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Abstract:

The article describes a certain computation method of (k,n)-arcs to construct the number of distinct
(k,4)-arcs in PG(2,17) for k = 7, ...,48. In this method, a new approach employed to compute the number
of (k,n)-arcs and the number of distinct (k, n)-arcs respectively. This approach is based on choosing the
number of inequivalent classes {{4, {3, {5, {1, (o} Of i-secant distributions that is the number of 4-secant, 3-
secant, 2-secant, 1-secant and 0-secant in each process. The maximum size of (k,4)-arc that has been
constructed by this method isk = 48. The new method is a new tool to deal with the programming
difficulties that sometimes may lead to programming problems represented by the increasing number of arcs.
It is essential to reduce the established number of (k, n)-arcs in each construction especially for large value
of k and then reduce the running time of the calculation. Therefore, it allows to decrease the memory storage
for the calculation processes. This method’s effectiveness evaluation is confirmed by the results of the
calculation where a largest size of complete (k,4)-arc is constructed. This research’s calculation results
develop the strategy of the computational approaches to investigate big sizes of (k,n)-arcs in PG(2,q)
where it put more attention to the study of the number of the inequivalent classes of i-secants of (k,n)-arcs

K; in PG (2, q) which is an interesting aspect. Consequently, it can be used to establish a large value of k.

Keywords: Complete arc, Distinct secant distribution, Group, Projective space, (k, n)-arc.

Introduction:

In 1947, the notions of arcs and also complete
arcs were presented. In the projective plane
PG (2,q) over the finite field Fq, a (k,n)-arc is a set
of k points such that some n are collinear but no n+
1 are collinear. Also, a (k,n)-arc is complete if it is
not subset of (k + 1, n)-arc. Moreover, a line
contains two points of an arc is called a secant. The
study of finite projective planes become one of the
most essential problems in combinatorics and
several associated areas. For instance, coding
theory. In addition, many attempts have been made
to determine the size of the maximum (k, n)-arc in
PG(2,q) to establish a good upper bound. For a
more detailed to the sizes of (k,n)-arcs (1-7).

The main gaols in this research are to construct
the number of (k, 4)-arcs, to classify the number of
distinct (k,4)-arcs in PG(2,17), to compute the
stabiliser group for each distinct arc, and to discuss
the group action of the most interesting stabiliser
group on an associated arc. In this area of
study (k,n)-arcs and for n>2, many researchers

have followed the method of constructing a
particular (k,n)-arc that contains many points.
However, the technique used in this research is a
classification method that classifies numbers of
(k,n)-arcs in PG(2,q). The spectrum of (k,4)-arcs
has been calculated using a new technique which is
based on the number of inequivalent classes of
secant distribution in each construction process.
The start of this technique is fixing a set of six
points S = {Uy,U;, U, U,P;,P,}. Here, the
points U,,U,, U,, U are the frame points and P, , P,
are any two collinear points from the plane.
PG(2,17), implies that the set S containing four
collinear points. For example, the first step begins
from the set S. Then, the second step is to construct
the number of (7,4)-arcs. This construction is made
by adding separately to S all the points from the
lines [; of PG(2,17), j = 1,...,307 that satisfy
l; NS = 4. Then the i-secant distribution for each
arc is calculated and then among these classes, the
distinct classes of i-secant distribution with their
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associated arcs are chosen only. So, the number of
distinct (7,4)-arcs is based on the number of distinct
classes of secant distribution. All the details of this
method are illustrated in section of research method.

This technique is a systematic method. It is used
due to the increasing number of arcs especially for
large value of k. The maximum size of a (k, 4)-arc
in PG(2,17) established by this method is k = 48.
Also, a (k,4)-arc of size 48 was also found in (8).
This arc is found by prescribing the group generated
and it has the same secant distribution of our arc.
However, it has different stabiliser group. In
conclusion, a new method established a large k
systematically based on the concept of the i-secant
distribution of arc. Also, it reduced the
programming problems in terms of the constructed
number of arcs, the executed time, and the memory
storage. The programming language that used in
this research is Gap (9). So, the problems of finding
the number of (k, n)-arcs and the number of distinct

(k,n)-arcs in PG (2, q) are still interesting problems
(10). Thus, in the study of projective planes and for
a certain value of g, some questions arise .

(i) For given kand n, what is the number of
projectively distinct (k, n)-arcsin PG(2, q)?
(iDWhat is the maximum size m(2, q) of a
complete (k, n)-arc in PG (2, q) for given values of
nand g?

