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Abstract: 
The main objective of this work is to introduce and investigate fixed point (F. p) theorems for maps 

that satisfy contractive conditions (ψ − φ)in weak partial metric spaces (W.P.M.S), and give some new 

generalization of the fixed point theorems of Mathews and Heckmann. Our results extend, and unify a 

multitude of (F. p) theorems and generalize some results in (W.P.M.S). An example is given as an 

illustration of our results.  
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Introduction: 
A partial metric space (P.M.S.) is a 

generalization of standard metric space developed 

by Matthews1 in 1994 as an extension of standard 

metric space (M.S), in which self-distance might 

not be equal to zero. The notion of (P.M.S) plays an 

important part in the theory of computation. 

Numerous articles have been published on fixed 

points for maps satisfying some contractive 

conditions in (P.M.S)2- 5, and also for generalizing 

contractions6. In 1999, Heckmann7developed the 

notion of (W.P.M.S). which is a generalization of 

(P.M.S.) by omitting the small self-distance axiom. 

Some results for mappings in (W.P.M.S) have been 

obtained 8-11, also many authors proved fixed point 

(F.P) results for maps satisfying implicit relations12-

15.  The main purpose of this paper is to study fixed 

point under(ψ − φ) contractive conditions in weak 

partial metric space (W.P.M.S).  

  

Preliminaries  

Definition 1 1: A (P.M.) on𝑀 ≠ 𝜑, is a function 

P: M2 → ℜ2 = [0, ∞)  ∋ satisfying the following 

axioms, 

(P1) μ = η ⟺ P(μ, μ) = P(μ, η) = P(η, η) (𝑇0 −
 separation axiom) 

(P2) P(μ, μ) ≤ P(μ, η), (non-negatively and small 

self–distance)  

(P3) P(μ, η) = P(η, μ), (symmetry) 

(P4) P(μ, η) ≤ P(μ, τ) + P(τ, η) − P(τ, τ), 

(triangular inequality)  

 for allμ, η, τ ∈ M.Then (M, P)is said to be a partial 

metric space (for short P.M.S). 

 

Remark 1 1 Clearly P(μ, η) = 0 ⇒ μ = 𝜂 by using 

(P1)  and (P2)  But the reverse is false in general For 

each partial metric 𝛲 on the set M, the 

function 𝑑𝛲: 𝑀2 → ℜ+is defined by every 𝛲on 

set M 𝑇0 −generates a Topology 𝜏(𝛲)on set M 

whose base is the collection of open 𝛲 − 

ball{𝐵𝛲(𝜇, 𝑟), 𝜇 ∈ 𝑀, 𝑟 > 0}, where 

𝐵𝛲(𝜇, 𝑟) = {𝜂 ∈ 𝑀: P(μ, η) < P(μ, μ) + 𝑟}, For all 

𝜇 ∈ 𝑀and𝑟 > 0. 

Remark 2 1 If 𝛲is (P.M.S).on M, then the 

functions 𝑑𝛲, 𝑑𝜔: 𝑀2 → ℜ+  given by  

𝑑𝛲(μ, η) = 2P(μ, η) − P(μ, μ) − P(η, η)       

𝑑𝜔(μ, η) = P(μ, η) − min {P(μ, μ), P(η, η)}                                                                                                                                                              

are ordinary metrics on M. note that  𝑑𝛲  , 𝑑𝜔 are 

equivalent on M. 

Definition2 1  

          Let (M, P)be a (P.M.S) then 

1- A sequence {𝑟𝑛}in(M, P) converges to a point 

𝑟 ∈ 𝑀 if and only if lim
𝑛→∞

𝛲(𝑟𝑛 , 𝑟) = 𝛲(𝑟, 𝑟) 

2- A sequence {𝑟𝑛}in a P.M.S (M, P)is called a 

Cauchy if and only if lim
𝑚,𝑛→∞

𝛲(𝑟𝑚 , 𝑟𝑛)exists 

(and is finite). 

3- If every Cauchy sequence{𝑟𝑛} in 𝑀 converges, 

(with respect to the topology 𝜏(𝛲)), to a 
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member 𝑟 ∈ 𝑀 ∋ lim
𝑛,𝑚→∞

𝛲(𝑟𝑛 , 𝑟𝑚) = 𝛲(𝑟, 𝑟) 

then(M, P)is complete. 

