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Abstract:

The main objective of this work is to introduce and investigate fixed point (F. p) theorems for maps
that satisfy contractive conditions (y — ¢)in weak partial metric spaces (W.P.M.S), and give some new
generalization of the fixed point theorems of Mathews and Heckmann. Our results extend, and unify a
multitude of (F. p) theorems and generalize some results in (W.P.M.S). An example is given as an
illustration of our results.
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Introduction:

A partial metric space (P.M.S.)) is a for ally,m, T € M.Then (M, P)is said to be a partial
generalization of standard metric space developed metric space (for short P.M.S).
by Matthews! in 1994 as an extension of standard
metric space (M.S), in which self-distance might Remark 1 ! Clearly P(u,n) = 0 = u = n by using
not be equal to zero. The notion of (P.M.S) plays an (P;) and (P,) But the reverse is false in general For
important part in the theory of computation. each partial metricPon the setM, the
Numerous articles have been published on fixed function dP:M2 - R*is defined by every Pon
points for maps satisfying some contractive setM T, —generates a Topology t(P)on setM
conditions in (P.M.S)* ®, and also for generalizing  whose base is the collection of open P —
contractions®. In 1999, Heckmann’developed the ball{Bp (i, 7), u € M,r > 0}, where

notion of (W.P.M.S). which is a generalization of B, (4, r) = {5 € M:P(u,n) < P(u, ) + r}, For all
(P.M.S.) by omitting the small self-distance axiom. 1 € Mandr > 0.

Some results for mappings in (W.P.M.S) have been Remark 2 ! If Pis (P.M.S).onM, then the
obtained **, also many authors proved fixed point  fynctions dp, d,,: M2 » R* given by

(F.P) results for maps satisfying implicit relations™ 5\, 1y = 2P(i,1) — P(u, 1) — P(n, )

% The main purpose of this paper is to study fixed 5,/ 1y = P(u,1) — min{P(y, 1), P(n, )}

poin_t under_(qJ — ) contractive conditions in weak ;.o ordinary metrics on M. note that dp ,d,, are
partial metric space (W.P.M.S). equivalent on M.

N Definition2 *
Preliminaries _ _ Let (M, P)be a (P.M.S) then
Definition 1 *: A (P.M.) on_M @, s a funct!on 1- A sequence {r, }in(M, P) converges to a point
P:_M2 - R? = [0,0) 3 satisfying the following r € M ifand only if lim P(r,,,r) = P(r,7)
axioms, n-oo

(P) p=1n PG =P@n) =PMm,m) (Ty - 2- A sequence {ru}in a P_.M.S (M, P)is calle(_j a
separation axiom) Cauchy if and only |fm1}lr£100P(rm,rn)eX|sts
(P,) P(u, ) < P(w,Mm), (non-negatively and small (and is finite).

self—distance) 3- If every Cauchy sequence{r,} in M converges,
(P;) P(u,m) = P(n, W, (symmetry) (with respect to the topology t(P)), to a

(Py) P(wm) < P(1) + P(T,n) — P(1, 1),
(triangular inequality)
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member reM 3 lim P(n,,n,) = P(r,1)
n,m-oo

then(M, P)is complete.
Lemma 1!l

Let(M, P) be any P.M.S. Then

1. A sequence {n,}is Cauchy in a PMS &

{r.} is a Cauchy in a metric space(M, dp),
A P.M.S (M,P)is complete (M, dp) is
complete. In addition to that
711_{1;10 dp(r,,r) =0 P(r,r) =
lim P(r,,,v) = lim P(r,, 1)
n—oo n,m—co
Definition 3 ' A weak partial metric space (for
short W.P.M.S) on a nonempty set M is a function
p: M? — R? satisfying the following axioms for all
w1, T E M:

Wpy) n=neplp =pn) =pmn) (Ty-
separation),

(Wp2) p(r,n) = p(n, p) (symmetry)

(Wp3) p( ) < p(w, o) + p(t,m) —p(7,7)
(modified triangular inequality).

