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Abstract: 
Some relations of inclusion and their properties are investigated for functions of type "ℰ-valent that 

involves the generalized operator of Srivastava-Attiya by using the principle of strong differential 

subordination. 
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Introduction: 
Let 𝐴𝑝 be the class of  ℰ-valent and analytic 

functions defined on U={ ᵶ   𝜖 𝐶 :| ᵶ  |< 1} : 

  𝑓(𝑧) =  ᵶ  ℰ + ∑ 𝑎𝜏 ᵶ  
𝜏

∞

𝜏=ℰ+1

,    ( 𝑎𝜏  ≥ 0 , ℰ 𝜖𝑁

= {1,2,… }) .                   (1)   
  Now," let Ф( ᵶ , 𝑠, 𝑎) denote the Hurwitz-Lerch 

zeta function defined as follows"(1): 

 Ф( ᵶ  , 𝑠, 𝑎)∑
 ᵶ 𝜏

(𝜏 + 𝑎)𝑠
  ,

∞

𝜏=0

                       (2) 

(𝑎 ∈ 𝐶\ ᵶ  0
− = {0,−1,… } ; 𝑠 ∈ 𝐶 when | ᵶ  | <

1 ; 𝑅𝑒{𝑠} > 1 𝑤ℎ𝑒𝑛 | ᵶ  | = 1) . "𝐿𝑠,𝕓: 𝐴1 →
𝐴1  is defined by Srivastava and Attiya (2), (3),
𝐴1 = 𝐴(1) in the form of  

𝐿𝑠,𝕓𝑓( ᵶ  ) = 𝐺𝑠,𝕓( ᵶ  ) ∗ 𝑓( ᵶ  ) ,
( ᵶ  ∈ 𝑈; 𝕓 ∈ 𝐶\ ᵶ  0

− ; 𝑠
∈ 𝐶) ,      (3) 

where  

𝐺ℰ,𝑠,𝕓 = (𝕓 + 1)
𝑠[Ф( ᵶ , 𝑠, 𝕓) − 𝕓−𝑠]( ᵶ 

∈ 𝑈)".                     (4) 
Analogously to" 𝐿𝑠,𝕓 , Liu(4),(5,6,7) defined the 

operator  Ɉℰ,𝑠,𝕓: 𝐴ℰ → 𝐴ℰ by  

Ɉℰ,𝑠,𝕓𝑓( ᵶ  ) = 𝐺𝑝,𝑠,𝕓( ᵶ  ) ∗ 𝑓( ᵶ  ) ,
( ᵶ ∈ 𝑈; 𝕓 ∈ 𝐶\ ᵶ 0

− ; 𝑠 ∈ 𝐶; ℰ
∈ 𝑁) ,     (5) 

where   𝐺ℰ,𝑠,𝕓 = (𝕓 + 1)
𝑠[Фℰ( ᵶ , 𝑠, 𝕓) − 𝕓

−𝑠],   and  

Фℰ( ᵶ , 𝑠, 𝕓) =
1

𝕓𝑠
+∑

 ᵶ 𝜏

(𝜏 − ℰ + 1 + 𝕓)𝑠  

∞

𝜏=ℰ

.  (6) 

Department of Renewable Energy, College of Energy 

and Environmental Sciences, Al-Karkh University of 

Science, Baghdad, Iraq. 

E-mail: thamer.197675@yahoo.com 
*
ORCID ID: https://orcid.org/0000-0003-0933-6232  

equations (5) and (6) yield 

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

= 𝑧𝑝 + ∑ (
1 + 𝕓

𝜏 − ℰ + 1 + 𝕓
)
𝑠

𝑎𝜏 ᵶ 
𝜏

∞

𝜏=ℰ+1

  .          (7) 

from (7) we get 

            ᵶ(Ɉℰ,𝑠,𝕓𝑓(𝑧))
′

= (𝕓 + 1)Ɉℰ,𝑠−1,𝕓𝑓( ᵶ )

− (𝕓 + 1 − ℰ)Ɉℰ,𝑠,𝕓𝑓( ᵶ ).           (8) 
The function 𝑓 is said to be subordinate to g, if 

there exists Schwarz function 𝑤 analytic in U,  

also 𝑤(0) = 0 and |𝑤( ᵶ  )| < 1 for all  ᵶ ∈ 𝑈. 
Such that 

 𝑓( ᵶ  ) = 𝑔(𝑤( ᵶ  )), ᵶ ∈ 𝑈 . Can be written 

𝑓 ≺ 𝑔 𝑜𝑟  𝑓( ᵶ  ) ≺ 𝑔( ᵶ  )  ( ᵶ ∈ 𝑈) . 
If  𝑔( ᵶ  ) is univalent in U", then from [1] we have 

"𝑓( ᵶ  ) ≺ 𝑔( ᵶ  ) ⇔ 𝑓(0) = 𝑔(0) and f (𝑈) ⊂
𝑔(𝑈)". 