Lemma 1 1  

Let(M, P) be any P.M.S. Then 

1. A sequence {𝑟𝑛}is Cauchy in a P.M.S ⇔
{𝑟𝑛} is a Cauchy in a metric space(M,  𝑑𝛲), 

2. A P.M.S (M, P)is complete⇔ (M,  𝑑𝛲) is 

complete. In addition to that  

lim
𝑛→∞

 𝑑𝛲(𝑟𝑛 , 𝑟) = 0 ⇔ 𝛲(𝑟, 𝑟) = 

lim
𝑛→∞

𝛲(𝑟𝑛 , 𝑟) = lim
𝑛,𝑚→∞

𝛲(𝑟𝑛 , 𝑟𝑚). 

Definition 3  7  A weak partial metric space (for 

short W.P.M.S) on a nonempty set  𝑀 is a function 

ρ: M2 → ℜ2 satisfying the following axioms for all 

μ, η, τ ∈ M: 

 (W𝜌1) μ = η ⟺ ρ(μ, μ) = ρ(μ, η) = ρ(η, η) ( 0T -

separation), 

 (W𝜌2) ρ(μ, η) = ρ(η, μ) (symmetry) 

 (W𝜌3) ρ(μ, μ) ≤ ρ(μ, τ) + ρ(τ, η) − 𝜌(𝜏, 𝜏) 

(modified triangular inequality). 

 Also, Heckmann7 showed that if ρ is a(W.P.M.S) 

on 𝑀,∀ μ, η, τ ∈ M then the following property is 

satisfied: 

 ρ(μ, η) ≥
ρ(μ,μ)+ρ(η,η)

2
 ∀ μ, η, τ ∈ M 

It is clear that (P.M.S) implies (WPMS), but the 

reverse is not true in general 7. 

Example 1 8 Let 𝑀 = [0, ∞) and ρ(μ, η) =
(μ+η)

2
 , 

then (M, ρ) is a W.P.M.S) space and is not a 

(P.M.S).  

Lemma 2 8 Let (M, ρ) be a (W.P.M.S). Then 

(a) A sequence {𝑟𝑛}  is Cauchy sequence in 

(W.P.M.S). ⇔ {𝑟𝑛}is a Cauchy in(M,  𝑑𝜔). 

(b) A (W.P.M.S) is complete ⇔ (M,  𝑑𝜔)is 

complete. In addition to that          

    lim
𝑛→∞

 𝑑𝜔(𝑟𝑛 , 𝑟) = 0 ⇔ ρ(𝑟, 𝑟) = 

lim
𝑛→∞

ρ(𝑟𝑛 , 𝑟) = lim
𝑛,𝑚→∞

ρ(𝑟𝑛 , 𝑟𝑚). 

Remark 3 Note that(M,  𝑑𝜔) is a standard(M, 𝑆). 

Definition 4 12 The mappings𝛼and 𝛽: 𝑀 →
𝑀on(M, ρ) are called commuting maps if∀𝑣 ∈
𝑀, 𝛼𝛽𝑣 = 𝛽𝛼𝑣. 

Definition 5 16 Let 𝛼 and 𝛽: 𝑀 → 𝑀on be mappings 

on (M, ρ) if u= 𝛼𝑣 = 𝛽𝑣 for some 𝑣 ∈ 𝑀, then𝑣 is 

referred to as a coincidence point and 𝑢is referred as 

a point of coincidence. The pair( 𝛼,𝛽)is weakly 

compatible (W.C)  if 𝛼𝛽𝑣 = 𝛽𝛼𝑣 

Remark 4 17 It is remarked to point out that the 

definition provided above is taken from the 

definition in standard metric space (M, d). 

Definition 6 5 The mappings 𝛼and 𝛽: 𝑀 → 𝑀on 

(M, ρ) are called  𝑤𝑒𝑎𝑘∗ compatible (𝑤∗, 𝑐)If they 

commute at one of their coincidence points that is if 

∃𝑣 ∈ 𝑀 𝛼𝑣 = 𝛽𝑣 then 𝛼𝛽𝑣 = 𝛽𝛼𝑣. 

The following example shows that 𝑤𝑒𝑎𝑘∗ 

compatible maps are more general than weakly 

compatible maps. 

 Example 2 let 𝜶𝝁 =
𝝁𝟑

𝟒
 and 𝛽𝜇 = 𝜇4 for𝜇 ∈ [0,

1

4
]. 

