ (L)T is the first Rivlin
Ericksen Tensor ,L =gradV is the velocity
gradient, «,  are the fractional calculus parameters,

a
such that 0 <a<f <1 and DD— represent the
t

upaper convected time derivative define by (6) :

D
—S=DiS+(V.V)S—L.S—S.1T,

. (6

D, (6)

DF 8

D—A DA+LA-LA-AL (7)
t

Where 255 =22 2% gy
D¢ Dy D¢
Where V is the gradient operator and V represent
the velocity vector ,D; denoted the fractional
operator is defined by (7):

a d
D_tf(t) =

Gamm(1 — q) dt a,
0<qgq<1 .. (8
Here Gamm(.) denotes the Gamma function.
We assume the stress and velocity of the form
S=S5W,zt), V=u(yzt) 9
where { is the unit vector along the x- coordinate
direction and using the initial condition S(y, z,0) =
0, we find

f @

o (t—1)1
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(14 A¢DE + 2% D*)1l
=u (1 + Ag Df) dyu(y,zt)(10)

(14 A¢DE + A% D*)12
=u (1 + Ag Df) d,u(y,z,t) (11)
And, suppose that a burger fluid is penetrated
by a magnetic field B, that is applied parallel to the
y-axis while the magnetohydrodynamic ignored by
taking a fewest magnetic Reynolds number. Hence,
the MHD body force caused by the external
magnetic field takes the form oB2 ,in which By is
the magnitude and o represent the electrical

conductivity of the fluid then the motion equation
yield the following

pou(y,zt) =——= 0,71 + 9,72

— aBou

. (12)

Where Z—Z represents the pressure gradient along
x-axis and Sy, = t1,Sy, = 72 are the tangential
stresses different from zero.

Then from Equation (10), Equation (11) and
Equation (12), we obtain the governing equation for
the generalized fractional Burgers’ fluid

ou(y, z,t
(1+ A% D + g DRy —2 2" (y ) -

B(1+ A% D& + A% tha) +v(1+Df)

0%u(y,z,t) 0%u(y,zt)
92 PEC A
(1+ ¢ DE + A$ D?*)N ..(13)
Where v = % represents the kinematic
viscosity, B = 713—2 represents  the  constant

pressure gradient in the x-axis direction and bN =

’ We get the solution of velocity distribution by
using the Finite Fourier Sine and Laplace
transformations with series fractional derivative (6).

Now, by multiplying two sides of Equation (13)
through sin(%) and integrate w.r.t z from 0 to d,
we obtain the equation:

(1 + A¢DE + AD2%)d,u, (v, 1, t)

L (142t
T nm rd-a)
—2a 0%u,(y,n,t)

P Y P 1+ 2Bpf\ > 77
+ 2F(1—2a)>+v( +230f) 9y?
— N(1 + A9D& + A$DF*)u, (v, n, t)

NI 2

-V (7) (1 + Ang) u,(y,n,t) . (14)

Using the Laplace transform of Equation (14),
we obtain it
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0*upn (v, 1, p) Where %” = §,the Laplace transform principle
dy? (6) is
(g2, AN+ 259" + 250 Uy (7, 2,p) = f u(y,2,t) Exp(—pt)dt
0
(1”3? ) p>0 .. (16)

B
(0,1, 8) + = (1= (1))
(14 29p® + 2§p**)
D (1 + /13p )
E=EDt+1) BEED+1)

We obtain the Equation (17) by utilize the
ordinary differential equations to Equation (15)

=0 .. (15)

Sp+1) Sp(vHS2 + (p + N) p+N B(—(-1)" +1)
Upn (y, 1, D) | ( ) |.Exp| — [62 + 7Y > ¢!
,  p*+N v Sp(vH8% + (p + N))
1+¢ 6%+ SH
Where H = 1+A§pﬁ upn(y' n,p) = upnl(yl n,p) + Upn2 (y,n,p)
1+A%p% +2¢p2® + upn3 (v, m, p) .. (18)

