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Abstract:
This paper is interested in certain subclasses of univalent and bi-univalent functions concerning to
shell- Iike curves connected with k-Fibonacci numbers involving modified Sigmoid activation function

6(t) = ——= ,t=0 in unit disk |z| < 1. For estimating of the initial coefficients |c,| , |c3|, Fekete-Szego
mequallty and the second Hankel determinant have been investigated for the functions in our classes.

Keywords: Bi-univalent function, Borel distribution, Fibonacci numbers, Modified sigmoid function,
Univalent function.

Introduction

Let J be the class of normalized functions of F*g)@)=z+ Z Cmdmz™, (z €N)
the form
_ oo m Magesh, Nirmala and Yamml 2 have calculated the
f(2) =z+¥m-2cmz™, 1

which are analytic in U = {z € C: |z| < 1} and let  k-Fibonacci number sequence {Fk,m}m=0 , k € RT
T be the subclass of J consisting of functions defined by
univalent in 2. It is well-known that according to  Fy . 1=KFy sy + Fiem—1, Fio =0, Fi1 =

Koebe-One Quarter Theorem, every function f € 1, (meN=12..) 3
T has an inverse f ~holding and
= (f@)(zeW _ Gt _ B
ond Fem = N with T =
_ 1 k—Vk?+4
w = f(f W) (Iwl < 1o(f), mo(f) =) where z 4
gw) = fFI(w) =w — c;w? + (2¢2 — c3)w3 — where Fy ,,, represents the mth element of the k-
(5¢3 — 5cy05 + c)w? + . 2 Fibonacci sequence *.
A function £ € J is said to be bi-univalent in & if ~ Ozgur and Sokét * proved that if
both f and f~* are univalent in . Let B denoted ~ 1+ 7327

the class of normalized bi-univalent functions in U pi(2) =

given by Eq.1 1. Now, by recalling the principle of

subordination for two analytic functions in U and =1+ Z Premz™ 5
say that f is subordinate to g symbolically f < g if

there exists an analytic function h(z) inU with  then

1—ktiz — T22

h(0) = 0and |[h(z)| < 1,z € U such that Prem = Fem-1 + Fems1) Tt m=1
f(2) = g(h(2)), (z€eW) such that
|fg(Z) € (7 of the fOl’m ﬁk(Z) =1+ (Fk,O + Fk,Z)TkZ + (Fk,l + Fklg)T]%ZZ
+ cee
9@ =z+ Z dmz™, (z €l =1+ ktpz + (k? + 2)1iz?

3 3,3 4 ...
then the convolutlon off and g is defined by (" + 3k)Tiez” + -
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where ), = = k2+4, (ze W

indeed, if k = 1, 7, = 7 itis possible to write

PR k) it S
m \/g \/g ’ 0
such that p = “‘F ~ 1.6180339887 ... is called

the golden ratio and
= %@ =1-p= —% ~ —0.6180339887 ....

Let J ¢ denote the class of functions of the form
o) 2

fo(z) =z + Xm=a = Cm2z " =2 +

Z;.rol=2 Q(t)CmZm,

The following power series whose coefficients are
probabilities of the Borel distribution introduced in
6 as follows

W(/l Z)
_ m-2,-A(m-1)
z (A(m (1733_ 1)6! M (2,0
< /1 < 1)

by the familiar Ratio Test, it implies that the radius

of convergence of W(4, z) is infinity.

Hence, the linear operator BW), defined as follows
BW(4, Z)fe(Z) =W(4,2) * fo(2)

where 6(t) = L_t t> 0is a modified sigmoid A(m - 1))m 2g—A(m-1)
. 1te 5 0(t)cp,z™,
function. Obviously, 8(0) =1and J, = J°. —1)!
ﬁf qllascrete , frqndolin vl?rlablle y | ;as a. E’O'ilel where (*) signal the Hadamard  product(or
1st;1 bl,_l‘I[}O_n if it takes the values 1,2,3,...with the convolution) of two series.
probabilities Now, it is possible to introduce a linear operator
e 21e7?* 9)2e~34 n
T T T Ky:Jog—Jeforfog€Jghby
: : . n — n
where 2 is the parameter, hence ¥ fo(z) = BW(4,2) = R, 6
(Mr 1, where R, (n = 0,1,2,...) denote the Ruscheweyh
Prob(y =r)=——— (r=123,..) derivative operator 7 defined by
rm+m

R fe(z) =z+ 2 o
from Eq.6, it follows that

+1r(m)

ram+m)(Am - 1))

0(t)cpz™, (z€ )

—A(m 1)

K fo(z) =z + Z
m=2

for0<A1<1,n=01.2,..
which can be written as

0(t)c,z™, (z € W)

r(n+ 1)(F(m))