Then 𝛼 and 𝛽 have two coincidence points 0 and 
1

4
. 

Clearly, they commute at 0 but not at  
1

4
 . 

Definition 7 11 A continuous non-decreasing 

function 𝜓: ℜ+ → ℜ+with(𝜏) = 0 ⇔ 𝜏 = 0,and 

𝜑: ℜ+ → ℜ+ be a lower semi-continuous with 

            𝜑(𝑡) > 0∀𝑡 > 0 

 

Main Result: 
Theorem 1: Suppose that (𝑀, 𝜌) are a complete 

(WPMS), and 𝛼, 𝛽: 𝑀 → 𝑀are mappings such 

 𝛼𝑀 ⊆ 𝛽𝑀,  

𝜓(𝜌(𝛼𝜇, 𝛼𝜂)) ≤ 𝜓(𝑀𝜌(𝜇, 𝜂) − 𝜑 (𝑀𝜌(𝜇, 𝜂)),         

1 

∀𝜇, 𝜂 ∈ 𝑀and. Where 

𝑀𝜌(𝜇, 𝜂)

= max{𝜌(𝛽𝜇, 𝛽𝜂), 𝜌(𝛽𝜇, 𝛼𝜇), 𝜌(𝛽𝜂, 𝛼𝜂), 1
2⁄ [𝜌(𝛽𝜇, 𝛼𝜂)

+ 𝜌(𝛽𝜂, 𝛼𝜇)]} 

Then 𝛼and  𝛽 possess a point of coincidence, 

further if 𝛼and 𝛽 are(𝑤∗, 𝑐). 

Then 𝛼 and  𝛽 possess a unique common fixed 

point. 

  

Proof: let 𝜉0construct the sequences {𝛼𝜉𝑛}and 

{𝜉𝑛} ⊆ 𝑀in the following manner. 

Since 𝛼𝑀 ⊆ 𝛽𝑀, choose 𝜉1 ∈ 𝑀 such that 𝛽𝜉1 =
𝛼𝜉0and𝛽𝜉2 = 𝛼𝜉1. Inductively,    

𝛽𝜉𝑛+1 = 𝛼𝜉𝑛∀𝑛 ≥ 0 is obtained. 

If 𝛼𝜉𝑛 = 𝛽𝜉𝑛+1for some 𝑛 ∈ 𝑁, then 𝛼𝜉𝑛 =
𝛼𝜉𝑛−1 = 𝛽𝜉𝑛, and 𝜉𝑛 ∈ 𝑀 is a coincidence point 

of 𝛼 and suppose that 𝛼𝜉𝑛 ≠ 𝛽𝜉𝑛+1 ∀𝑛 ≥ 0 

By using condition 1, this implies, 

𝜓(𝜌(𝛼𝜉𝑛, 𝛼𝜉𝑛−1)) ≤ 𝜓(𝑀𝜌(𝜉𝑛−1, 𝜉𝑛)) −

𝜑 (𝑀𝜌(𝜉𝑛−1, 𝜉𝑛))                                                 2                 

Where, 

𝑀𝜌(𝜉𝑛, 𝜉𝑛−1)

= max {𝜌(𝛽𝜉𝑛, 𝛽𝜉𝑛−1), 𝜌(𝛽𝜉𝑛, 𝛼𝜉𝑛), 𝜌(𝛽𝜉𝑛−1, 𝛼𝜉𝑛−1), 
1

2⁄ 𝜌(𝛽𝜉𝑛, 𝛼𝜉𝑛−1) + 𝜌(𝛽𝜉𝑛−1, 𝛼𝜉𝑛)}                      

= max {𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−2), 𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛), 𝜌(𝛼𝜉𝑛−2, 𝛼𝜉𝑛−1), 
1

2⁄ 𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−1) +   𝜌(𝛼𝜉𝑛−2, 𝛼𝜉𝑛)}                                          

  By (W𝜌3), it follows that,,   

     1 2⁄ 𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−1) + 𝜌(𝛼𝜉𝑛−2, 𝛼𝜉𝑛)} 

                            ≤ 1
2⁄ 𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−2) +

𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)} 

≤ max {𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−2) +  𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)}          