Also, Heckmann’ showed that if p is a(W.P.M.S)
on M,V u,n,t €M then the following property is
satisfied:

p(p,m) = wv WM, TEM

It is clear that (P.M.S) implies (WPMS), but the
reverse is not true in general 7.
Example 18 Let M = [0, ) and p(u,1n) = @ :
then (M,p) is a W.P.M.S) space and is not a
(P.M.S).
Lemma 2 8 Let (M, p) be a (W.P.M.S). Then
(@) A sequence {r,} is Cauchy sequence in
(W.P.M.S). & {r,}isa Cauchy in(M, d,).
(b) A (W.P.M.S) is complete < (M, d,)is
complete. In addition to that
lim d,(r,,7) =0 < p(r,r) =

lim p(r,,7) = lim p(1,,1)-

n—oo n,m-oo
Remark 3 Note that(M, d,,) is a standard(M, S).
Definition 4 2 The mappingsaand p:M —
Mon(M, p) are called commuting maps ifvv e
M, afv = Bav.
Definition 5 ° Let & and 8: M — Mon be mappings
on (M, p) if u= av = Bv for some v € M, thenv is
referred to as a coincidence point and uis referred as
a point of coincidence. The pair( «,f)is weakly
compatible (W.C) if afv = fav
Remark 4 7 It is remarked to point out that the
definition provided above is taken from the
definition in standard metric space (M, d).
Definition 6 °> The mappings aand f:M — Mon
(M, p) are called weak* compatible (w*, c)If they
commute at one of their coincidence points that is if
dv € M av = Bv then afv = Bav.

2.
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The following example shows that weak”
compatible maps are more general than weakly
compatible maps.

3
Example 2 let au = ”T and Bu = u* foru € [0, %].
Then a and B have two coincidence points 0 and %.

Clearly, they commute at 0 but not at % :
Definition 7 ' A continuous non-decreasing
function : R* - R*with(t) =0 < 7= 0,and
@: Rt —> R* be a lower semi-continuous with
p(t) >0Vt >0

Main Result:

Theorem 1: Suppose that (M, p) are a complete
(WPMS), and a, 8: M — Mare mappings such

aM < BM,

(o (am, am) < p(M, (1) — @ (My(wm)),

1
Yu,n € Mand. Where

M, (wm)

= max{p(Bu, Bn), p(Bu, aw), p(Bn, em), 1/ [p(Bu, am)

+ p(Bn, a1}

Then aand B possess a point of coincidence,
further if aand g are(w”, ¢).

Thenaand B possess a unique common fixed
point.

Proof: let &,construct the sequences {a¢,}and
{&,.} € Min the following manner.

Since aM < BM, choose & € M such that B¢, =
aéy,andBé, = aé&;. Inductively,

Béni1 = aé,Vn = 0is obtained.

If a&, =p&1for someneN, thenaé,
aé,_1 = B&,, and &, € M is a coincidence point
of @ and suppose that aé,, # &, Vn =0

By using condition 1, this implies,

l/](p(afn' afn—l)) =< ll](Mp (En—llfn)) -

% (Mp (‘fn—l' ‘fn))
Where,

My (& én-1)

= max{p(ﬁfn' Bfn—l)’ p(ﬁgnt afn): p(ﬁfn—l: agn—l),
1 p(BE an—r) + p(BEn—1, @n)}

= max{p(a,_1, @én_2), p(aén_1, @&pn), p(@ép_2, aépn_1),

o p(@dn aén1) + plaénz aéy)}
By (Wps3), it follows that,,
1/2 p(afn—l' afn—l) + P((lfn—zl afn)}
= 1/2 p(agn-1, aén_2) +
p(asn-1,aéyn)}
< max{p(afn—lr afn—z) + p(agn—lra'fn)}
M, (§n-1,§n) = max{p(adp_1, @épn_2) +
p(afn—lr afn)}
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|f, Mp(fn—l' fn) = p(agn—l: a’fn)then by
inequality (2) implies,
Y(p(aén-1,an)) < Yp(§n-1,$n) —
(pp(fn—lv En) 3