Definition (1):" ((8),cf.(1,9)) Let 𝐻( ᵶ  , €) be 

analytic in 𝑈𝘹𝑈 and let 𝑓( ᵶ  ) be analytic and 

univalent in U. Then the function  𝐻( ᵶ  , €) is said 

to be strongly subordinate to𝑓( ᵶ ), written 

𝐻( ᵶ  , €) ≺≺ 𝑓( ᵶ  ) if for  € ∈ 𝑈 , 𝐻( ᵶ  , €)  as a  
function of ᵶ   is subordinate to 𝑓( ᵶ  ) . 
We note that  𝐻( ᵶ  , €) ≺≺ 𝑓( ᵶ  ) if and only if  

𝐻(0, €) = 𝑓(0) and (𝑈𝘹𝑈) ⊂ 𝑓(𝑈)". 

Definition (2):((9),cf.(10)) "Let 𝜑:𝐶3𝘹𝑈𝘹𝑈 → 𝐶 

and let ℎ( ᵶ  ) be univalent in U .If  𝑝( ᵶ  ) is 

analytic in U and satisfies the (second-order) 

differential subordination 

𝜑(𝑝( ᵶ  ), ᵶ  𝑝′( ᵶ  ),  ᵶ  2𝑝"( ᵶ  );  ᵶ  , €) ≺≺

ℎ( ᵶ  ) .                                (9)    
Then 𝑝( ᵶ  ) is called a solution of the strong 

differential subordination.  
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The univalent function 𝑞( ᵶ  ) is called a domainant 

of the solutions of the strong differential 

subordination, or more simply a dominant, if 

𝑝( ᵶ  ) ≺ 𝑞( ᵶ  ) for all 𝑝( ᵶ  ) satisfying (9) . 

A dominant 𝑞( ᵶ  ) that satisfies 𝑞( ᵶ  ) ≺ 𝑞( ᵶ  ) for 

all dominant 𝑞( ᵶ  ) of (9) is said to be the best 

dominant". 

Definition (3): (9) "Let 𝛺 be a set in 𝐶, 𝑞( ᵶ  ) ∈ 𝑄 

and 𝑛 be positive integer. The class of admissible 

functions 𝛹𝑛[𝛺, 𝑞] consists of these functions 

𝜓:𝐶3𝘹𝑈𝘹𝑈 → 𝐶 that satisfy the admissibility 

condition. 

𝜓(𝑟, 𝑠, 𝑡;  ᵶ  , €) ∉ 𝛺 , whenever  𝑟 = 𝑞(𝜁) , 𝑠 =
𝜏𝜉𝑞′(𝜁) and  

𝑅𝑒 {
𝑡

𝑠
+ 1} ≥ 𝜏𝑅𝑒 {

€𝑞"(𝜁)

𝑞′(𝜁)
+ 1} , 

for   ᵶ ∈ 𝑈 , 𝜁 ∈ 𝜕𝑈\𝐸(𝑞), € ∈ 𝑈 and 𝜏 ≥ 𝑛 .We 

write 𝛹1[𝛺, 𝑞] as 𝛹[𝛺, 𝑞] ". 

Theorem (1):(8) "Let  𝜓 ∈ 𝛹𝑛[𝛺, 𝑞] with (0) = 𝑎 . 

If 𝑝 ∈ 𝐻[𝑎, 𝑛] satisfies  

𝜓((𝑝( ᵶ  ),  ᵶ  𝑝′( ᵶ  ),  ᵶ  2𝑝"( ᵶ  );  ᵶ  , €) ∈ 𝛺. Then 

𝑝( ᵶ  ) ≺ 𝑞( ᵶ  )." 

2-" Strong subordination results(3)" 

     Now we prove the "subordination theorem 

involving with the generalized Srivastava-Attiya 

operator"(4)  Ɉℰ,𝑠,𝕓. 

Definition (4): The class of admissible functions 

𝜙Ɉ[𝛺, 𝑞] satisfy the admissibility condition if 

consists of those functions 𝜑:𝐶3𝘹𝑈𝘹𝑈 → 𝐶 when 

𝛺∈ 𝐶, 𝑞 ∈ 𝑄0 ∩𝑀[0, ℰ], 𝕓 ∈ 𝐶 − {0,−1,… }, 𝑠 ∈ 𝐶. 