Her_e in organize to avert the Ier)gthy procedure Writing Upn1 (¥, 1, p)in series form as (using
of residues integral and contour integral, so we

rewriting the Equation (17) as _Zl o(=1)! al+1)

=)D Ji Z
i=0 =

’ p+N o (—1)k ( p+N>k
sz BTN ) k(g2
Exp 6%+ T y a 7 ye(é° + H

By merging equations above and doing some procedure using a source (18) we get the following equation

IRELECIN NN NN

(o)
1=0=0j=0k=07r=0 w=0i=0

(52

and

(_1)k+{+w+i+r+l+j 1 r+1

k(2 27-1
K ! ! y((p) 0
j

T+ T+ QIC— N (w —q— DTG +{ +q) j! 1\Stat .

¢ - {+q-w) a0

pSrant I+ lr(—q)Ir'(—q —Pr'¢ +q) OZ (G — o) ( ) A5 A2°)
1

pSHati-BE+a-w)+a(C+q+j)-2a0~i

By the same method we get the following equations:
r+1

= EE S S S 4

j=07=01=0 {=0 w=0 k=0

i L yigpcomaseci-5e0,200 T+ 1= 0T+ = DI@ g = ONG +¢ ~a)
o!(j—o)! r1-gq) F'({+q—1I'(q—-r¢ —q)

0=0

1
pc'+q+l—B((—q—w)+a((—q+1’)—2ao
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. ® X X *® (_1)k+{+w+l ks ~ I —k)
Upna 0 mp) = BA = (F1M Y B ) Y S 6Ty Ty

1
F(l - k - 1)F((U + k + 1) l! AB(_w_k_l)Aa(k‘l'l_l)AaO 1
(k- Drk+1) ol(l—o)!"3 1 2 pl=k=C+B(+k+w)+a(-k-1+D-2a0
0=0

k—-r—-1

Where q =

We use the Inverse Laplace transform method for Equation (18), we get
un(Y) n, t) = unl(YI n, t) + Up2 (Y! n, t) + Up3 (y; n, t) (19)
By applying invers Laplace to l_l(upnl(y, n,p)) = uy(y,n,t) and using (6)
1 t(+q+l—ﬁ((+q—a))+a(§'+q+j)—2ao—i—1
il )

plrarpCra-wta@rar2e0=l | “T((+q+ 1= B +q - w) +a({ +q+)) - 2a0 — D)

We get,
( 1)k+§+w+i+r+l+j r+1

u“l(y'n‘t):(1_(_1)n)iiiiiii - NIk w! ! y* (%) G TIVErIN!

MU+ 7+ QM@ — M —q- DTG+ + ) ( 1 >“"+" -0 3509
FC+OI(-r(—q—OrC+q) Lol — o)\ ’ ’

t$+a+l-B((+q-w)+a((+q+j)-2a0-i-1

Fr(+q+1—-B{l+q—w)+a((+q+))—2a0—1i)

And in the same method, we get the following equations

o] o [oe] o r4+1

Upz(y,n,t) = —B(1 — (=1)") z Z Z i i C g;(z!jr;kﬂyk (%) 526 yéa

k=07r=01=0 j=0 w=0{=0
i J'! 1/13( w- q+()/1a( j- (+q))lao F((‘I'l_q) F(l+(+q_1)r(w+q {)F(/+{ CI)
ol(j —o)! rd—q) F'¢+q-Dr(@-Or¢-q

0=0
£S+a+1-BE—a)-Bw+a(l-q+))-2a0-1

[((+q+1-B—q) —Pw+all—q+j)—2a0)

unS(YJ n,t) =B(1
. © o © °°( 1)l+(+k+w o T(=k=-O)T(=(-l+k+1
BSOS r  ER (E(E3 )

1=0 {=0 w=0 k=0

l —al(—k—
F(k +w+ 1) i B(wt14K) /11 a(-k 1+l)/1(2x0 t—((+k)+ﬁ(k+a))+ﬁ—al+a(k+1)—Zao
'k +1) 0o!(l—o)! 3 FTl-(@+k)+Bk+w)+B—al+a(k+1)—2a0)
0:

Applying the Inverse Finite Fourier Sine transform to Equation (19) and using source (17) ,we get the
solution

2 . nmz
w20 =5 ) st 0010 + g (31,0 + Uy (01,0)
n=1
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Where

a3 eSS S S SO

J . J+q+j
528-1,,8+(@) 1 Z - (]J!_ 5 <i> ™ Ag(ﬁq—w)(/go) A+ ¢+ r¢-llw-q-9)

1\1¢ I+ r(=g)Nr(=q -9

F(j + { + q)t(+q+l—[3((+q—w)+a({+q+j)—2ao—i—1
FC+r@¢+(@+1-pl+q—-—w)+a(l+q+j)—2a0—1)

)k+(+w+r+l+j

Sm(_)B( D"+ UZZZZ Z Z (_i!(! Nl !

j

+1 :
yk (l)r §2¢-1,¢-apl Z J! /15( w-— q+€)la( Jj= €+Q)/1ao F¢+1-4q)
¢ Liol(j—o)"? ra-q)
FA+{+q- DM @+q-OrG+5—q) tiraripmamwraltmar)2aom

JC+a-DlMNq-Or¢—q)  TC+q+l-FC—-q-w)+all—q+))—2a0)

{+l+w+k
d Z sm(—)B( D*+1) Z Z Z - 1()' v §—2(k+1D)=1,,—k=1 ¢

=01=0 w=0k=
Z Il 2001 400 4B 0=k=1) (e k) I(~k-1+DT(w+k+1)
oT(—on™ Tk T—(k+D) Tk+1)

o= t ({+K)+Bk+B(w+1)—ak+a(1-1)-2ao0
. (20)
T(1—({ +k)+Bk+pB(w+1)—ak+a(l—1)— 2ao)
We rewrite the Equation (20) by using the Fox H- Functlon ,we find

O 00 00 ©0

u(y,z,t) = Ez sm(T)(_(_l)n +1) 2 Z 2 Z Z Z (- 13{"!';?;!7!+l+] yk (%>r+1 sarei

n=1 {=01=0 i=0 k=07r=0 j=

] j! 1 J+q+j ) ' .

yé+apnt Oz TG o (ﬁ) /15 {+q (14°) tS+a+l-Bl+q)+a(l+q+j)-2a0-i-1

A-0U+q+00),((1-(-q+¢0),A-(—q-OD,A-G+7+q),0)
(01),(1-9—-¢0),(1+q0),1+J+4q0),(1-q-70),

A-C+a+l-pC+a)+all+q+))—2a0-Lf)
( 1)k+{+1+r+l+]

Sln(—>( = ”"*DZZZZZZ kLTI

j=07r=0i=0 k=01=0{=0

Hye [457¢F

r+1
yk (%) §52-1,8-q ZO' _0)'15( CI+§')/1“( j- (+Q)Aaot(+q+l Bl-q)+a({—q+j)-2a0-1
(1—(1—61"'() 0,1-U+qg+{-1,0001-@-9,D,A-G~- Q+C) ,0)
b (1—(q+€+l—ﬁ(—q+<)+a(—q+<+j)—2ao.ﬂ)

2w . nmz SRR (—1)k+S+L o
+az Sm(T)B(l_(_l)n)zzz—(!L! §2k+D)-1y—k=1 ¢
n=1
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L

z . (LL!_ i /10(( k+L— 1)/10[0/1 B(k+1)

t—(—k—ﬁ(k—1)+a(—k+L—1)—2ao

H1,3 [A_Btﬁ (1 - (( - k); 0); (1 - (_k +L—- 1)10)1 (_k! 1))
(0,1), (1 +k,0), (k+2,0),((k+1),0),1-(1-{—k+pk+p+a(—k+L—1)—2ao,,B)
.. (21)