The projective plane PG(2,17)

The projective plane PG(2,q) is an incident
structure of points and lines over the Galois field
Fq . It contains g2+ g+ 1 points and lines. Therefore,
the line contains g +1 points and there are g +1lines
concurrent with a unique point. So, the number of
points and lines in the plane PG (2,17) is 307, with
18 points on each line and 18 lines concurrent with a
point as given in Tables 1 and 2. (11-13).

Table 1. The lines of PG(2,17)

L1
L2
L3
L4
L5
L6
L7
L8
L9
L10
L11
L12
L13
L14
L15
L16
L17
L18
L19
L20
L21
L22
L23

L307

{1,2,4,46,59,63,74,97,111,123,143,150,179,197,268,278,287,303}
{2,3,5,47,60,64,75,98,112,124,144,151,180,198,269,279,288,304}
{3,4,6,48,61,65,76,99,113,125,145,152,181,199,270,280,289,305}
{4,5,7,49,62,66,77,100,114,126,146,153,182,200,271,281,290,306}
{5,6,8,50,63,67,78,101,115,127,147,154,183,201,272,282,291,307}
{6,7,9,51,64,68,79,102,116,128,148,155,184,202,273,283,292 ,1}
{7,8,10,52,65,69,80,103,117,129,149,156,185,203,274,284,293,2}
{8,9,11,53,66,70,81,104,118,130,150,157,186,204,275,285,294,3}
{9,10,12,54,67,71,82,105,119,131,151,158,187,205,276,286,295,4}
{10,11,13,55,68,72,83,106,120,132,152,159,188,206,277,287,296,5}
{11,12,14,56,69,73,84,107,121,133,153,160,189,207,278,288,297,6}
{12,13,15,57,70,74,85,108,122,134,154,161,190,208,279,289,298,7}
{13,14,16,58,71,75,86,109,123,135,155,162,191,209,280,290,299,8}
{14,15,17,59,72,76,87,110,124,136,156,163,192,210,281,291,300,9}
{15,16,18,60,73,77,88,111,125,137,157,164,193,211,282,292,301,10}
{16,17,19,61,74,78,89,112,126,138,158,165,194,212,283,293,302,11}
{17,18,20,62,75,79,90,113,127,139,159,166,195,213,284,294,303,12}
{18,19,21,63,76,80,91,114,128,140,160,167,196,214,285,295,304,13}
{19,20,22,64,77,81,92,115,129,141,161,168,197,215,286,296,305,14}
{20,21,23,65,78,82,93,116,130,142,162,169,198,216,287,297,306,15}
{21,22,24,66,79,83,94,117,131,143,163,170,199,217,288,298,307,16}
{22,23,25,67,80,84,95,118,132,144,164,171,200,218,289,299, 1,17}
{23,24,26,68,81,85,96,119,133,145,165,172,201,219,290,300, 2,18}

{307, 1, 3,45,58,62,73,96,110,122,142,149,178,196,267,277,286,302}

1239




P-1SSN: 2078-8665
E-ISSN: 2411-7986

Baghdad Science Journal
Table 2. Points of PG(2,17)

Published Online First: April 2021

Open Access

- -~ - - - -~ }}} -~ . }}}}} }}}}
fon Yatn Yaen) L Yot Yo Yo R e tatn) [ R Vo R Lo T D o N -~ — - P RN ”~ A g —
Ad A ao o [t Ve B S — - e P e e e Vo - — -~ - o - N B I S =

T 5 5 - > M ., A0 . . AdAN+d . .40 . . HDAdHO0O .O
s e T isgsyTdA s s 20 -0 TGO A S — (o'} — — — ™ A Mo i o |
N—HOY - A0 dO A - .HM . ., oA A - N .AAN A . - 1O - S < - - - -
AdAdANM - . .AdA - NOAdAAd4©WOdA - - A+ ~©OHALl . .M -.O—00d S AN O B o B S I = B N TP S — - - - -
,,,,, OO .19 - v et - O .. - O . oM. NO - O .M . . AN HO SO0 Mm
OO AN AdAA A0 ATN OO O AAD A AN O T AAAT AL OO © A dO0OO0AdAAdAMNAdT A O A A A A A A A A
e e e e e ey e e b e e e ey e ) M e e e ey e e e e e e e e e e e e e N Ny g N My g My Ny N My Ny M My ) M My g N Ny ) N ]

ANMNMITOOON~NO0ODO AANMTLONNANMSL O©NOD

NOODOAdNMSTETUODOMNODOOdANMNMTETULONODOANMSLONWOD D MOMOMOMHOOMOOOMOOMOSTEITTETT I I <TO0 00 00 0 O
OO ONNMNMMNMNNMNNNNNNG 0O 0O W0WWWODADNDDNDHDDO OO D AddAddd A A A A A A A A A A A A A A A A A A
~ o~ -~ ~ A - }}} }}}}} }}

