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Abstract: 
This paper focuses on developing a self-starting numerical approach that can be used for direct 

integration of higher-order initial value problems of Ordinary Differential Equations. The method is derived 

from power series approximation with the resulting equations discretized at the selected grid and off-grid 

points. The method is applied in a block-by-block approach as a numerical integrator of higher-order initial 

value problems. The basic properties of the block method are investigated to authenticate its performance 

and then implemented with some tested experiments to validate the accuracy and convergence of the method. 
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Introduction: 
The article considers higher-order initial 

value problems of the form: 
              1 1 1 1

0 1 1, , , , , , , ,y f x y y y y a y a y
  

  
 

   

    …(1) 

Equation (1) applies in applied science and 

engineering to model problems with linear and 

nonlinear IVPs. Most of the resulting problems of 

these phenomena have no analytical solutions. 

Thus, the quest is to provide numerical methods as 

numerical integrators to the resulting analytical 

solutions.  

A computational solution to various 

differential equations creates the need to develop 

methods to solve such equations. These approaches 

provide more novel behaviour to the field of science 

and engineering. The authors considered developing 

and using the mathematical functions and terms to 

model phenomena. In the pursuit of using these 

concepts such as Hilbert Space, Fredholm operators, 

to solve fractional, Bagley–Torvik and Painlevé, 

Riccati and Bernoulli, Volterra integro-differential 

equations within the Atangana–Baleanu fractional 

approach 1-4. The developed numerical methods 

were a powerful tool to generate virtuous 

universally charming numerical solutions proficient 

in treating various fractional equations. This has 

helped in scientific forecasts through mathematical 

modelling and numerical simulations 1-4 

Conventionally, higher-order differential 

equations are reduced to a system of first-order 

equations, which are solved by an appropriate 

numerical method for first-order. However, this 

approach has some shortcomings as it requires 

evaluation of too many functions and much 

computational effort 5 – 6. Therefore, 7 – 8developed 

block methods for the direct integration of higher-

order to reduce the computational burden 

experienced in the reduction approach with better 

accuracy and a lower convergence rate. 

The block approach is a method that 

generates approximations at the different grid and 

off-grid points within the proposed space of 

integration without overlying the sub-intervals to 

overcome the difficulties encountered in the 

reduction process and the predictor-corrector 

approach as discussed by (9 – 16). Likewise, 
17developed a block method with generalized 

equidistant points, which allow varying the choice 

of the points to produce a five-step block method. 

The resulting family of implicit schemes considered 

a general block form with the incorporation of 

Taylor series expansion to produce solutions to 

fourth-order initial value problems at all grid points.  
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The good of the block method is that the 

solution will be assessed at more than one point at 

each use of the method. The points vary on the 

construction of the block method, which improves 

the accuracy and efficiency of the method (18). In a 

recent publication, (19) developed a method that is 

capable of handling two different orders of 

differential equations. This was used to solve 

second and third-order differential equations.  

Thus, our intension in this paper is to 

propose a four-step hybrid block method that can 

directly integrate three different higher-order (third, 

fourth and fifth-orders) ordinary differential 

equations to solve initial value problems with better 

accuracy when compared to existing methods and 

validated with their basic properties. 

 

Derivation of the Method 
Consider the power series approximation of the 

form: 

 
0

j

j

j

y x a x
 



     (2) 

as a solution to equation (1), where  and   are 

the collocation and interpolation points respectively. 

Interpolating equation (2) at 

,n j nx x jh   1,2,3,j  the third derivative of 

equation (2) is collocated at 

,n j nx x jh  
1 3 5 7

0, , , , , 4 .
2 2 2 2

j
 

  
 

 Collocating 

the fourth and fifth derivative of equation (2) at 

,n j nx x jh    0,4j  which is the starting and 

the endpoints of the system to give a system of a 

linear equation.  