since ¢ (t) > 0,vt > 0, andy is non-decreasing
function. Y (p(adn-1, asn) < Pp(adn-1,asy),
which is contradiction.to our assumption,
Hence,M,, ($n-1,§n) = p(aén_z, @éy—1) and by
use of inequality 2 it yields

lp(p(afn—l' agn)) < lpp(fn—ZvEn—l) -

<Pp(fn—2: En—l)
Since ¢(t) > 0,Vt > Oandy

function, this implies

lp(p(afn—l' agn)) < Ebp(afn—z, a’fn—l)-

4

is  non-decreasing

Therefore, {p(aé,_1,aé,)} IS a decreasing
sequence.
Thus, there exists § = 0such that,

5

rlll_l;go plasn_1,a8y) =6
Now to show that§ = 0.Suppose§ > 0 Then,
making the limit of supremum in n — ooin the

inequality 4,9(8) <Y(6) — p(6) < Y(6)is
obtained
Which is a contradiction to our assumption

since ¢ (8) > 0.Therefore § = 0 and so
Tlll_r};lo p(as,—1,ay) =0
6
By weak small self-distance property
p(aéy_1,a&y) = 1/5 [p(a&n_y, aén_s)
+ p(afn: afn)] =0

p(aén_q,aény) +

p(aé,, a&y,) =0

7

Now it can be concluded that {a¢,}is a Cauchy
sequence in(M, d,,). Let us assume otherwise. Then
Je > 0,5 for each positive integer j3n(j)and
m(j)such that j < m(j) < n(j)and
do(aknj,aky;) =€ 8
Pick out njin such a way that it is the smallest
integer with nj > mj satisfying inequality (8).
Hence,

dw(a'fmj' afnj—l) <& 9
Now by using the inequalities (8),( 9) and the
triangular inequality of d,

€< dw(afmj,afnj)

< dw(agmj' afmj+1) + dw(agmj: afnj—l) +
dw(afnj—l: afnj)

=< dw(agmj' afmj+1) + dw(agmj+1: afnj) +
Zdw(agnj—l'afnj)

<2 dw(afmj: a€mj+1) + dw(afmj+1: a‘fmj) +
dw(agmj' afnj) + Zdw (afnj—lr afnj)

<3 dw(afmj' afmj+1) + dw(afmj+1: afnj—l) +
dw(agnj—liafnj) + Zdw(a‘fnj—li afnj)
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<3 dw(a‘fmj: afmj+1) + dw(a’fmj+1ra’fnj—1) +
Bdw(a‘fnj—l’afnj)
<3 dw(a'fmj: a'fmj+1) + dw(afmj+1:a€mj)
+ dw(afmj:afnj—l)
+ Bdw(afnj—l'afnj)
=4 dw(afmjr afmj+1) + dw(“€mj+1: afmj—l) +
gdw(afnj—l'afnj)
<4 dw(a‘fmjr afmj+1) te+ 3dw(a§nj—1' afnj)
Letting j — oo yields
}'_l)rg dw(afmjra‘fnj) =

]11_)12) de (afmj+1’ a‘fnj—l)

= }ir(g dw (afmj+1' afnj)
:]h_)n; dw(afmj: a’fnj—l)
=&

Since do(wm) =Pun) —

min{P(u, ), P(n,m)}Horall u,n € M,

then by using inequality (7), ,];L‘Z’O p(aé&,, a&,) =

0 it concludes that

}ig}ﬂ(“fmj»afnj) =
}‘L% p(afmj+1' afnj—l)
10

}i% p(afmj+1' afnj)

JL_1)r£ p(aé&mj aénj-1)