       𝑀𝜌(𝜉𝑛−1, 𝜉𝑛) = max {𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−2) +

 𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)}                                              
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     If, 𝑀𝜌(𝜉𝑛−1, 𝜉𝑛) =  𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)then by 

inequality (2) implies,  

        𝜓(𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)) ≤ 𝜓𝜌(𝜉𝑛−1, 𝜉𝑛) −
𝜑𝜌(𝜉𝑛−1, 𝜉𝑛)              3                                                                   

since 𝜑(𝑡) > 0, ∀𝑡 > 0, and𝜓 is non-decreasing 

function. 𝜓(𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛) < 𝜓𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛), 
which is contradiction.to our assumption, 

Hence,𝑀𝜌(𝜉𝑛−1, 𝜉𝑛) = 𝜌(𝛼𝜉𝑛−2, 𝛼𝜉𝑛−1)  and by 

use of inequality 2  it yields                                                            

𝜓(𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)) ≤ 𝜓𝜌(𝜉𝑛−2, 𝜉𝑛−1) −
𝜑𝜌(𝜉𝑛−2, 𝜉𝑛−1)                                                       4                                                                                                                                                         

Since 𝜑(𝑡) > 0, ∀𝑡 > 0and𝜓 is non-decreasing 

function, this implies         

𝜓(𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)) ≤ 𝜓𝜌(𝛼𝜉𝑛−2, 𝛼𝜉𝑛−1). 

Therefore, {𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛)} is a decreasing 

sequence. 

Thus, there exists 𝛿 ≥ 0such that, 

       lim
𝑛→∞

𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛) = 𝛿                                  5                                                                                                                                                         

Now to show that𝛿 = 0.Suppose 𝛿 > 0 Then, 

making the limit of supremum in 𝑛 → ∞in the 

inequality 4, 𝜓(𝛿) ≤ 𝜓(𝛿) − 𝜑(𝛿) < 𝜓(𝛿)is 

obtained 

Which is a contradiction to our assumption 

since 𝜑(𝛿) > 0.Therefore 𝛿 = 0 and so 

      lim
𝑛→∞

𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛) = 0                                                 

6 

By weak small self-distance property  

𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛) ≥ 1
2⁄ [𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−1)

+ 𝜌(𝛼𝜉𝑛, 𝛼𝜉𝑛)] = 0 

                            𝜌(𝛼𝜉𝑛−1, 𝛼𝜉𝑛−1) +
𝜌(𝛼𝜉𝑛, 𝛼𝜉𝑛) = 0                                                               
7 

Now it can be concluded that {𝛼𝜉𝑛} is a Cauchy 

sequence in(𝑀, 𝑑𝜔). Let us assume otherwise. Then 

∃𝜀 > 0, ∋  for each positive integer 𝑗∃𝑛(𝑗)and 

𝑚(𝑗)such that 𝑗 < 𝑚(𝑗) < 𝑛(𝑗)and 

𝑑𝜔(𝛼𝜉𝑛𝑗, 𝛼𝜉𝑚𝑗) ≥ 𝜀                                               8                                                                                                                                                                                                                                                                

Pick out 𝑛𝑗 in such a way that it is the smallest 

integer with 𝑛𝑗 > 𝑚𝑗 satisfying inequality (8). 

Hence, 

 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗−1) < 𝜀                                           9                                                                                                  

Now by using the inequalities (8),( 9) and the 

triangular inequality of 𝑑𝜔 

 𝜀 ≤ 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗) 

  ≤ 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗−1) +

𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗) 

  ≤ 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑛𝑗) +

2𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗)     

  ≤ 2 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑚𝑗) +

𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗) + 2𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗)   

  ≤ 3 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑛𝑗−1) +

𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗) + 2𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗)   

 ≤ 3 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑛𝑗−1) +

3𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗)   

≤ 3 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑚𝑗)

+ 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗−1)

+ 3𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗) 

  = 4 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑚𝑗−1) +

3𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗)  

  < 4 𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) + 𝜀 + 3𝑑𝜔(𝛼𝜉𝑛𝑗−1, 𝛼𝜉𝑛𝑗)   

Letting 𝑗 → ∞  yields  

             Lim
𝑗→∞

𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗) =

lim
𝑗→∞

𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑛𝑗−1) 

                                           = Lim
𝑗→∞

𝑑𝜔(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑛𝑗) 

                                           = lim
𝑗→∞

𝑑𝜔(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗−1) 