The resulting equations are solved with Gaussian 

elimination to get the value of the unknown 

variables 'a s , which are inserted into equation (2) 

to produce a continuous scheme of type: 
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   (3) 

 

where ,f g and m are the third, fourth and fifth 

derivatives of (2), respectively. 

For, 
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Evaluating equation (3) at the non-interpolation points give discrete schemes of the form: 
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where, 
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Using matrix inversion, the combination of the discrete schemes in (4) produces the block as follows:  
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     
     

     

 (5) 

The first and second derivatives of the block gives the following: 
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   
    
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  

  

  

  

  

  
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
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


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   
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         (7) 

 

Check appendix for the values of the block 

coefficients 

   ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , , , , , , , , , , , , , , , ,A B C D E F G H I J A B C D E F G H I and 

 , , , , , , ,A B C D E F G H respectively. 

Analysis of the Properties of the Block Method   

The properties of the Block Method are analyzed as 

follows:   

 

 

Order and Error Constant 

According to (20), our discrete scheme is a Linear 

Multistep Method (LMM) of the form: 

3 4 5

0 0 0

j n j j n j j n j j n j

j j o j j

y h f h g h m
       

   
   

   

   

     

…(8) 

Let define the Local Truncation Error (LTE) with 

equation (8) above as: 
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         3 4 5: j n j n j n j n

j o

L y x h y x jh h f x jh h g x jh h m x jh
 

   




              (9) 

where,  y x is an arbitrary function, continuously 

differentiable on  , .a b  Expanding (4) by Taylor 

series about the point x  to obtain the expression 

 

           1 1 2 2

0 1 1 2: p p p p p p

p p pL y x h C y x C hy x C h y x C h y x C h y x   

 
          

where, 0 1 2 2, , , , ,p pC C C C C   are obtained as 

           

2

0 1 2

0 0 1

3 4 5

1 1 1 1

1
, , ,

2!

1
1 2 1 2 3 1 2 3 4

!

j j j

j j j

q q q q

q j j j j

j j j j

C C j C j

C j q q q j q q q q j q q q q q j
q

     

       

  

   

  

  

   
  

   

  

 
             

 

  

   

 

 

Thus, the block in equation (4) is of order p  if 

0 1 2 2, 0p pC C C C C       0p rC   (r 

is the order of the differential equation) called the 

error constant and    3 3 3

3 0p p p

p nC h y x h  

  is 

the Local Truncation Error (LTE) at the point nx . 

Thus, the method is of uniform order 

 10,10,10,10
T

p  and error constant of 

3

39121 26141 17291 22341 23451
, , , ,

53648179200 58179453100 53634509200 8172494600 817965200

T

pC 

 
      
 

 

 

Zero Stability 

A block method is said to be stable if as 0,h the 

roots  , 1 1jr j k of the first characteristics 

polynomial   0r   that 

is     1det 0,
i kr A r   

  satisfying 

1r  and for those roots with 1r  , having 

multiplicity equal to unity. Hence,  

 

1 0 0 0 0 0 0 0 0 0 0 1

0 1 0 0 0 0 0 0 0 0 0 1

0 0 1 0 0 0 0 0 0 0 0 1
0

0 0 0 1 0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0 0 0 0 1

0 0 0 0 0 1 0 0 0 0 0 1

r r

    
    
    
    

      
    
    
    
     

 

   5 1 0,r r r    0,0,0,0,0,1r   

Hence, the block method is zero stable since the 

root r  is simple. 

Consistency 

A block method is said to be consistent if it 

has an order 1p   (20). Hence, the block method is 

consistent, since 10.p   

 

Convergence of the Block Method 

According to (20), a method is said to be 

convergent, if 1p  and zero stable. Hence, the 

method is convergent since it satisfies these 

conditions. It follows that a necessary requirement 

for a linear multistep method to be convergent is 

that the solution ny generated by the method 

converges to the exact solution  y x as the step 

length h tends to zero. Thus, the Order of Accuracy 

measures the rate of convergence of the numerical 

approximation produced from the developed 

method to the exact solution. This is exemplified by 

the error generated from the computation. In this 

wise, the method is said to be accurate since the 

error produced, which is    hh u u     where 

 h is the error generated, u is the exact solution 

and hu is the computed solution. (see (21) for 

details). 