L I e Nt Ve N Nt Wt BN Y -~ e D e D e Ve T W Lo D s et et 1}1}}1}}}}111}}11111}11}
AP A A A A A LM AN A R Yo M Y - - - - -
g Bl T od  ada  Tta a9 a4 — AAdT A O A A - N - AHd - . . _OA -
N OSSNSO Am A0 - . - oA o - FOHAS - O . AAd< - — -0 s et - e - A - 0O A oA -
AO0A . cAAA . -+ ,HOD S, ONAOTAD - - . =AM o — — oo SO A NM -~ OdAMN~ND - AN - A - O
- - - ON . . . O0WO .- -+ .« - - - - - ANOww - O . . . T - - O - . . OO N - .. S IONAN N -
NSO A AN AN AAAAD O ANONOD O A AAdA AN O A0 OO T OO MNMNAANONAdAdATONMNA AdAd M- L
e o e e e ey e b e e e ey ey e ey e e e e ey e e e e e e ey o o o o e e e My g My My g My ey My My My M My e My My e M g e e ]
OMNMNOOOOANNMTOOMNODO AL ONOODO N

T OMNODOANMNMITODON~NODDOANMITLOONDODO ANMS OO TATA A A NNANNNNNNNNOMMO OO OO~~~
DO NNTTTTITITITTTITIOOOOWOWOWOLO O O © © © © © © —TATdddddddAdAdAd A A A A AA A A A A A A A
~~ ~ Tt Lat ~ PSS e Natn Yaen ATy mmemem

e e Vet Vo R P e — R N = Yo BRI S e e — e A PN, — — poy

P S A A ™ o M AP A A ™ LA™ - — - — - — — - - O —

- - - od . NAAA . . O A L0 - e S
co-d —d T s T TR S8 s S 5 0o - Mo TdTAdd _dwoa -
- . AT A - ANNNOO - M . . AdAdAd M N -H0 NN © - oG~ o - - =) lt SS9
OHdO0O -AdddY -dd . H0O® .40 . . . ANAdAd® . . NAdAdAA P - PP ol - -

A Y o P o T B o' W o T T e J —ALW . - - . oM - O - e O M - AT O O - LO - O - e -
OO0 A0 HdO0OO0O AT AN OAA O AAd AN AAONS < A A AT ON A A A A O A A A1 OO~
e o e e e ey e ey e e e ey ey oy e e e e e ey e e e e e e e o o o o e e e e e ey e e ey ey e ey e e ey e e ey e e e e e )

100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
148
149
150
151
152
153
154
155

O NMTUOLOMNMNOOOTNMNMITUOON~NODO dANM
AANMOTOOOMNMNOD Addcdcdcd A A A A N NNNNNNNNANOMOOMOM™M

1240



P-1SSN: 2078-8665
E-ISSN: 2411-7986

{15,151}
{10,9,1}
{11,5,1}
{13,16,1}
{3,3,1}
{16,7,1}
{2,0,1}
{16,1,0}
{0,16, 1}
{51,1}

190
191
192
193
194
195
196

{11,12,1%}
{4,1,1}
{14,5,1}
{13,3,1}
{16,16,1}
{3,0,1}
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173
174
175
176
177
178
179
180
181

298
299
300
301

{9,10,1}
{15,1,1}
{14,16,1}
{3,2,1}
{7,2,1}
{7,4,1}
{12,2,1}
{7,151}
{10,13,1}
{13,12,1}
{4,4,1}
{12,14,1}
{1,7,1}
{2,10,1}

156
157
158
159
160
161
162
163
164
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
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Constants for an arc
Aline L is an i-secant of K if |L N K| =i (14).

Notation

(i) Let p; be the number of i-secants of a (k,n)-arc
KinPG(2,q)

(i) Let n; (P) be the number of i-secant through the
point PeK.

(i) Let 6;(Q) be the number of i-secants through
the point Q € PG(2,9) \ K.

Definitions

1. The secant distribution of a (k,n)-arc K is the
ordered (n+1)-tuple (p1,p2, -, Pn)-

2. Two (k,n)-arcs are equivalent if their i-secant
distributions are the same (14,15).

Lemma (16)

The following equations hold for a (k, n)-arc:
LYLopi= q*+q +1;

2.1 ipi = k(g +1);

3. %0, 5i(i— Dp; = Sh(k—1);

4.2 mP)=(q +1);

5. X1 = Dy (P) = (k=1

6. X120 6:(Q) = (¢ +1);

7.2 10;(Q) = k;

8.ipi Lpex Mi(P);

9.(q+1-1)p; = Xogerczq\k i (@)

Theorem

For g odd, m4(2,9) <3q + 1.

Finite group:

A group G is a finite group if it consists a finite
number of elements (17).