                                          = 𝜀 

Since 𝑑𝜔(𝜇, 𝜂) = 𝛲(𝜇, 𝜂) −
min {Ρ(𝜇, 𝜇), 𝛲(𝜂, 𝜂)}for all 𝜇, 𝜂 ∈ 𝑀, 
then by using inequality (7), Lim

𝑛→∞
𝜌(𝛼𝜉𝑛, 𝛼𝜉𝑛) =

0 it concludes that  

                  Lim
𝑗→∞

𝜌(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗) = 

Lim
𝑗→∞

𝜌(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑛𝑗−1)                                                   

10 

                                                   =
Lim
𝑗→∞

𝜌(𝛼𝜉𝑚𝑗+1, 𝛼𝜉𝑛𝑗)                               

                                                   =
Lim
𝑗→∞

𝜌(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗−1)    

Now by using condition (1) to element 𝜇 = 𝜉𝑚𝑗and 

𝜂 = 𝜉𝑛𝑗 

 𝜓(𝜌(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗)) ≤ 𝜓(𝑀𝜌(𝜉𝑚𝑗, 𝜉𝑛𝑗)) −

𝜑 (𝑀𝜌(𝜉𝑚𝑗, 𝜉𝑛𝑗))          

𝑀𝜌(𝜉𝑚𝑗, 𝜉𝑛𝑗)

= max {𝜌(𝛽𝜉𝑚𝑗, 𝛽𝜉𝑛𝑗), 𝜌(𝛽𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗), 𝜌(𝛽𝜉𝑛𝑗, 𝛼𝜉𝑛𝑗), 
1

2⁄ 𝜌(𝛽𝜉𝑚𝑗, 𝛼𝜉𝑛𝑗) + 𝜌(𝛽𝜉𝑛𝑗, 𝛼𝜉𝑚𝑗)} 

 

 

Letting 𝑗 → ∞ and by the property of 𝜓and 𝜑 in the 

above inequality,  

𝜓(𝜀) = 𝜓 max{𝜀, 0,0, 𝜀} − 𝜑max {𝜀, 0,0, 𝜀} 

Hence from condition (1) and (10)𝜓(𝜀) ≤ 𝜓(𝜀) −
𝜑(𝜀) < 𝜓(𝜀), a contradiction to our assumption 𝜀 >
0 

Thus {𝛼𝜉𝑛} is a Cauchy sequence in(𝑀, 𝑑𝜔).then 

Lim
𝑛,𝑚→∞

𝑑𝜔(𝛼𝜉𝑛, 𝛼𝜉𝑚) =

0 and Lim
𝑛,𝑚→∞

𝑑𝜔𝜌(𝛼𝜉𝑛, 𝛼𝜉𝑚), by completeness of 

(𝑀, 𝜌) and lemma 1 (the sequence{𝛼𝜉𝑛}  converges 

in  (𝑀, 𝑑𝜔), thus ∃𝑢 ∈ 𝑀 such 

thatLim
𝑛→∞

𝑑𝜔𝜌(𝛼𝜉𝑛, 𝑢) = 0,  and then  
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 𝜌(𝑢, 𝑢)  = Lim
𝑛→∞

𝜌(𝛼𝜉𝑛, 𝑢)    =

Lim
𝑛,𝑚→∞

𝜌(𝛼𝜉𝑛, 𝛼𝜉𝑚) = 0                                                    

11                                                                                                   

Also, the subsequences{𝛼𝜉𝑛𝑗}  and {𝛼𝜉𝑚𝑗}  are 

convergent to 𝑢,∃𝜔 ∈ 𝑀 ∋ 𝑢 = 𝛼𝜔  

Now to show that 𝛽𝜔 = 𝛼𝜔 = 𝑢,  
𝜌(𝛽𝜔, 𝛼𝜔) ≤ 𝜌(𝛽𝜔, 𝛼𝜉𝑛+1) + 𝜌(𝛼𝜉𝑛+1, 𝛼𝜔)

− 𝜌(𝛼𝜉𝑛+1, 𝛼𝜉𝑛+1) 

                          ≤ 𝜌(𝛽𝜔, 𝛼𝜉𝑛+1) + 𝜌(𝛼𝜉𝑛+1, 𝛼𝜔) 

𝜓(𝜌(𝛼𝜉𝑚𝑗+1, 𝛼𝜔))

≤ 𝜓(𝑀𝜌(𝜉𝑚𝑗+1, 𝜔))