Region of Absolute Stability of the Block Method 

The Region of Absolute Stability (RAS) of 

a linear multistep method is the set of points z in the 

complex plane for which the 

polynomial  ; z  satisfies the root condition. It 

follows that if z is on the boundary of the stability 



Open Access     Baghdad Science Journal                                P-ISSN: 2078-8665 

Published Online First: January 2022            2022, 19(4): 787-799                                              E-ISSN: 2411-7986 

 

792 

region, then  ; z  it must have at least one root 

j  with magnitude exactly equal to 1 (20). This 

region is established by applying the boundary 

locus method given as: 

 
 
 

 

 

i

i

e r
z

re





 



   0 2    

     

 (10) 

For  z  is the polynomial equation,  r and 

 r are the first and second characteristics 

polynomial with 

cos sinir e i     respectively.  

Applying the first and second characteristics 

polynomials of equation (5) to mean that  r are 

the values of 'y s and  r  as the values of 

' , 'f s g s and 'm s  respectively.  Equation (10) is 

applied to (5) and simplified in the form 

     z x iy     for  x   is the region of 

periodicity and  iy   is the imaginary part of the 

complex plane. The resulting values are used to find 

the locus of all points, which is mapped in the 

MATLAB environment to produce the required 

stability region of the block method, as shown in 

Fig. 1. 

Definition: A numerical method is said to be A-

stable if its region of absolute stability contains the 

whole of the left-hand half-plane Re  0h   (see 

(20) for details). 

 
Figure 1. RAS of the four-point Hybrid Block Approach 

 

From the definition, the figure above shows 

that the method is A-Stable since its area of 

periodicity lies within    ,0 .x     

Numerical Experiments 

To validate the proficiency of the developed 

method, three test experiments were considered. 

The ATFF Block method was applied to solve the 

following experiments. 

Experiment 1 

4 ,y y x       0 0 ,y y   0 1,y    

0.1h  , 0 1x   

Theoretical Solution: 

     23 1
1 cos 2

16 8
y x x x    

Experiment 1 can be found in (13) and (16).  

Experiment 2 

0,ivy y 

       
1.1 1 1.2

0 0, 0 , 0 , 0 , 0.1
72 50 144 100 144 100

y y y y h
  

      
  

 

Theoretical Solution:  
1 cos 1.2sin

144 100

x x x
y x



  



 

Experiment 2 can be found in (5), (9) and (11). 

Experiment 3 

 22 8 2 3 ,v iv xy y y yy yy x x x e        

 0,2x  

         0 1, 0 1, 0 3, 0 1, 0 1,ivy y y y y      

0.01h    

Theoretical Solution:   2xy x e x   

Experiment 3 can be found in (6) and (15). 
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Maple 2016 Software Package was used to generate 

the numerical results of the above experiments with 

the Algorithm given as follows: 

Algorithm  

Steps of Solutions for Higher-Order Hybrid Block 

Method for Experiments (1 – 3). 