Research aim:

The aim of this research is as follows:

(1) What is the number of (k,4)-arcs in

PG(2,17)?.

(2) What is the number of distinct (k,4)-arcs in
PG(2,17)?.

(3) What is the largest size of complete (k,4)-arc in
PG(2,17) can be obtained by the suggested
method?.

The answers to these questions are given in Tables
3-23.

Literature review:

In 1947, Bose (18) proved that the largest (k, n)-
arc is g+ landq+2 for g odd and qeven
respectively. Then Barlotti (19) and Ball (20)
showed that the maximum bound of (k,n)-arc is
(r—Dg+1andforr=(q +1)/2and r=(q + 3)/2
and for g odd prime. Later, a historical survey on
(k, n)-arcs was written in (21). Subsequently, many
studies and improvements have been given to get a
large (k,n)-arc of size two, three or four, etc. In
PG(2,q) for a certain value of q. For n=2 see (22-
25), for n=3 see (26-28), and for n > 4 see (29-31).

Research Method:

The approach that has been used to classify the
sets of (k,4)-arcs in PG(2,17) is based on fixing a
set of six points, that is S = {U,, U;, U, U, Py, P,},
where {U,, Uy, U,, U} is the standard frame; here,
U,=[1,0,0], U,=[0,1,0], U,= [0,0,1], U =[1,1,1]
and P, , P, lie on the line Uy U;. So, S contains four
collinear points. Since S meets each linel;, j =
1,...,307, in at most four points, so by eliminating
the points that lie on any 4-secant to S, then there
remains the set R. A point Zof R is added
separately to S to construct the (7,4)-arc S; = S U
{Z3}. The secant distribution { {4, (3, {2, {1, (o}
for each (7,4)-arc is calculated, and then the arcs are
separated into a number of sets each of which has
an inequivalent secant distribution:

G =UL g =2, 8, .6 =

{](T) ](T)
1 o ml b
Then, by choosing a (7,4)-arc from each set of ],
..., Jo,the set X, is constructed. This set is the
following:
Xo={JIJisa(7,4)-arc:];,J, eXo —> J1, /)2
have distinct secant distributions}.
So, for each J € X,, eliminate the points in
PG(2,17) that lie on any 4-secant to J. Thus the set
R, which is defined as
R, ={PG(2,17) \ {points on 4-secants}}
is constructed. So, adding a point Z;e R, to J, the
(8,4)-arc S, = J U {Z;} is constructed. Similarly,
construct each (8,4)-arc. Now, constructtheset:
X;={K|Kisa (8, 4-arc: K;, K, € X; K;,
K, have distinct secant distributions}.
In the same way that the set X, was constructed.
Iterate this method to construct the (k, 4)-arcs for
k>8.
So, we can summarize the above method in the
following steps.

Results:

From the review above, we describe the results
of the classification of (k,4)-arcs in PG(2,17) in
the following subsections. These subsections
summarises the findings and contributions made in
tables.

(7,4)-arcs

The number of (7,4)-arcs K, that have been
constructed is 287. Among these arcs, the number
of distinct (7,4)-arcs is four where each has the
following class of secant distribution, that is { (,,

{31 {21 {11 (0}
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Table 3. Distinct classes{{,, {3,{5,{1,{o} Of K-

(10,4)-arcs

The number of (10,4)-arcs K;, constructed
is 4600. Also, the number of distinct (10,4)-arcs is
29. The statistic of distinct classes of (10,4)-arcs is

Table 6. Distinct classes {4, {5, {5,{1,{g} Of K10

{(4' (3! {27 Cl! {0}

{2,2,27,112, 164}
{1, 1, 36, 101, 168}
{1, 2, 33,104, 167 }
{1, 3, 30, 107, 166 }
{1, 4, 27, 110, 165}
{1, 5, 24, 113, 164}
{1, 6, 21, 116, 163}
{1,7, 18, 119, 162}
{1, 8,15, 122, 161}
{1,9, 12, 125, 160}
{1, 10, 9, 128, 159}
{2,0, 33, 106, 166 }
{2, 1, 30, 109, 165}
{2, 3, 24, 115, 163}
{2, 4,21, 118, 162}
{2, 5,18, 121, 161}
{2, 6, 15, 124, 160}
{2,7, 12, 127, 159}
{2, 8,9, 130, 158}
{3,0, 27, 114, 163}
{3, 1, 24, 117, 162}
{3, 2, 21, 120, 161}
{3, 3, 18, 123, 160}
{3, 4, 15, 126, 159}
{3, 5, 12, 129, 158}
{4,0, 21, 122, 160}
{4, 1,18, 125, 159}
{4,2, 15,128, 158 }
{4,3, 12,131, 157}

the number

of (11,4)-arcs Ki4

established is 7697. Among the (11,4)-arcs, the
number of distinct (11,4)-arcs is 47. The statistic of
distinct classes of (11,4)-arcs is as follows:

K7(i), i=1,...,4 {C4, 03,02, G1, $o}
KD {1,1,12, 95,198}
K® {1,2,9,98, 197} rollos:
KO {1.3,6,101, 196} as foflows.
K7(4) {2,0, 9, 100, 196}
@ ._
K/, i=1,...,29
(8,4)-arcs o @
In this process, the number of (8,4)-arcs Kg Ko
that constructed is 1124. Here, the number of Kl(é)
distinct (8,4)-arcs is nine and have the following K®
. 10
classes: Kk®
Table 4. Distinct classes{,, {3,{5,{1, o} of Kg Kl(g)
Kg(i), i=1,....9 {4, 03,02, C1, G0} 1(2)
K@ {1,1, 19, 99, 187} Kl(g)
KP {1,2, 16, 102, 186} Ko
K {1, 3, 13, 105, 185} Kl(g)
K {1, 4,10, 108, 184} K
K {1,5,7,111, 183} KGO
K {2,0, 16, 104, 185} gD
K {2, 1,13, 107, 184} Kl(gZ)
K® {2,2,10, 110, 183} Kiﬁg)
K {2,3,7,113, 182} K1(24)
as)
(9,4)-arcs Ko
The number of (9,4)-arcs K, established is K®
2494, Here, there are 17 distinct (9,4)-arcs having k(7
the following distinct classes: ds)
Table 5. Distinct classes{(4,{3,{2,{1, o} of Ko Kl(‘{g)
Kg(L),i=1,...,17 {04,3,¢2,¢1, {0} K1((2)0)
K {1, 1, 27,101, 177} fao
K@ {1, 2, 24,104, 176} K{gz
K® {1, 3,21, 107, 175} Mo
K {1, 4,18, 110, 174} fao
K {1,5,15, 113, 173} K1
K© {1,6,12, 116, 172} Ko
K {1,7,9,119, 171} K10
k® {2,0, 24,106, 175 } K%g&
K {2, 1,21, 109, 174} K%g%
k(10 {2, 2,18, 112,173} K1
(11)
K {2, 3, 15, 115, 172} (11,4)-arcs
K9(12) {2,4,12,118,171} Here,
k(1 {2,5,9, 121, 170}
K9(14) {3,0, 18, 114, 172}
K9(15) {3, 1, 15,117, 171}
k{10 {3,2, 12, 120, 170}
k() {3, 3,9, 123, 169}
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Table 7. Distinct classes{{,,{3,{5,{;, {o} of K14

Table 12. Distinct classes{{4, (3,5, {1,{o} Of Ki6

Arcs {4,83.85,G1, $o}

Arcs {6483, 82, G0, G0}

KD =1,..47 Caell,..5).03€{0,...,13}, KkQi=1,..237  Ga€ll,...14}.05 € {0,...,30},
{2 6{105546}3616{9999140} (2 6{193~~~396}3(1 6{7899170}3
o € {145,...,160} o € {95.,...,128}

(12,4)-arcs (17,4)-arcs

The number of (12,4)-arcs K, is 12167 and
the number of distinct (12,4)-arcs is 72. The statistic
of distinct classes is written in Table 8.

Table 8. Distinct classes{{4,{3,{5, {1, o} of K;»

The number of (17,4)-arcs K;, is 50325
and the number of distinct (17,4)-arcs is 290. The
statistic of this process is given in Table 13.

Table 13.Distinct classes{{4, {3,{2,{1,{o} of K1~

Arcs {0403, 42, G0, G0}

Arcs {04, 03,42, G, o}

Kl(;)’ izl,...,72 (46 {19"‘97}9636{ 09"'916}7 Kl(;),lzl,,290 (46{13"':15}3{36{07“"34}7
, €412,...,57},0,€95,...,1501, 3, €419,...,103Y,¢, €{73,...,17
Zo € {133,...,153) 34,0, € {87,...,123}
(13,4)-arcs (18,4)-arcs

The number of (13,4)-arcs K;5 is 17988,
among them the number of distinct (13,4)-arcs
which is 104. The statistic of distinct classes is
given in Table 9.

Table 9. Distinct classes{{4,{3,{5, {1, o} of K;3

Arcs {04, 03,42, G0, G0}

Kl(?,i=1,...,104 {4 € {1,....9},35 € {0,...,19},
Lel12,...66).0,€ 192,157},
Ty € {122,...,146)

(14,4)-arcs

Here, the number of (14,4)-arcs Kj,is
24984 and the number of distinct (14,4)-arcs is 139.
The statistic of this process is shown in Table 10.