− 𝜑 (𝑀𝜌(𝜉𝑚𝑗+1, 𝜔)) 

Where,   

𝑀𝜌(𝜉𝑚𝑗+1, 𝜔)

= max {𝜌(𝛽𝜉𝑚𝑗, 𝛽𝜔), 𝜌(𝛽𝜉𝑚𝑗+1, 𝛼𝜉𝑚𝑗+1), 

𝜌(𝛽𝜔, 𝛼𝜔), 1
2⁄ 𝜌(𝛽𝜉𝑚𝑗+1, 𝛼𝜔) + 𝜌(𝛽𝜔, 𝛼𝜉𝑚𝑗+1)} 

      = max {𝜌(𝛼𝜉𝑚𝑗, 𝛽𝜔), 𝜌(𝛽𝜔, 𝛼𝜔), 

𝜌(𝛼𝜉𝑚𝑗, 𝛼𝜉𝑚𝑗+1) 1
2⁄ 𝜌(𝛼𝜉𝑚𝑗 , 𝛽𝜔) +

 𝜌(𝛼𝜔, 𝛼𝜉𝑚𝑗+1)    

Letting 𝑗 → ∞ it can be concluded that, 

        𝑀𝜌(𝜉𝑚𝑗+1, 𝜔) = max { 𝜌(𝛽𝜔, 𝛼𝜔), 𝜌(𝑢, 𝑢)} 

                                                        𝜌(𝛽𝜔, 𝛼𝜔) 

Therefore, as 𝑗 → ∞  condition (1) reduce to  

  𝜓(𝜌(𝛼𝜉𝑚𝑗+1, 𝜔)) = 𝜓(𝜌(𝛽𝜔, 𝛼𝜔)) 

≤ 𝜓(𝜌(𝛽𝜔, 𝛼𝜔)) − 𝜑(𝜌(𝛽𝜔, 𝛼𝜔)) 

  𝜓(𝜌(𝛽𝜔, 𝛼𝜔)) < 𝜑(𝜌(𝛽𝜔, 𝛼𝜔)) 

  since 𝜑(𝑡) > 0if 𝑡 > 0, and𝜓is non- increasing 

this implies, 

      (𝜌(𝛽𝜔, 𝛼𝜔)) < (𝜌(𝛽𝜔, 𝛼𝜔)) 

So  (𝜌(𝛽𝜔, 𝛼𝜔)) = 0 ⇒ 𝛼𝜔 = 𝛽𝜔 

Thus, it follows that 𝛼𝜔 = 𝛽𝜔 = 𝑢, 𝑢 is a point of 

coincidence. If the mapping  𝛼and  𝛽are 𝑤𝑒𝑎𝑘∗ 

compatible , then 𝛽(𝛼𝜔) = 𝛼(𝛽𝜔) = 𝑢 since, thus  

𝛽𝑢 = 𝛼𝑢 = 𝑢, i.e. 𝑢is a common fixed point of 𝛼 

and 𝛽 , the uniqueness of  common fixed point of 𝛼 

and  𝛽, follows from condition 1 . If not assume 

that∃ another fixed point 𝜛 ∋ 𝛽𝑢 = 𝛼𝑢 = 𝑢 

and 𝛽𝜛 = 𝛼𝜛 = 𝜛. 

 Then,  

𝜓(𝜌(𝑢, 𝜛)) = 𝜓 (𝑀𝜌(𝛼𝑢, 𝛼𝜛))

≤ 𝜓(𝑀𝜌(𝑢, 𝜛)) − 𝜑(𝑀𝜌𝑢, 𝜛) 

Where,  
𝑀𝜌(𝑢, 𝜛)

= max {𝜌(𝛽𝑢, 𝛽𝜛), 𝜌(𝛽𝑢, 𝛼𝑢), 𝜌(𝛽𝜛, 𝛼𝜛), 
1

2⁄ [𝜌(𝛽𝑢, 𝛼𝜛) + 𝜌(𝛽𝜛, 𝛼𝑢)]} 

                          =

max {𝜌(𝑢, 𝜛), 0,0, 1
2⁄ [𝜌(𝑢, 𝜛) + 𝜌(𝜛, 𝑢)]} 

So,  

𝜓(𝜌(𝑢, 𝜛)) = 𝜓(𝜌(𝛼𝑢, 𝛼𝜛))

≤ 𝜓(𝜌(𝑢, 𝜛)) − 𝜑(𝜌(𝑢, 𝜛))
< 𝜓(𝜌(𝑢, 𝜛)). 