Stage I 

For 0 50n  set the following: 

Subroutine 1: 0.1h   

Subroutine 2: 0ny   

Subroutine 3: 0ny   

Subroutine 4: 1ny   

Evaluate   4n nf h n y  ;   4n ng h n y  and 

 4n nm f  

Output: Display ,nf ,ng and nm  

Stage II 

Supply the Higher equations for ,nf ,ng and nm  

Input the block variables 

Output: Block Value Coefficients 

Stage III 

For 0 50n  perform the following: 

1. Set digits = 13 

2. Evaluate the block equations  

3. Evaluate the block coefficients 

4. Evaluate the exact equation 

Output: 

1. The Computed Solution 

2. The Exact Solution 

3. Error which is the absolute value of the 

Computed Solution from the Exact Solution 

Numerical Results and Comparison (Table 1-3) 

 

Table 1. Numerical Result for Experiment 1 with 0.1h   

x  Approximate  Results Exact Results 
Error in New Method 

4, 10k p   
Error in (13) 

2, 5k p   
Error in (16) 

5, 5k p   

0.1 0.0049875164 0.0049875167 3.000E-10 1.531E-10 2.095E-09 

0.2 0.0198012792 0.0198010636 2.156E-10 1.540E-10 1.637E-08 

0.3 0.0439999703 0.0439995722 3.981E-10 1.280E-09 1.115E-07 

0.4 0.0768682206 0.0768674920 7.286E-09 9.146E-08 9.880E-07 

0.5 0.1174479650 0.1174433176 4.647E-09 2.432E-08 3.040E-06 

0.6 0.1645678253 0.1645579210 9.904E-09 2.631E-08 9.012E-06 

0.7 0.2168984887 0.2168811607 1.732E-08 2.631E-08 1.696E-05 

0.8 0.2730015548 0.2729749104 2.664E-08 4.660E-07 2.677 E-05 

0.9 0.3313933617 0.3313503928 4.296E-08 4.660E-07 3.813 E-05 

1.0 0.3905903268 0.3905275318 6.279E-08 4.660E-07 5.059 E-05 

 

Table 2. Numerical Result for Experiment 2 with 0.1h   

x  Approximate Results Exact Results 

Error in New 

Method 

4, 10k p   

Error in (5) 

7, 8k p   

Error in (9) 

1, 7k p   

Error in (11) 

6, 7k p   

0.1 0.0000403745631 0.0000403745930 2.988E-19 4.607E-20 0.381E−18   6.505E-19 

0.2 0.0000806913409 0.0000806915800 2.391E-19 5.421E-20 0.371E−17   1.301E-18  

0.3 0.0001209499397 0.0001209507467 8.070E-18 2.710E-19 0.268E−16   4.770E-18  

0.4 0.0001611499662 0.0001611518793 1.913E-18 1.084E-19 0.293E-16   1.734E-17  

0.5 0.0002012910276 0.0002012947644 3.736E-17 4.336E-19 0.418E-15   4.336E-17 

0.6 0.0002413727325 0.0002413791895 6.456E-17 8.673E-19 0.387E-15   9.540E-17  

0.7 0.0002813946880 0.0002814049424 1.025E-17 1.084E-18 0.287E−15 1.812E-16  

0.8 0.0003213565051 0.0003213718116 1.530E-16 1.734E-18 0.867E−14   3.157E-16 

0.9 0.0003612577930 0.0003612795861 2.179E-16 2.818E-18 0.708E−14   5.186E-16 

1.0 0.0004010981618 0.0004011280556 2.989E-16 3.469E-18 0.351E−14   8.049E-16  
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Table 3. Numerical Result for Experiment 3 with 0.01h   
x  Approximate Results Exact Results Error in New Method 

4, 10k p   

Error in [6] 

4, 9k p   

Error in [15] 