Now by using condition (1) to element u = &, ;and

N =&y

Y(p(a&mj aén;)) < WMy(Emjiénj)) —

P (Mp(fmj'fnj))

Mp(fmj'fnj)

= max{p(BEnj, BEnj), P(BEmj» @&m; ), p(BEnjs a&nj),
Y/ 0(BEmj» aénj) + p(Bénjo b))

Letting j — oo and by the property of yand ¢ in the
above inequality,

Y(e) = Yy max{g, 0,0, e} — pmax{e, 0,0, £}
Hence from condition (1) and (10)y(¢) < Y(e) —
@(g) < YP(e), a contradiction to our assumption € >
0
Thus {aé,}is a Cauchy sequence in(M,d,).then
n]}‘rilllloo do(aén, aém) =
0and Lim d,p(aé,, aé,), by completeness of

n,m—-oo

(M, p) and lemma 1 (the sequence{aé,} converges
in M,d,), thus ueM such
thatLim d,p(a&,,u) = 0, and then

n—-oo
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puu) = Lim p(adp,u) =
Lim p(aé, aém) =0
n,m-oo
11
Also, the subsequences{a¢,;} and {a&n;} are
convergenttou,3w € M 3 u = aw
Now to show that fw = aw = u,
p(Bw,aw) < p(Bw, a8n41) + p(aniq, aw)
- p(a€n+1: afn+1)
< p(Bw, a$pi1) + p(aéniq, aw)
V(p(amjr1, aw))
< w(Mp(Emj+1' w))
- @ (Mp(fmj+1vw))
Where,
Mp(fmjﬂ'w)
= max{p(ﬁfmj:ﬁw):p(ﬁgmj+l'aé’mj+1):
p(Bw,aw), /o p(Bémjr1, aw) + p(Bw, aémj1)}
= max{p(afmj' ﬁ(,l)), p(ﬁw' aw),
p(@emj @mjr1) Y p(abmj, Bo) +
p(aw, aEmje1)
Letting j — oo it can be concluded that,
Mp(§mj+1, @) = max{ p(Bw, aw), p(u,w)}
p(fw,aw)
Therefore, as j — co condition (1) reduce to
P(p(aEmjs1, @) = P(p(Bw, aw))
< Y(p(Bw, aw)) — ¢(p(Bw, aw))
P(p(Bw, aw)) < p(p(Bw, aw))
since ¢(t) > 0ift > 0, andyis non- increasing
this implies,
(p(Bw, aw)) < (p(Bw, aw))
So (p(Bw,aw)) =0 = aw = fw
Thus, it follows that aw = fw = u, u is a point of
coincidence. If the mapping «and pare weak*
compatible , then f(aw) = a(Bw) = u since, thus
Bu = au = u, i.e. uis a common fixed point of a
and B , the uniqueness of common fixed point of
and g, follows from condition 1 . If not assume
that3 another fixed point w3 fu=au=1u
and fw = aw = @.
Then,

Y(p(u,@)) = (Mp(a'u, aar))

<YM,(u,@)) — <p(Mpu, w)
Where,
M,(u, @)
= max{p(Bu, fw), p(Bu, au), p(fw, aw),
1/, lo(Bu, aw) + p(fw, aw)]}

max{p(u, @), 0,0, 1/2 [p(u, @) + p(w,u)]}
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So,
¥(p(w, @) = ¥(p(a, aw))
<Y ®)) — e, ®))
<Y(pu,m)).

This implies u = @.

Corollary 1 Let (M, p) be a (C. WPMS). Assume
that @, 8: M — M are mappings 3 Y (p(au, an)) <
omax{p (., n), p(u, an), p(n, B, 5 [p(u, Br1) +
p(n, a)]} 12

For all wne€ Mand. Where,
continuous and a(t) < TVt >0
Then a and 8 have a point of coincidence, if
moreover a and B are weak™ compatible.