This implies 𝑢 = 𝜛. 
  

Corollary 1 Let (𝑀, 𝜌) be a (C. WPMS). Assume 

that 𝛼, 𝛽: 𝑀 → 𝑀 are mappings ∋ 𝜓(𝜌(𝛼𝜇, 𝛼𝜂)) ≤

𝜃max {𝜌(𝜇, 𝜂), 𝜌(𝜇, 𝛼𝜇), 𝜌(𝜂, 𝛽𝜂),
1

2
[𝜌(𝜇, 𝛽𝜂) +

𝜌(𝜂, 𝛼𝜇)]}                  12                                                

For all 𝜇, 𝜂 ∈ 𝑀and. Where, 𝜃: ℜ+ → ℜ+is 

continuous and 𝛼(𝜏) < 𝜏 ∀𝜏 > 0 

Then 𝛼 and 𝛽 have a point of coincidence, if 

moreover 𝛼 and 𝛽 are 𝑤𝑒𝑎𝑘∗  compatible. 

Then 𝛼 and 𝛽 possess common fixed point.  

Proof: Take 𝜓(𝜏) = 𝜏and 𝜑(𝑡) = 𝑡 − 𝜃(𝑡). Then 

by Theorem 1, implies the condition 12.  

Corollary 2 Let (𝑀, 𝜌) be a (C. WPMS). Suppose 

that 𝛼: 𝑀 → 𝑀 be a mapping such that  

𝜓(𝜌(𝛼𝜇, 𝛼𝜂)) ≤ 𝜓(𝑀𝜌(𝜇, 𝜂) − 𝜑 (𝑀𝜌(𝜇, 𝜂)),                                                             

13 

For all 𝜇, 𝜂 ∈ 𝑀,, where 

𝑀𝜌(𝜇, 𝜂)

= max {𝜌(𝜇, 𝜂), 𝜌(𝜇, 𝛼𝜇), 𝜌(𝜂, 𝛼𝜂), 1
2⁄ [𝜌(𝜇, 𝛼𝜂)

+ 𝜌(𝜂, 𝛼𝜇)]} 
 

Where 𝜓and 𝜑are altering distance function and. 

Then 𝛼has a unique fixed point. 

Proof: Take 𝛼 = 𝛽. Then by Theorem 1, implies 

the condition 13 . 𝛼possess a unique fixed point. 

Corollary 3 Let (𝑀, 𝜌)   be a (C. WPMS). Suppose 

that 𝛼: 𝑀 → 𝑀 be a map ∋ 

  𝜌(𝛼𝜇, 𝛼𝜂) ≤ 𝛿[(𝜇, 𝜂) + 𝜌(𝜇, 𝛼𝜇) + 𝜌(𝜂, 𝛼𝜂)]     
14 

For all 𝜇, 𝜂 ∈ 𝑀,  0 ≤ 𝛿 ≤
1  

3
  then 𝛼 possess a 

unique F.P. 

Proof: Take 𝜓(𝜏) = 𝜏, 𝜑(𝑡) = (1 − 3𝛿)𝑡 and 𝛼 =
𝛽 Then by Theorem 1, 𝛼 possess a unique F.P.  

Corollary 4   Let (𝑀, 𝜌)  be a (C. WPMS). 

Suppose that 𝛼: 𝑀 → 𝑀 be a mapping such that  

  𝜌(𝛼𝜇, 𝛼𝜂) ≤ 𝑘[(𝜇, 𝜂), 𝜌(𝜇, 𝛼𝜇), 𝜌(𝜂, 𝛼𝜂)],                                                                                 
15 

For all 𝜇, 𝜂 ∈ 𝑀, 𝑘 ∈ [0,1) , then 𝛼 possess a unique 

fixed point. 

Proof: Take 𝜓(𝜏) = 𝜏, 𝜑(𝑡) = (1 − 𝑘)𝑡 for 𝑘 ∈
[0,1)  and 𝛼 = 𝛽, then by theorem 1, 𝛼 possess a 

unique F.P. 

An example is given to illustrate our main result. 