𝜑(𝑢1, 𝑢2, 𝑢3;  ᵶ , €) ∉ 𝛺 , whenever  

 𝑢 = 𝑞(𝜁) , 𝑣 =
𝜏𝜁𝑞′(𝜁)+(𝕓+1−ℰ)𝑞(𝜁)

(𝕓+1)
 ,   (ℰ ∈ 𝑁, 𝑏 ∈

𝐶 − {0,−1,… })   and  

𝑅𝑒 {
(1 + 𝕓)2𝑢3 − (1 + 𝕓 − ℰ)

2𝑢1
(1 + 𝕓)𝑢2 − (1 + 𝕓 − ℰ)𝑢1

− 2(𝕓 + 1

− ℰ)} ≥ 𝑘𝑅𝑒 {
𝜁𝑞"(𝜁)

𝑞′(𝜁)
+ 1} , 

∀   ᵶ ∈ 𝑈 , 𝜁 ∈ 𝜕𝑈\𝐸(𝑞)  and  𝜏 ≥ ℰ . 

Theorem (2): Let 𝜑 ∈ 𝜙Ɉ[𝛺, 𝑞] .If 𝑓 ∈ 𝐴𝓔 satisfies  

{𝜑(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  );  ᵶ  ): ᵶ

∈ 𝑈, € ∈ 𝑈} ⊂ 𝛺                  (10) 
Then Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ) ≺ 𝑞( ᵶ  ) . 
Proof: suppose 

𝐹( ᵶ  ) = Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )                       ( 11) 
equations (8) and (11) give 

 ᵶ  (Ɉℰ,𝑠,𝕓𝑓( ᵶ  ))
′

= (𝕓 + 1)Ɉℰ,𝑠−1,𝕓𝑓(ᵶ)

− (𝕓 + 1 − ℰ)Ɉℰ,𝑠,𝕓𝑓( ᵶ  ) .     
Ɉ𝑝,𝑠−1,𝕓𝑓( ᵶ  )

=
 ᵶ  (Ɉℰ,𝑠,𝕓𝑓( ᵶ  ))

′ + (𝕓 + 1 − ℰ)Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

(𝕓 + 1)
,    (12) 

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

=
 ᵶ  (Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ))

′ + (𝕓 + 1 − ℰ)Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

(𝕓 + 1)
    ,

(13) 
from (11) we get   

Ɉℰ,𝑠,𝕓𝑓( ᵶ  ) =
 ᵶ  𝐹′( ᵶ  ) + (𝕓 + 1 − ℰ)𝐹( ᵶ  )

(𝕓 + 1)
 

 

Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  ) =
 ᵶ  2𝐹"( ᵶ  ) + [1 + 2(𝕓 + 1 − ℰ)] ᵶ  𝐹′(𝑧) + (𝕓 + 1 − ℰ)2𝐹( ᵶ  )

(𝕓 + 1)2
 

 

Let 𝑢1, 𝑢2and 𝑢3 take the transformation from 𝐶3 to 

𝐶 by 

𝑢1 = 𝑟 , 𝑢2 =
𝑠 + (𝕓 + 1 − ℰ)𝑟

(𝕓 + 1)
 , 𝑢3

=
𝑡 + [1 + 2(𝕓 + 1 − ℰ)]𝑠 + (𝕓 + 1 − ℰ)2𝑟

(𝑏 + 1)2
 . 

Assume that  

𝜓(𝑠, 𝑟, 𝑡;  ᵶ  ) = 𝜑(𝑢1, 𝑢2, 𝑢3; ᵶ ) 

                      = 𝜑 (𝑟,
𝑠 + (𝕓 + 1 − ℰ)𝑟

(𝕓 + 1)
,
𝑡 + [1 + 2(𝕓 + 1 − ℰ)]𝑠 + (𝕓 + 1 − ℰ)2𝑟

(𝕓 + 1)2
; 𝑧, €).                 (14) 

 By using equation (11),(12),(13), from (14), we get 

 

𝜓(𝐹( ᵶ  ), 𝑧𝐹′( ᵶ  ), 𝑧2𝐹"( ᵶ  );  ᵶ  , €) = 𝜑(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠−1,𝕓𝑓(𝑧);  ᵶ  , €)   (15) 
 