Table 10. Distinct classes{{,,{3,72,{1, o} Of K14

Arcs {4,45,45, 61, G0}

Kl(‘?,izl,n_’139 {4 € {1,...,10},05 € {0,...,22},
L,el13,...761,0,€189,...,162},
Zo e {112,...,139}

(15,4)-arcs

The number of (15,4)-arcs K;g is 32154
and the number of distinct (15,4)-arcs is 185. The
statistic of this process is given in Table 11.

Table 11. Distinct classes{(4, {3, {2,{1,{o} of K;5

Arcs {(4' (3! (2' (1' Zo}

Kl(é),lZI,,l85 (4 E{la"'alz}az3 € {03326}9
0,€1{15,....87},0,€184,...,166},
o € {103,...,133}

(16,4)-arcs

The number of (16,4)-arcs K is 41107 and
the number of distinct (16,4)-arcs is 237. The
statistic of this process is given in Table 12.

In this process, the number of (18,4)-arcs
K, g is 58845 also there are 353 distinct (18,4)-arcs.
The statistic is given in Table 14.

Table 14. Distinct classes{{4, {3,{,{1,{o} Of K;g

Arcs {$4, 03,02, G1, G0}

Kl(g),lzl,,353 (4 6{1""717}’<3E {09740}5
{p€{21,...,108},0,€469....,178},
o € {87,...,118}

(19,4)-arcs

There are 424 distinct (19,4)-arcs. The
statistic is given in Table 15.

Table 15. Distinct classes{{4, {3,{5,{1,{o} Of K;9

Arcs {4,45,45, ¢4, G0}

KDi=1,...424  Tae{l...19}.05€ {1,...44},
L€{21,...,114},0; €{65,...,181},4o €
{70,...,113}

(20,4)-arcs

The number of distinct (20,4)-arcs is 504.
The related information is given in Table 16.

Table 16. Distinct classes{{4, 3,5, {1, {o} of K,q

Arcs {04,05,62, ¢4, G0}

Kz((l)),lzl,,s()‘" (4 € {1"--321}>(3 € {13349}3
3,€125,...,1181,0,€160,...,183},
Z, € {63,...,109}