Example 3 let 𝑀 = [0,1] and𝜌: 𝑀2 →

ℜ+, 𝜌(𝑟, 𝑠) = 1
2⁄ (𝑟 + 𝑠), then(𝑀, 𝜌) is a WPMS. 

Then,  𝑑𝜔(𝜇, 𝜂) = 1
2⁄ |𝜇 − 𝜂|. Therefore,(𝑀, 𝑑𝜔) 

is a complete. By lemma 2(𝑀, 𝜌)  is a (C. WPMS). 
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Define 𝛼 and 𝛽: 𝑀 → 𝑀 such that 𝛼𝜇 =
𝜇

3⁄  

and𝛽𝜇 = 𝜇. Let𝜓(𝑡) = 𝑡,  𝜑(𝑡) = 2
3𝑡⁄ . Then for 

all 𝜇, 𝜂 ∈ 𝑀, it yields,  

𝜓𝜌(𝛼𝜇, 𝛼𝜂) = 𝜓𝜌(
𝜇

3⁄ ,
𝜂

3⁄ )

= 𝜓 (1
2⁄ (

(𝜇 + 𝜂
3⁄ ))

= 1
3⁄ 𝜌(𝜇, 𝜂) 

                                            

≤ 𝜌(𝜇, 𝜂) − 2
3⁄ 𝜌(𝜇, 𝜂)

= 𝜓(𝑀𝜌(𝜇, 𝜂) − 𝜑(𝑀𝜌(𝜇, 𝜂))

= 1
3⁄ 𝜌(𝜇, 𝜂) 

𝑀𝜌(𝜇, 𝜂)

= max {
𝜌(𝛽𝜇, 𝛽𝜂), 𝜌(𝛽𝜇, 𝛼𝜇), 𝜌(𝛽𝜂, 𝛼𝜂),

1
2⁄ [𝜌(𝛽𝜇, 𝛼𝜂) + 𝜌(𝛽𝜂, 𝛼𝜇)]

} 

                             

                 = max {
𝜌(𝜇, 𝜂), 𝜌(𝜇,

𝜇
3⁄ ), 𝜌(𝜂,

𝜂
3⁄ ),

1
2⁄ [𝜌(𝜇,

𝜂
3⁄ ) + 𝜌(𝜂,

𝜇
3⁄ )]

} 

 

                 = max {
(𝜇 + 𝜂)

2
,
2𝜇

3
,
2𝜂

3
,
(𝜇 + 𝜂)

3
}

=
(𝜇 + 𝜂)

2
= 𝜌(𝜇, 𝜂) 

 

Therefore, all conditions of Theorem 1 are 

satisfied. Since 𝛼0 = 𝛽0, and 𝛼, 𝛽 are 

𝑤𝑒𝑎𝑘∗ compatible then 𝛼 and 𝛽 possess a unique 

common F.P 𝛼0 = 𝛽0 = 0.  

It can be remarked that 𝛼 and 𝛽 are single valued 

maps and for multivalued maps see 18. 

 

Conclusions: 
 In this paper, the theorems of coincidence 

and fixed point for two maps satisfying a 

generalized contractive condition 1 in a weak 

partial metric space are proven as a generalized of 

partial metric space and the standard metric space 

in the sense that the self-distance of any point need 

not equal to zero.  
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 حول مبرهنات النقطة الصامدة في الفضاءات المترية الجزئية الضعيفة 
 

آيات طالب هاشم     امل محمد هاشم طعمة                       
 

العراق.، البصرة، جامعة البصرة، كلية العلوم، قسم الرياضيات  

  

:الخلاصة  

  الصامدة للدوال التي تحقق الشرطالهدف الرئيسي لهذا البحث هو استعراض ودراسة بعض النقاط      فيي الضاياتات الرتريية

ا الجزئية الاعيضة وتم إعطات بعض التعريرات الجديدة لربرهنات النقطة الصامدة لكل مي  مياويوو وهيكرياا. اا اهيم النتيائي التيي عصيلنا عليهي

ئي الاعيف كرا اعطينا هي توسيع وتوعيد العديد م  النتائي في مبرهنات النقطة الصامدة وتعريم بعض النتائي الحديثة في الضاات الرتري الجز

 مثال لتوضيح نتائجنا. 

 
 النقطة الصامدة، الرتري الجزئي الاعيف, التوافق الاعيف.، النقاط الرتطابقة. الرتري الجزئيالكلمات المفتاحية: 

 