Therefore, (10) becomes 

𝜓(𝐹( ᵶ  ),  ᵶ  𝐹′( ᵶ  ),  ᵶ  2𝐹"( ᵶ  );  ᵶ  , €) ∈ 𝛺 .  
Note that  

𝑡

𝑠
+ 1 =

(𝕓 + 1)2𝑢3 − (𝕓 + 1 − ℰ)
2𝑢1

(𝕓 + 1)𝑢2 − (𝕓 + 1 − ℰ)𝑢1
− 2(𝕓 + 1

− ℰ), 

and since the admissibity condition for 𝜑 ∈ 𝜙Ɉ[𝛺, 𝑞] 

is equivalent to the the admissibity condition for 𝜓 

by Definition(3) ,then 𝜓 ∈ 𝛹[𝛺, 𝑞], and by 

Theorem(1), 𝐹( ᵶ  ) ≺ 𝑞( ᵶ  ). Or  

Ɉℰ,1+𝑠,𝕓𝑓(𝑧) ≺ 𝑞(𝑧) , and the proof is complete.  
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If  𝛺 ≠ 𝐶 is a simply connected domain, then 
𝛺 = ℎ(𝑈) for some conformal mapping ℎ.  
In case, the class 𝜙Ɉ[ℎ(𝑈), 𝑞] is written as 𝜙Ɉ[ℎ, 𝑞].  

Theorem (3): Let 𝜑 ∈ 𝜙Ɉ[ℎ, 𝑞] . If 𝑓 ∈ 𝐴ℰ satisfies  

𝜑(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  );  ᵶ  , €)
≺≺ ℎ( ᵶ  ) .                                             (16) 
Then Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ) ≺ 𝑞( ᵶ  ) . 
 Corollary (1): Let  𝛺 ⊂ 𝐶 and 𝑞 be univalent in U 

with 𝑞(0) = 1. Let 𝜑 ∈ 𝜙Ɉ[𝛺, 𝑞𝜌]  ∀𝜌 ∈ (0,1) 

where 𝑞𝜌( ᵶ  ) = 𝑞(𝜌 ᵶ  ) .If  𝑓 ∈ 𝐴ℰ satisfies 

𝜑(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  );  ᵶ  , €)

∈ 𝛺 . 
Then  𝐽𝑝,𝑠+1,𝕓𝑓( ᵶ  ) ≺ 𝑞( ᵶ  ) . 

Proof: Theorem (2) yields then Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ) ≺

𝑞𝜌( ᵶ  ). The result is  𝑞𝜌( ᵶ  ) ≺ 𝑞( ᵶ  ) .⧠ 

Theorem (4): U contains the univalent h and q such 

that 𝑞(0) = 0 and set 𝑞𝜌( ᵶ  ) = 𝑞(𝜌 ᵶ ) and 

ℎ𝜌( ᵶ  ) = ℎ(𝜌 ᵶ  ) . Let 𝜑: 𝐶3𝘹𝑈𝘹𝑈 → 𝐶 satisfies 

one of the following conditions 

1- 𝜑 ∈ 𝜙Ɉ[𝛺, 𝑞𝜌] ∀ 𝜌 ∈ (0,1) , or 

2- ∃ 𝜌0 ∈ (0,1) such that 𝜑 ∈ 𝜙Ɉ[ℎ𝜌, 𝑞𝜌] ∀ 

𝜌 ∈ (𝜌0, 1) . 
If 𝑓 ∈ 𝐴𝑝 satisfies (16), then  Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ) ≺
𝑞( ᵶ  ) . 
Proof: "similar to Theorem 2.3d (11)".⧠ 

Theorem (5): Let U contains the univalent h and 

Let 𝜑: 𝐶3𝘹𝑈𝘹𝑈 → 𝐶 . 
 The differential equation  

 

𝜑 (𝑞(𝑧),
 ᵶ 𝑞′( ᵶ  ) + (𝕓 + 1 − ℰ)𝑞( ᵶ  )

(𝕓 + 1)
,
 ᵶ  2𝑞"( ᵶ  ) + [1 + 2(𝕓 + 1 − ℰ)] ᵶ 𝑞′(𝑧) + (𝕓 + 1 − ℰ)2𝑞( ᵶ  )

(𝕓 + 1)2
)  

 

 ℎ( ᵶ  )                             (17) 
      has a solution 𝑞 with 𝑞(0) = 0 and satisfies one 

of the following 

1- 𝑞 ∈ 𝜑0 and 𝜑 ∈ 𝜙Ɉ[ℎ, 𝑞] , 

2- 𝑞 is univalent in U and 𝜑 ∈ 𝜙Ɉ[ℎ, 𝑞𝜌] ∀ 𝜌 ∈
(0,1) ,or  

3- 𝑞 is univalent in U and  ∃𝜌0 ∈ (0,1) such 

that 𝜑 ∈ 𝜙Ɉ[ℎ𝜌, 𝑞𝜌] for all 𝜌 ∈ (𝜌0, 1) .  If 𝑓 ∈ 𝐴ℰ 

satisfies (16) and 

U contains the analytic  
𝜑(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  );  ᵶ  , €),t

hen  Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ) ≺ 𝑞( ᵶ  ) and 𝑞 is the best 

dominant. 