(21,4)-arcs
The number of distinct (21,4)-arcs is 581.
The related information is given in Table 17.
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Table 17. Distinct classes{s, {3, {5,{;,{o} of K51 2 o € {33,...,86}
AI’CS {(4,; (3;(2; (11 {O} Kz(;),l=1,,103 {4 6{57"'>44}9(3 € {107>97}9
kD i=1,...,581 {s€{l,...,23},03€{2,...,54} ,0,e{2 8 $2€430,...,135},0; €{28,...,161},
7,...,123},0,€{56,..,185},, € , ¢o € {30....,83}
{56,...,105} KDi=1,..,105  {a€{6,....48}.03 € {12,...,101},
3 {, €{28,...,136},7, €{25,...,157}
(22,4)-arcs o S0 € 128,....81}
The number of distinct (22,4)-arcs is 666. K3p.i=1,...,103 s 6{26“’5}%’2536 {182"2"’10165}2’
The related information is given in Table 18. 9 €2 €430,...,132},6,€422,.... 152},
(o € {26,...,79}
. K9 i=1,..,102 {4 €{12,...,55},03€{22,...,111},
Table 18. Distinct classes{s, s, {5, {1, {0} of Ky, i (‘2‘ 6{30,...,132}}16{20,...,146},
' Arcs {64, 03,82, C1s o} (o € {25,...,77}
KD i=1,...,666 (s €{l,...,26},05 € {3,...,59}, KDi=1,...,995 (s €{16,...,59},05€{24,...,116},
$2€427,...,126},0,€{52,..,184},{ € 0, €{31,...,130},¢,€{18,...,137},
{50,...,101} o € {25,...,75}
kD i=1,...946  {a€{21.....61}.05€{28,...,119},
(23,4)-arcs {p €{33,...,126},¢,€{17,...,132},
The number of distinct (23,4)-arcs is 749. _ {o € {23,...,72}
The related information is given in Table 19. KD i=1,...876  {4€{25,...,65}.05 €{32,...,122},
{, €430,...,120},¢,€{16,...,126},
Table 19. Distinct classes{{s, {3, {2, {1, {o} of K Co € 124,...,70;
A alepbbOlos o | 0 (o1, 9] get, 124,
i rcs {(4' (3'62'(1' 50} 35" [ 31 115 17 118
KO=1,..749  Ca€il...30}.05 € (4,64}, G el 151G edlT, .. 118},
0, €128,...,130} ¢, €{47,..,181}, . S0 € {25.....68}
¢, € {46,....98} K3(6),l=1,...,627 {4 €{36,...,74}.,05 €{41,...,124},
— {,€133,...,108},¢,€{16,...,110},
o € {24,...,65}
(24,4)-arcs M ;= 4,..74 48,...,123
The number of distinct (24,4)-arcs is 832. Ko7 il 477 G4 € 14578, G €(88,.... 123},
) e - ¢, €{30,...,105},{; €{15,...,98},
The related information is given in Table 20. 0o € {28,...,63)
R K3(;),l:1,,310 (4 6{517""78}5636 {52,5119}7
Table 20. Distinct classes{{4, {3,{2,{1,{o} of Ky, {, €428,...,94},7; €{17,...,.88},
_ Arcs {04, 3,02, 1, Go} ‘ {o € {30,...,61}
K2(2,1=1,,832 (4 € {1’“')33}7(3 € {5777O}> K3(;),l:1,,172 (46{59,---,78}7(36 {6977114}’
{,€{30,...,132}.¢, €{43,..,178}, {5 €{27,....90},¢; €{15,...,73},
{o € {42,...,94} ‘ o € {37,...,60}
KD i=1,...,74  $a€{69,....84}.03€ {66,...,105},
(25,4)-arcs {2 €{30,...,84},¢; €{l1,...,65},
The number of distinct (25,4)-arcs is 907. o Go € 138,...,60;
The related information is given in Table 21. K,/ ,i=1,...,35 o€ {77,...87},¢5 € 175,...,99},
0 €458,...,76},0, €48,....22},
. 53,...,59}
Table 21. Distinct classes{(,, {3, (>, {4, of K ; Co€133,..,
o2 La6abpllod 05 40 20 Gue (86,9310 € 178....961,
. U888 6 Oy €{57,...,69},0, €16,...,16},
Kz(ls),lzl,,907 Z4E{1a'~~335}a(3 6{53“'376}:(26{ ZO € {55,,58}
30,...,135},(,€{38,...,173}.¢ € KD i=1,..14  $a€{96,...,101}.ze {78,...91},
{38,...,91} 0, €154,...,63},0, €{4,...,13},
o € {55,...,58}
@ :_
Remark K4;_ ,l—l,...,9 2466{{150265:5181}029(:{64{76516}86}5
The statistics of the (k,4)-arcs for the value ZZ c {55 57}’ PERhe
of k = 26,...,48 are given in the following table: K‘f?,Fl, 5 (Ze{l 18:...2120},(36{72,...,77},
{, €{51,...,54},0; €{2,...,7},
Table 22. Statistics of (k,4)-arcs for k = 26,...,48 o € {55,...,57}
_Arcs {C4,82.02, 1, G0} KDi=1,..3  $a€{130,...,131}.05 €{66,...,69}
Kz(g,izl,...,966 {4 €12,...,38},(3 € {7,...,84}, {, €{48,...,51},0, €{2,...,4},0p €
{, €{31,...,136},(;€{34,...,169}, {55,...,56}
' {o € {35,...,89} kD i=1,...1 {143,58,49,2,55}
KD i=1,..,100 {a€3,...41}.05 € {10,...,92}, KO i=1,...1 {156,48,48,0,55}

, €430,...,135,¢,€131,...,166},
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Discussion:

The purpose of this research is to find the

number of (k,4)-arcs and the number of distinct
(k,4)-arcs in PG(2,17). Also, establish a large size
of complete arc. The method followed to satisfy
these problems is a new systematic tool based on
the approach of i-secant distributions of the arcs.
The statistics of (k, 4)-arcs in PG(2,17) obtained
by this method are given in Table 23.
For each k, the number N of inequivalent (k, 4)-arcs
and the stabiliser size is given. The symbol S is the
type of stabiliser group and m is the number of
groups for each stabiliser.