To obtain Equation (21), the following feature of the Fox H-function (18)is utilized:
Z ( Z)m k F(al + A; m) _ grlk [ (1 — al’Al)! PP, (1 — ak,Ak) ]

m! Hl 0 F(Cl + C; m) - kst g (071); (1 —Cy, Cl)l ey (1 —Cs) CS)
Solution of Shear Stress (1 +26p )
Utilized the Laplace transformation to Equation 12 = — > s— 0,u(y,z,p) ...(23)
(10) and Equation (11) we get the equations (1+2¢p* +25p*%)
(1 Y p ) Applying the invers Finite Fourier sine
1= 3 o,u(y,z,p) ... (22) transform to Equation (17)and source(17) we
(1+29p® + 25p**) Y obtained wu(y,z,p) and substituting in to
Equation(22),we get.
e p =N " "
- nnz + +
Tl = Qquin( ) d+p) . 62+—p Exp| — 82+—py
n=1 1+¢ 6%+ ~VH
HB(1 - (=D")

sp(VHE2 + (N + N+ / N+
B p(V ( p)) 52 + p Exp| - 52+—py .. (24)
f N+p vH vH
1+ ¢ |62+ —~H

After performmg calculations Equation (24) can be rewritten as follows:

c© ©00 o0 o 00

1=y sin() (@ - 1) DPPPPPA =D

Y=0r=00=01=0 w=0 j=0a=0 ]
62"‘1v"+”+%NlF( n+a—1/2)F(n+a+l+1/2)F(w n—o—-3/2)TG(+n+0+3/2)

r-(n+1/2)) Tn+o+1/2) T(—n—-0-3/2) TMm+o+3/2)
Jo.o- 3/2+))
Jj! Ala(n+a+ /24 2% 5(‘”‘”"’%‘“’) a+a(2i—a—n—%—j)+B(a+n+%—w)—(a+n+%+l)
E — 2 p
- irG - 3
i=

P22 (_1)r+y+cr+l+w+j 1 r+1
— — (= _ 20-1 ,,0-1n—1/2 prl
Ba—=( “")ZZZZZZ ol ol yy(q;) T Ve

(o +1/2 =T +7-0—1/2TG +0+1/2 =) T+ + 0 — 1/2) o j1 477012
r{a/2-n) 'n—0-1/2) e+1/2—-1n) TM+o-1/2) — al(j—a)!

(/1%“) Ag(a+1/2—n—w ) p—1—a(j+a+%—n+2aa)+ﬁ(a+%—n—w)—l—cr+1/2—1]

r+1

— -

.. (25)
Applying the inverse Laplace transformation to Equation (25), we obtain the solution of shear stress

_2 . PR XXX 22 (_1)r+y+a+l+w+j+i 1\THL .

“25”’ )@= 1))2222222 Volllwl! yy(a) 62
6+n+%N1 Me—1/2—-nll+n+o+1/2)T(w—0—-3/2—-—mT{G+3/2+0+n) d Jj!

Y M(=1/2—=m Tm+o+1/2) [(-0-3/2-m T[G2+c+n Lil(-0D!
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AIa(3/2+U+n+j)lgil§(3/2_w+6+n)

t(—1/2+a+n+l)—a—a(zi—3/2—j—a—n)—[i’(3/2+a+n—w)

r(1/2+oc+n+l—-a—-ai—-3/2—j—0c—-n)—BB/2+0+1—w0))

—1 r+y+o+l+w+j 1 r+1 1 I'lo — n + =
oY S S S (17 oy T
y=07=00=0 1=0 w=0 j=0 Yozl @i ¢ . F(—U +7)

. ] i
F(w—a+r]—1/2)F(]+a—n+1/2)F(l+0+n—1/2)N Z J! —a(1'+0-77+1/2)()1aa)
[(-=o+n-1/2) T(c—-n+1/2) T(o+n-1/2) al(G—a)t 2
1Blo=n+1/2-w) taU+l/2+2aato—n)-f(1/2-w+o- ¥ 1/2+<T+n 26