Proof: By "Theorem 2.3e" (11) and from Theorem 

(3) and Theorem (4) q is dominant. 

   𝑞  is satisfies (17), it is also a solution of (16) so 𝑞 

is the best dominant.⧠ 

 when 𝑞(𝑧) = 𝑀𝑧,𝑀 > 0,  the class of admissible 

functions 𝜙Ɉ[𝛺, 𝑞], denoted by 𝜙𝐽[𝛺,𝑀], is 

described below . 

Definition (5): Let 𝛺 be a set in 𝐶, 𝑠 ∈ 𝐶, 𝕓 ∈ 𝐶 −
{0,−1,… },  and 𝑀 > 0 . The class of admissible 

functions 𝜙𝐽[𝛺,𝑀] consists of those functions 

𝜑:𝐶3𝘹𝑈𝘹𝑈 → 𝐶 such that 

𝜑(
𝑀𝑒𝑖𝜃,

(𝜏+𝕓+1−ℰ)𝑀𝑒𝑖𝜃

(𝕓+1)
,

𝐿+[(1+2(𝕓+1−ℰ))𝜏+(𝕓+1−ℰ)2]𝑀𝑒𝑖𝜃

(𝕓+1)2
;  ᵶ  , €

) ∉

𝛺 ,                         (18) whenever   ᵶ  ∈ 𝑈 , € ∈

𝑈, 𝑅𝑒{𝐿𝑒−𝑖𝜃} ≥ (𝑘 − 1)𝑘𝑀, 𝜃 ∈ 𝑅, 𝜏 ≥ ℰ. 

Corollary (2): Let 𝜑 ∈ 𝜙Ɉ[𝛺,𝑀] . If 𝑓 ∈ 𝐴ℰ 

satisfies  

𝜑(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  );  ᵶ  , €)

∈ 𝛺 

Then  Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ) ≺ 𝑀 ᵶ . 
Corollary (3): Let 𝜑 ∈ 𝜙Ɉ[𝑀] . If  𝑓 ∈ 𝐴ℰ satisfies  

|𝜑(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠,𝕓𝑓( ᵶ  ), Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  );  ᵶ  , €)|

< 𝑀. 
Then |Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )| < 𝑀 . For the special case 

𝑞(𝑈) = {𝑤: |𝑤| < 𝑀} , the class 𝜙Ɉ[𝛺,𝑀] is 

denoted by 𝜙Ɉ[𝑀]. 

Corollary (4): Let  𝑀 > 0 and 𝑈 contains the 

analytic function 𝐶(€)  with 𝑅𝑒{€𝐶(€)} ≥ 0  

∀€ ∈ 𝜕𝑈. If 𝑓 ∈ 𝐴ℰ satisfies 

|(𝕓 + 1)2 Ɉℰ,𝑠,𝕓𝑓( ᵶ  ) − (𝕓 + 1)Ɉℰ,𝑠,𝕓𝑓(ᵶ)

− (𝕓 + 1 − ℰ)2Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

+ 𝐶(€)| < (𝕓 + 1 − ℰ)𝑀 . 

Then |Ɉℰ,𝑠+1,𝕓𝑓( ᵶ  )| < 𝑀 . 
Proof: From corollary (2) by taking  

𝜑( 𝑢1, 𝑢2, 𝑢3; ᵶ, €) = (𝕓 + 1)
2𝑢3 − (𝕓 + 1)𝑢2 −

(𝕓 + 1 − 𝑝)2𝑢1 + 𝐶(€) and 𝛺 = ℎ(𝑈), where 

ℎ( ᵶ  ) = (𝑏 + 1 − ℰ)𝑀 ᵶ. By corollary (2), to 

prove 𝜑 ∈ 𝜙Ɉ[𝛺,𝑀], that is admissible 

condition(18) is satisfied. We get  

|𝜑 (𝑀𝑒𝑖𝜃,
(𝜏 + 𝕓 + 1 − ℰ)𝑀𝑒𝑖𝜃

(𝕓 + 1)
,
𝐿 + [(1 + 2(𝕓 + 1 − ℰ))𝜏 + (𝕓 + 1 − ℰ)2]𝑀𝑒𝑖𝜃

(𝕓 + 1)2
; 𝑧, €)| 
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= |𝐿 + [(1 + 2(𝑏 + 1 − ℰ))𝜏