2, 5k p   

0.1 0.0100000000008333334 0.0100000000008333333 1.0000E-19 3.443E-12  1.592 E-12  

0.2 0.0200000000266666667 0.0200000000266666667 0.0000E-10 2.619E-12 1.509 E-10 

0.3 0.0300000002025000001 0.0300000002025000000 1.0000E-19 3.401E-11 7.517 E-09 

0.4 0.0400000008533333335 0.0400000008533333333 2.0000E-19 1.092E-11 1.432 E-08 

0.5 0.0500000026041666698 0.0500000026041666667 3.1000E-18 1.611E-11 4.728 E-07 

0.6 0.0600000064800000058 0.0600000064800000000 5.8000E-18 1.023E-10 1.962 E-06 

0.7 0.0700000140058333425 0.0700000140058333333 9.2000E-18 1.838E-10 4.034 E-06 

0.8 0.0800000273066666800 0.0800000273066666667 1.3300E-17 7.059E-10 4.385 E-06 

0.9 0.0900000492075000307 0.0900000492075000000 3.0700E-17  1.009E-09 1.732 E-06 

1.0 0.1000000833333333330 0.0100000083333333333 4.3000E-17  9.031E-09 4.417 E-04 

 

Discussion of Results: 
The numerical results displayed in Tables 

(1 – 3) show the results generated for an experiment 

(1 – 3) using the proposed method to solve third, 

fourth, and fifth-order problems. The new method 

in terms of errors outperforms the errors in the 

methods of (13) and (16). (13), is a non-hybrid 

block method with 2, 5,k p  while [16] is a 

hybrid block method with 5, 5k p  for solving 

experiment 1 (see Table 1 for details). In the same 

vein, the proposed method generates more accurate 

results when compared to the methods of (9) and 

(11) as observed in Table 2 for experiment 2. (9), is 

a hybrid block method with six off-steps and 

1, 7.k p   Whereas, (11) is a non-hybrid block 

method of 6, 7.k p   Likewise, the better 

performance of the method compared with (6) 

which is a non-hybrid block method with 

4, 9k p   and (15) which is a hybrid block 

method with 2, 5k p   for solving experiment 3 

(see Table 3). Despite the performance of the 

proposed method to (5), as seen in table 2, the 

proposed method has an advantage over (5) because 

of its abilities to handle three different orders of 

differential equations which [5] is incapable of 

handling. Method (5) was designed to solve only 

fourth-order IVPs, but the proposed method is 

designed to solve the third, fourth, and fifth-order 

IVPs. 

 

Conclusion: 
The proposed method, which is a four-point 

hybrid block approach, was used to integrate 

higher-order problems with initial values. The 

convergence and the accuracy of the method, as 

reflected in the results and errors presented to show 

the efficiency of the block with enhanced precision 

when matched with some previous works. Thus, the 

new method can be considered as novel and a good 

substitute to solve Higher-Order differential 

equations with initial values. 
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 طريقة البلوك الهجينة الدقيقة ذات الأربع خطوات لحل مسائل القيمة الأبتدائية ذات الرتب الأعلى

 
اولانيكون او او    أديفا اي او 

* 

 

 .ولاية إيكيتي، نيجيريا ،إيكيتي-قسم الرياضيات، الجامعة الفيدرالية، أوي

 

 :لاصةالخ
بدء والتي يمكن استخدامها لايجاد التكامل بشكل مباشر لمساالل القايم الابتدالياة يركز هذا البحث على التعامل مع طريقة عددية ذاتية ال

ها فاي للمعادلات التفاضلية الاعتيادية ذات الرتب العالية. هاذ  الرريقاة مشاتقة مان تقرياب متسلسالة القالم ماع المعاادلات الياتجاة التاي تام تقادير

باستخدام طريقة االبللك  كمكامال عاددي لمسا لة القيماة اابتدالياة ذات الرتاب ااعلاى. تام الشبكة المحددة ونقاط خارج الشبكة.تم تربيق الرريقة 

 .التحقق من الخصالص ااساسية لرريقة البللك والتحقق من أدالها ثم تيفيذها ببعض االتجارب الاختبارية للتحقق من دقة الرريقة وتقاربها

 

 .، المعادلات التفاضلية الاعتيادية (IVPs) ب، الرتب ااعلى، مس لة القيمة اابتداليةالدقة، طريقة الكتلة، التقار الكلمات المفتاحية:

 .AMS :65L05, 65L06, 65L10 مجملعة

https://doi.org/10.1016/j.asej.2017.11.011