3 Fa(j+1/24+2aa+0—-n)—p(A/)2—w+oc—-n)+1—1/24+0+1n)) "
We can obtain the form of Equation (26) by using the Fox H-function(18).
2 d S s B (_1)r+y+a+l+j+i 1 r+1
= —,uz (1-(Dm ZEZZZZ — yy(_)
d n=1 y=07=00=0a=0 j=0 [=0 lytal)! ¢
520-1 V<f+77+7 (NY) Z e _ I A;“(T“”J’")Agi /15 E“’“’)t(—%+a+n+l)—a—a(zt—%—j—a—n)—B(%+a+n—w)

|

14—|
H46

|(1—( 1/24+0—-7),0),(1—(c+n+1+ )0) (1—(—;—0 m),1), (1—(_]+3+0'+7’])0)

|
|

3
2Pk 01),1-(=5-m0),1- (—+6+77) 0,A=(=5=0-m0),1- (—+6+n) 0),
1 3
(A= (GHI+o+m—a-a@i—s——0—n-))~BG+o+n).0)
P2 (—1)THYHoH O+ 1\THL roi oot
—BH—U””EEZ Z Yol llwl ! W(&) o v e N
] [=0r=00=0y=0 w=0 j=
4 1 —a(j+i+o B(2+o- i1 1 1
3L T agey S lpobozansoon) oo
=0 1 1 1 1
A-G+to-m0,A=-(=5=0+mD,A=-(+5+0-m,0),1A-U=5+0+n)0)
_ 1 1 1 1
Hys |71 (00, (1= G =m0 (L +5= (=0 +m.0), (L 45— (0 =m0, (L +5 = (0 +m0),

As to the shear stress t2, it can be obtained from
Equation (23) and Equation (17)by implementing
the same count steps with those of 71

Analysis and Results

That work, we discussed the analytic solution
for the magnatohydrodynamic flow of Burgers’
fluid with fractional derivative because of a
constant pressure gradient and exponential
acceleration plate between two sides wall. That be
by means of the Finite Fourier sine and Laplace
transformations, so the solutions are acquired in
terms of the Fox H-function. Several Figures are
drawn to display the influence of various
parameters of the Burger’s fluid , Fig.1 shows the
effects of increasing magnetic field N results in the
increasing of the velocity surfaces .

156

(1—(a(j+%+a—r)+2aa)—B(a+%—n)+l+%+a+n),ﬁ)

Figure 2, 3 the variation of the fractional
derivative of parameters o,p that show ,the effects
of increasing a is retard the velocity increasing
surface, so increasing P has the adverse effect of a.
Figure 4, 5 show the material parameters 4,, 15, the
effect of decreasing A; (A;increase) is the
increasing velocity surface that generalized burger’s
fluid. Figure 6 show the difference of velocity
surface of different value of time.

It is apparent that the velocity flow is increase
with increase of time t. Figure 7 displays influence
of slip coefficient ¢, the fluid flows increase with
decreasing slip coefficient ¢.
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0.5 Velocity u

 N=6
wm N=4
— N\ =D

Figure 1. Velocity u for
keeping,¢, 41 ,t, 45 , A3 ,a,p,fixed.

(N=6,4,2)when

7 —a=001
— @ =0.02
a =003

Figurer 2. velocity surface for(e =0.01, 0.02,
0.03) when keeping ¢, 41 ,t, 4, , 13 , N,p.fixed

Velocityu 4

0.5

Figurer 3. velocity surface for (p =0.06 ,0.05
,0.01 )when keeping,a, ¢, 1 ,t, 1, , 13, N, fixed

Velocityu 1.0

Figurer 4. velocity surface for (4; =5,6,7)when
keeping,a, ¢, B ,t, 1, , 13, N, fixed
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Welocity u
0.5

Figure 5. velocity surface for ( 43 =7,6,5)
when keeping, a, ¢, 44,8 ,t, 4, , N, fixed

Velocity n
0.5

Figure 6. velocity surface for (t =0.9,0.8,0.7 )
when keeping, o, ¢, 14,8 , 4, , 43, N, fixed

Velocity u
0.5

10

Figure 7. velocity sUrface for(¢p = 0.3,0.4,0.5)
when keeping,a, 44,8 , 4, , 43, N, t, fixed
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