Then a and S possess common fixed point.

Proof: Take ¥(t) = tand ¢@(t) =t —6(t). Then
by Theorem 1, implies the condition 12.

Corollary 2 Let (M, p) be a (C. WPMS). Suppose
that a: M — M be a mapping such that

W(p(ap, an) < p(M, (1) — @ (My (1)),

13
Forall u,n € M,, where

M, (1)
= max{p(, 1), p(u, aps), p(n, an), 1/ [p(w, am)
+p(, ap)]}

0: Rt > Rtis

Where and ¢are altering distance function and.
Then ahas a unique fixed point.

Proof: Take a = . Then by Theorem 1, implies
the condition 13 . apossess a unique fixed point.
Corollary 3 Let (M,p) be a (C. WPMS). Suppose
that a: M — M be amap 3

12(04#, an) < 8[(wn) + p(u, ap) + p(n, an)]

For all yneM, 0 Sés% then a possess a

unique F.P.

Proof: Take ¥(t) =1,¢(t) = (1 —38)t and a =
B Then by Theorem 1, a possess a unique F.P.
Corollary 4 Let (M, p) bea (C. WPMS).
Suppose that a: M — M be a mapping such that
1;5)(041. an) < k[(u,m), p(u, a), p(n, an)l,

Forall u,n € M,k € [0,1) , then a possess a unique
fixed point.

Proof: Take ¥(t) =1,¢(t) =1 —k)t for k€
[0,1) and a = 8, then by theorem 1, « possess a
unique F.P.

An example is given to illustrate our main result.
Example 3 let M=[01] andp:M? -
R, p(r,s) = 1/2 (r +s), then(M, p) is a WPMS.

Then, d,(un) = 1/2 |u —n|. Therefore,(M,d,,)
is a complete. By lemma 2(M, p) is a (C. WPMS).
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Define @ and §:M - M such that au ="/,

andBu = . Lety(t) =t, o(t) = /3, Then for
all u,n € M, ityields,

wp(am an) = pp(*/3,7/3)
— <1/2 ((M + n/3))

=1/3p(um)

< p(uw,n) =2/ p(wm)
=M, (1) — oM, (1,1))
=1/3p(um)
M, (u,m)
3 {p (Bu, Bn), p(Bu, ap), p(Bn, an),}
= max

L5 lo(Bu, am) + p(Bn, aw)]

{p(u,n),p(ﬂ, “13).0(n./3),
= max

Yalo(w/5) + p(n."/3)]

}

Therefore, all conditions of Theorem 1 are
satisfied. Since a0 = B0, and a, 8 are
weak™ compatible then @ and 8 possess a unique
common F.P a0 = 0 = 0.

It can be remarked that « and 8 are single valued
maps and for multivalued maps see 8.

Conclusions:
In this paper, the theorems of coincidence
and fixed point for two maps satisfying a
generalized contractive condition 1 in a weak
partial metric space are proven as a generalized of
partial metric space and the standard metric space
in the sense that the self-distance of any point need

not equal to zero.

Authors' declaration:

- Conflicts of Interest: None.

- Ethical Clearance: The project was approved by
the local ethical committee in University of
Basrah.

Authors' contributions statement:

A. M. H. was in charge of developing the
idea of fixed point theorem in weak partial metric
space which is a generalization of partial metric
space. A. T. H. verified the analytical
procedures used in the research and she proved an

179

example to support the results. Both of the authors
discussed the findings and contributed to the final
draft of the paper.

References

1. Matthews SG. Partial metric topology. Ann N Y Acad
Sci. 1994; 728(1): 183-197.

2. Aydi H, Barakat M, Mitrovic Z, Sesm-Cavic V. A
Suzuki-type multivalued contraction on weak partial
metric spaces and applications. J Ineq Appl. 2018;
270:1-14.

3. Beg I, Pathak H. A variant of Nadler’s theorem on
weak partial metric spaces with application to a
homotopy result. Vietham J Math. 2018; 46(3): 693-
706.