+ (𝑏 + 1 − ℰ)2]𝑀𝑒𝑖𝜃

− (𝜏 + 𝑏 + 1 − ℰ)𝑀𝑒𝑖𝜃

− (𝕓 + 1 − ℰ)2𝑀𝑒𝑖𝜃 + 𝐶(€)| 

= |𝐿 + (𝕓 + 1 − ℰ)(2𝜏 − 1)𝑀𝑒𝑖𝜃 + 𝐶(€)| 

≥ (𝕓 + 1 − ℰ)(2𝜏 − 1)𝑀𝜏

+ 𝑅𝑒 {𝐿𝑒−𝑖𝜃 + 𝑅𝑒{𝐶(€)𝑒−𝑖𝜃}} 

≥ (𝕓 + 1 − ℰ)(2𝜏 − 1)𝑀 + 𝜏(𝜏 − 1)𝑀
+ 𝑅𝑒{𝐶(€)𝑒−𝑖𝜃} ≥ (𝕓 + 1 − ℰ)𝑀 

Definition (6): Let 𝛺 be a set in, 𝑞 ∈ 𝑄1 ∩𝑀[1,1]. 
The class of admissible functions 𝜙Ɉ,2[𝛺, 𝑞]  

contains the functions  𝜑: 𝐶3𝘹𝑈𝘹𝑈 → 𝐶 that satisfy 

the admissibility condition: 

𝜑(𝑢1, 𝑢2, 𝑢3; ᵶ  , €) ∉ 𝛺 , whenever  

 𝑢1 = 𝑞(𝜁) , 𝑢2 =
𝜏𝜁𝑞′(𝜁)+(𝕓+1)(𝑞(𝜁))2

(𝕓+1)𝑞(𝜁)
,  and  

𝑅𝑒 {(𝕓 + 1)(
(𝑢3 − 𝑢1)

𝑢2 − 𝑢1
𝑢1 − (𝑢3 − 3𝑢1))}

≥ 𝜏𝑅𝑒 {
𝜁𝑞"(𝜁)

𝑞′(𝜁)
+ 1} , 

for   ᵶ ∈ 𝑈 , 𝜁 ∈ 𝜕𝑈\𝐸(𝑞) ; € ∈ 𝑈 and 𝜏 ≥ 𝓔. 

Theorem (6): Let 𝜑 ∈ 𝜙Ɉ,2[𝛺, 𝑞] .If 𝑓 ∈ 𝐴𝓔 

satisfies  

{𝜑 (
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )
;  ᵶ  ) : ᵶ 

∈ 𝑈} ⊂ 𝛺 .                                  (19) 

Then  
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
≺ 𝑞( ᵶ  ) . 

Proof: define the function 𝐹 in U  

𝐹( ᵶ  )

=
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
                                                                                                                       (20) 

from (20) and computations that, show that 
𝑧𝐹′( ᵶ  )

𝐹( ᵶ  )
=
𝑧(Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  ))

′

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

−
 ᵶ  (Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  ))

′

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
  ,         (21) 

by using the relation(8) ,we get 
𝑧Ɉℰ,1+𝑠,𝕓(𝑓( ᵶ  ))

′

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

=
 ᵶ  𝐹′( ᵶ  )

𝐹( ᵶ  )
+ (𝕓 + 1)𝐹( ᵶ  )

− (𝕓 + 1 − ℰ)  .                (22) 
Therefore, 
Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,1+,𝑠,𝕓𝑓( ᵶ  )

=
 ᵶ  𝐹′( ᵶ  ) + (𝕓 + 1)(𝐹(𝑧))

2

(𝕓 + 1)𝐹( ᵶ  )
  .                   (23) 

by computations show that 

 

Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )
=
 ᵶ  2𝐹"( ᵶ  ) + [1 + 3(𝕓 + 1)𝐹( ᵶ  )] ᵶ  𝐹′( ᵶ  ) + (𝕓 + 1)2(𝐹( ᵶ  ))

3

(𝕓 + 1)ᵶ  𝐹′( ᵶ  ) + (𝕓 + 1)2(𝐹( ᵶ  ))
2   .   (24) 

 

Define   𝐶3 to 𝐶  by 

𝑢1 = 𝑟  , 𝑢2 =
𝑠 + (𝕓 + 1)𝑟2

(𝕓 + 1)𝑟
  , 𝑢3

=
𝑡 + [1 + 3(𝕓 + 1)𝑟]𝑠 + (𝕓 + 1)2𝑟3

(𝕓 + 1)𝑠 + (𝕓 + 1)2𝑟2
  . 