Table 23. Inequivalent (k, 4)-arcs

(k,4)-arcs N S:m
(7,4)-arcs 4 I:4
(8,4)-arcs 9 1:6,7Z5:3
(9,4)-arcs 17 1114, 7,: 2, Z5:1
(10,4)-arcs 29 1:28,7,:1
(11,4)-arcs 47 1:46,7Z,:1
(12,4)-arcs 72 1:72
(13,4)-arcs 104 1:102,Z,:2
(14,4)-arcs 139 1:139
(15,4)-arcs 185 1:182,7,:1,7Z5:2
(16,4)-arcs 237 1:237
(17,4)-arcs 290 1:290
(18,4)-arcs 353 1:353
(19,4)-arcs 424 1:424
(20,4)-arcs 504 1:504
(21,4)-arcs 581 1:579,7,:1,75:1
(22,4)-arcs 666 I: 666
(23,4)-arcs 749 1:748,7Z,:1
(24,4)-arcs 832 1:832
(25,4)-arcs 907 1:907
(26,4)-arcs 966 1:966
(27,4)-arcs 1002 1:1002
(28,4)-arcs 1038 1:1038
(29,4)-arcs 1053 1:1053
(30,4)-arcs 1039 1:1039
(31,4)-arcs 1025 1:1025
(32,4)-arcs 995 1:995
(33,4)-arcs 946 1:946
(34,4)-arcs 876 1:876
(35,4)-arcs 757 1:757
(36,4)-arcs 627 1:627
(37,4)-arcs 477 1:477
(38,4)-arcs 310 1:310
(39,4)-arcs 172 1:172
(40,4)-arcs 74 I:74
(41,4)-arcs 35 1:35
(42,4)-arcs 20 1:20
(43,4)-arcs 14 1:14
(44,4)-arcs 9 1:8,Z,:1
(45,4)-arcs 5 1:4,7,:1
(46,4)-arcs 3 1:1,Z,:2
(47,4)-arcs 1 Z,
(48,4)-arcs 1 GL(2,3)x Z,

From the above table, the main result that

have been obtained established a large size of (k,4)-
arc. This size is k=48. The complete (48,4)-arc is as
follows:
K= {1,0, 0}, {0, 1, 0}, {0, 0, 1}, {1, 1, 1}, {10, 10,
1}, {1, 1, 0}, {4, 15, 1}, {8, 16, 1}, {11,10,1 },[3, 1,
0}, {9, 14, 1}, {5, 11, 1}, {16, 1, 1}, {14, 0, 1}, {5,
0, 1}, {16, 14, 1}, {0, 7, 1}, {13, 8, 1},[7, 15, 1},
{3, 4, 1}, {12, 1, 1}, {13, 3, 1}, {10, 9, 1}, {3, 11,
1}, {9, 5, 1}, {14, 12, 1}, {12, 9, 1}.[11, 6, 1}, {7,
13, 1}, {5, 15, 1}, {10, 14, 1}, {1, 2, 1}, {2, 7, 1},
{2, 4, 1}, {6, 16, 1}, {3, 10, 1},[1, 5, 1}, {7, 16, 1},
{11, 8, 1}, {15, 11, 1}, {0, 4, 1}, {14, 2, 1}, {6, 3,
1}, {6, 8, 1}, {9, 7, 1}, {12, 3, 1}, {16, 9, 1}, {4,
13, 1}.

Remark:

The geometric and algebraic properties of the
above arc are described as below.
(1) The i-secant distribution of K s
{C4,03,02,¢1, 60} = {55, 0, 48, 48, 156}.
(2) This complete arc has the stabiliser group GL
(2, 3) x Z,. This group is of order 96. It is a semi-
direct product of general linear group, GL (2, 3) of
order 48 and the cyclic group, Z, of order 2.
(3) The action of GL (2, 3) < Z, on the associated
(48,4)-arc is a one orbit. This orbit is as follows:
Orb={1, 11,72, 3, 2, 256, 202, 216, 293, 73, 244,
221, 111, 170, 124, 203, 121, 288, 169, 254, 258,
289, 191, 134, 209, 220, 13, 28, 299, 283, 65, 252,
236, 265, 176, 212, 21, 163, 255, 59, 264, 285, 218,
68, 239, 96, 219, 243}, where 1 ={1,0,0} €K, 2
={0,1,0} € K, 220 ={10, 14, 1}€ K, and similarly
for each point in the above (48,4)-arc.
So, from the above result, the following theorem is
given.

Theorem
In PG(2,17); there is at least one complete
(48, 4)-arc.

Conclusion and suggestion:

In this research, the number of (k,4)-arcs, the
number of distinct (k,4)-arcs, and the large size of
(k,4)-arc are discussed. These problems had an
approach that addresses programming difficulties in
terms of storing data and reducing the increasing
numbers of arcs as well as the time of
implementation. Therefore, The approach of the i-
secant distributions is considered in order to assure
that the best result would be satisfied.

From the previous calculation the following results
are obtained :

1- The number of (k,4)-arcs in PG (2,17) is
classified.
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2- The number of distinct (k,4)-arcs in PG (2,17) is
classified.

3- A large complete (k,4)-arc of size k=48 is
established.

In addition, the stabiliser group of this arc is
computed. This group is GL (2, 3) < Z,. Also, the
action of this group on the complete (48,4)-arc is
described. The concept of secant distributions is a
useful and substantial research which recommend to
construct a large k. But, it still needs to improve
especially when the parameters k,n,and q are
large. For further study, super computers are
needed.
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