4. Rajic VC, Radenovic S, Chauhan S. Common fixed
point of generalization weakly contractive maps in
partial metric spaces, Acta Mathematica. 2014; 34B
(4):1345-1356.

. Hashim AM, Singh SL. New fixed point for weak
compatible maps in rectangular metric spaces.
Jnanabha. 2017, 47(1): 51-62.
https://www.vijnanaparishadofindia.org/jnanabha/jna
nabha-volume-47-no1-2017

. Ciri¢ L, Samet B, Aydi H, Vetro C. Common fixed

points of generalized contractions on partial metric

spaces and an application. Appl Math Comput.

2011; 218(6): 2398-2406.

Heckmann R. Approximation of metric spaces by

partial metric spaces. Appl. Categ. Struct. 1999; 7(1):

71-83.

. Altun I, Durmaz G. Weak partial metric spaces and
some fixed point results. Appl. Gen. Topol.
2012; 13(2): 179-191.

. Durmaz G, Acar O, Altun 1. Some fixed-point results
on weak partial metric spaces. Filomat 2013; 27(2):
317-326.

10. Aydi H, Barakat MA, Mitrovi¢ ZD, Sesum-Cavi¢ V.
A Suzuki-type multivalued contraction on weak
partial metric spaces and applications. J Inequal
Appl. 2018;(1): 1-14.

11. Khan MS, Swaleh M, Sessa S. Fixed point theorems
by altering distances between the points. Bull Aust
Math Soc. 1984; 30(1):1-9.

12. Popa V, Patrictu AM. Fixed point theorem of Ciric
type in weak partial metric spaces, Filomat. 2017;
31(11): 3203-3207.

13. Altun I, Durmaz G. Weak partial metric spaces and
some fixed point results. Appl Gen Topl.
2012;13(2):179-199.

14. Durmaz G, Acar O, Altun I. Two general fixed point
results on weak partial metric space. J. Nonlinear
Anal. Optim. 2014; 5(1): 27-35.

15. Popa V, Patrictu AM. Fixed points for two pairs of
absorbing mappings in weak partial metric spaces.
Ser Math Inform. 2020; 35(2): 283-293.

16. Saluja GS. Some common fixed point theorems on
partial  metric  spaces  satisfying  implicit
relation. Math Moravica. 2020; 24(1):29-43.

17. Ajeel YJ, Kadhim SN, Some Common Fixed Points
Theorems of Four Weakly Compatible Mappings in

]



Open Access Baghdad Science Journal P-1SSN: 2078-8665
Published Online First: July 2022 2023, 20(1): 175-180 E-1SSN: 2411-7986

Metric Spaces. Baghdad Sci J. 2021 February; 18(3): 18. Luaibi HH, Abed SS. Fixed point theorems in
543-546. general metric space with an application. Baghdad
Sci J. 2021;(18)1 (Suppl. March): 812-815.

Al 433l 4 i) Cilpladl) 8 Saelal) Adadil) cilia yia J s
dark 2dila dana Jal adla Gl el

LB all 3 panll 3 padl daala cejlﬂ\ < (bl Sl ?‘“‘3

-

DAl
i) Clelizadll 8 (¢—l//) L il 383 ) J) gall saabiall Llasl sy 4l 505 (il jaial sa Canll 13¢) o Hl1 Caagl)

Leale Uliaa Al il aal o) laSon 5 G siila e JST 820ball 2dadil) lia jual 3apaal) Cilagentl) (any elac) o3 5 Admaall 235 5ol
Lishae | LS Capnaall el (5 sial) eliadll b Ziaal) miliill (amy azent 5 3eliall Adadill Cilin jue o il (e paall s 55 a5 A

gl 3851 Gl ) g siall aslall ddadill ¢ el 5 i) Anii) Laliil) sAalidal) cilals)

180