Assume that  

𝜓( 𝑠, 𝑟, 𝑡;  ᵶ  ) = 𝜑( 𝑢1, 𝑢2, 𝑢3; ᵶ) 

                     = 𝜑 (𝑟,
𝑠 + (𝕓 + 1)𝑟2

(𝕓 + 1)𝑟
 ,
𝑡 + [1 + 3(𝕓 + 1)𝑟]𝑠 + (𝕓 + 1)2𝑟3

(𝕓 + 1)𝑠 + (𝕓 + 1)2𝑟2
;  ᵶ  ) .              (25)

 

The proof by Theorem (1), using equation 

(20),(23),(24), from (25), we get 
𝜓(𝐹( ᵶ  ),  ᵶ  𝐹′( ᵶ  ),  ᵶ  2𝐹"( ᵶ  );  ᵶ  , €) 

           = 𝜑 (
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )
; 𝑧, €) .                                (26) 

 

Therefore, (19) becomes 

𝜓(𝐹( ᵶ  ),  ᵶ  𝐹′( ᵶ  ),  ᵶ  2𝐹"( ᵶ  );  ᵶ  , €) ∈ 𝛺  

Note that  

𝑡

𝑠
+ 1 = (𝑏 + 1)(

(𝑢3 − 𝑢1)

𝑢2 − 𝑢1
𝑢1 − (𝑢3 − 3𝑢1))  ,  

 Because the admissibity ∀ 𝜑 ∈ 𝜙Ɉ,2[𝛺, 𝑞] is 

equivalent to the admissibity ∀ 𝜓 as given in 

Definition(3), then 𝜓 ∈ 𝛹[𝛺, 𝑞] , and by 

Theorem(1), 𝐹( ᵶ  ) ≺ 𝑞( ᵶ  ). Or  
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
≺ 𝑞( ᵶ  ) , and the proof is complete. ⧠ 



Open Access     Baghdad Science Journal                                P-ISSN: 2078-8665 

2020, 17(2):509-514                                                            E-ISSN: 2411-7986 

 

513 

 For some conformal mapping 𝛺 = ℎ(𝑈) of U 
onto, if  𝛺 ≠ 𝐶 is a simply connected domain . i.e, 
the class 𝜙Ɉ,2[ℎ(𝑈), 𝑞]  written by  𝜙Ɉ,2[ℎ, 𝑞].  

The prove of Theorem (7) is immediate by 

Theorem(6). 

Theorem (7): Let 𝜑 ∈ 𝜙Ɉ,2[ℎ, 𝑞] . If 𝑓 ∈ 𝐴ℰ 

satisfies  

𝜑(
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )
;  ᵶ  , €)

≺≺ ℎ( ᵶ  ) .                                  (27) 

Then 
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
≺ 𝑞( ᵶ  )         ( ᵶ ∈ 𝑈) . 

If 𝑞( ᵶ  ) = 1 +𝑀𝑧,𝑀 > 0  then by Definition (6) 

the admissible functions 𝜙Ɉ,2[𝛺, 𝑞], denoted by 

𝜙Ɉ,2[𝛺,𝑀], is described below. 

Definition (7): .The class of admissible functions 

𝜙Ɉ,2[𝛺,𝑀] contains the functions 𝜑:𝐶3𝘹𝑈𝘹𝑈 → 𝐶 

s.t 

𝜑

(

 
 

1 +𝑀𝑒𝑖𝜃 , 1 +
𝜏 + 1 +𝑀𝑒𝑖𝜃

(𝕓 + 1)(1 + 𝑀𝑒𝑖𝜃)
𝑀𝑒𝑖𝜃 ,

𝐿 + 𝜏𝑀𝑒𝑖𝜃 + (𝕓 + 1)(1 + 𝑀𝑒𝑖𝜃) {3𝜏𝑀𝑒𝑖𝜃 + (𝕓 + 1)(1 + 𝑀𝑒𝑖𝜃)
2
}

(𝕓 + 1)[𝜏𝑀𝑒𝑖𝜃 + (𝕓 + 1)(1 + 𝑀𝑒𝑖𝜃)2]
; ᵶ , €

)

 
 
∉ 𝛺,     (28) 

 

 whenever   ᵶ  ∈ 𝑈 , € ∈ 𝑈, 𝑅𝑒{𝐿𝑒−𝑖𝜃} ≥
(𝜏 − 1)𝜏𝑀, 𝜃 ∈ 𝑅  and 𝜏 ≥ ℰ. 
if 𝛺 be a set in 𝐶, 𝑠 ∈ 𝐶, 𝑏 ∈ 𝐶 − {0,−1,… },  and 

𝑀 > 0 

Corollary (5): Let 𝜑 ∈ 𝜙Ɉ,2[𝛺,𝑀] . If 𝑓 ∈ 𝐴ℰ 

satisfies  

𝜑 (
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )
;  ᵶ  , €)

∈ 𝛺 

Then (
𝐽𝑝,𝑠+1,𝕓𝑓( ᵶ  )

𝐽𝑝,𝑠+2,𝕓𝑓( ᵶ  )
) − 1 ≺ 𝑀ᵶ . 

Corollary (6): Let 𝜑 ∈ 𝜙Ɉ,2[𝑀] . If 𝑓 ∈ 𝐴ℰ satisfies  

|𝜑 (
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )
,
Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )
;  ᵶ , €)

− 1| < 𝑀, 

Then |
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
− 1| < 𝑀 . 

 For the special case 𝑞(𝑈) = {𝑢3: |𝑢3 − 1| < 𝑀}, 
the class 𝜙Ɉ,2[𝛺,𝑀] is denoted by 𝜙Ɉ,2[𝑀]. 

Corollary (7): Let 𝑀 > 0 and 𝑈 contains the 

analytic function 𝐶(𝜉) and 𝑅𝑒{€𝐶(€)} ≥ 0 

∀€ ∈ 𝜕𝑈. If 𝑓 ∈ 𝐴ℰ satisfies 

|(𝕓 + 1)2 
Ɉℰ,1+𝑠,𝕓𝑓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
− (𝕓 + 1)

Ɉℰ,𝑠,𝕓𝑓( ᵶ )

Ɉℰ,1+𝑠,𝕓𝑓( ᵶ )

− (𝕓 + 1 − ℰ)2 
Ɉℰ,𝑠−1,𝕓𝑓( ᵶ  )

Ɉℰ,𝑠,𝕓𝑓( ᵶ  )

+ 𝐶(€) − 1|   < (𝕓 + 1 − ℰ)𝑀 . 

Then |
Ɉℰ,1+𝑠,𝕓( ᵶ  )

Ɉℰ,2+𝑠,𝕓𝑓( ᵶ  )
− 1| < 𝑀 . 

Proof: From corollary (5) by taking  

𝜑(𝑢1, 𝑢2, 𝑢3;  ᵶ , €) = (𝕓 + 1)
2𝑢3 − (𝕓 + 1)𝑢2 −

(𝕓 + 1 − ℰ)2𝑢1 + 𝐶(€) − 1  and  𝛺 = ℎ(𝑈), where 

ℎ( ᵶ  ) = (𝕓 + 1 − ℰ)𝑀ᵶ, and corollary (5),to prove 

𝜑 ∈ 𝜙Ɉ,2[𝛺,𝑀], that is admissible condition (28) is 

satisfied. We get  

 

|
|
𝜑

(

 
 

1 +𝑀𝑒𝑖𝜃, 1 +
𝜏 + 1 +𝑀𝑒𝑖𝜃

(𝕓 + 1)(1 +𝑀𝑒𝑖𝜃)
𝑀𝑒𝑖𝜃,

𝐿 + 𝜏𝑀𝑒𝑖𝜃 + (𝕓 + 1)(1 +𝑀𝑒𝑖𝜃) {3𝜏𝑀𝑒𝑖𝜃 + (𝕓 + 1)(1 +𝑀𝑒𝑖𝜃)
2
}

(𝕓 + 1)[𝜏𝑀𝑒𝑖𝜃 + (𝕓 + 1)(1 +𝑀𝑒𝑖𝜃)2]
; ᵶ, €

)

 
 
− 1

|
|
 

 

= |1 +𝑀𝑒𝑖𝜃
{(𝕓 + 1)(1 + 𝑀𝑒𝑖𝜃) + 𝜏}

(𝕓 + 1)(1 +𝑀𝑒𝑖𝜃)
− 1

−𝑀𝑒𝑖𝜃| 

= |
𝑀𝜏

(𝕓 + 1)(1 +𝑀𝑒𝑖𝜃)
| ≥

𝑀

(𝕓 + 1)(1 +𝑀)
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