JC/{’fg (z2)=z+ 2 L,(mn,)0()c,z™, (z€ W)

m=2

such that

Lyp(m,n,A) =

r(n+ m)(/l(m — 1))

m_ze—l(m—l) ,

Cm
Cm+1

Hq(m) =1

Cm+q-1

This determinant has also been considered by
several authors. For example, Noor ° determined the
average of growth of H,(m) as m — oofor
functions given by Eq.1 with restricted boundary.
Ehrenborg 1° studied the Hankel determinant of
exponential polynomials. Also Hankel determinant
was studied by different authors including Mehrok
and Singh !, Magesh and Yamini ?Srivastava,
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2
r'(n+1(rm)
Noonan and Thomas 8 announced the gth Hankel determinant for ¢ >
Cm+1

landm = 1as
Cm+q-1

Cm+2q-2

Altinkaya and Yalcin ** and Giiney et al. * . Easily,
one can observe that the Fekete-Szego functional
isH,(1). Fekete and Szego ¥ then further
generalized the estimate of |c; — &cZ| where € is
real (for detail see 1817181%) For our discussion in
this paper, the Hankel determinant in the case of
q = 2andm = 2 can be considered as
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|C2 C3| Definition2. A function f(z) € J of the form
€3 Cql Eq.1 belongs to the class UVE (S, 0,1, 4, 0(t), ;) if

Definitionl. A function f(z) € J of the form q gl_ . ,B( @7 (©)Pi)

Eq.1 belongs to the 1{z7° (7(,1 fo (Z)) ~

class UNF (v, a,n, 4, 0(), Py if 145 . o 1| <P@. (2

K7 £ (2) N (1 fs(2))
(1-y+ 2027 =+ - 20) (3] fo(2)) e
. for 5 e C\{0}, 0=20,0<A<1 ,neN, and
+ az (?Cffg (Z)) < px(2),(z o) = #, t=>0.
e Definition3. A function f(z) € J of the form
where 0<y, 0<a, 0<A<1 , neN, and Eq.l belongs to the class BMX (9,7, A,B(t),“ﬁhk)ldif
i olds

2
6(t) =Lt 0.

2(16000@) _ 2(196@) +07 (100@) 2(GR@) 1
WG e@ (1 - 0)K fo(2) + 02 (*1:@) (1) 5@) e

e W 8
and
w(3G1gew)) (3] ge(w)) +0w? (3] go(w)) L (796 (w)) »
M - 7 7
K goW) (11— 9)3¢] go(w) + 9w (K} gow)) (K} ge(w))
<prw), (we U 9
where 0<9<1,0<A1<1 ,n€eN,, 8(t) = If choosing 9 =0, the
ﬁ, t>0and go(w)=f; (w) is given by  class BMz (9,1, 4,6(t), k) reduces to the
k —~ . .
EqQ.2. classBMg(m, 4,0(t), pr) of bi-convex functions
In particular, for 9 =1, the  Wwhich satlsfylng”
class BMX(9,1,2,0(t), Px) reduces to the 2(1]fo@)
. . . 1+ —F—< and 1+
class BMX (1,2, 6(t), py) of bi-starlike functions K fo(@)' Pr()
which satisf’ying w(?(,’{ge(w))" < B W)
2(¥716@) _ - 1 gow) R
T0) Pie(2) and Definition4. A function f(z) € J of the form
W(ngg(w))’ 3 Eq.1 belongs to the class BN&X(y, a,1,4,0(t), D)
“Xgetm) < Pe(W). if it holds
fe( ) ! " ~
[(1 Cy 202D g (K fo(@) +az(K]f3(2)) |<Pi(@), (zeW 10
and
ge( ) ' o
[(1 -y +2a)F—— ! + (y - 2a) (?Cfgg(w)) + aw (?Cfgg(w)) <pr(w), (wel) 11
< < < = ' "o
where 0=y, 0sa 0<A=1.n€No 80 = (3015, 1)) +az (3] fo@)) | < Fe(), (2 €
T 2 Oand gg(w) =fg "(w) is given by )
Eq.2. and
In particular, n ' n "
i If y=1+2a, then e |(KF9ew)) +aw (37 g0w)) | <
class BNX (v, a, 1, 4,0(t), x) = Pr(w). (wel)

BNZ (a,1, 4, 0(t),Px) which satisfying
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ii. When a=0, then the
class BNZ (v, a,m, 4, 0(), Px) =
BN (y,1, 2, 6(t),py) which satisfying

K '
-T2y (gp@) | <ae,
; € W)
an
K '
[(1 0 %W) +7 (7 ge(w)) ]
<prw). (welu)
iii. For y =1,a = 0,then the

class BNZ (v, a, 1, 4, 0(t), x) =

BNK(n, 2, 6(t), D)) which satisfying
(3 fe@) <Pz and  (1gew)) <
brw). (z,wel)
Definition5. A function f(z) € J of the form

Eq.1 belongs to the class BVE (8, 0,1, 4, 6(t), by) if
it holds

1(772 (35 @)

N\ (105@) "
e 12

1+ -1||<p(2), (z

and
1-0 g(‘n '
1w AQH(W)
1+ 5 T 1
(77 gow))
<pw), (wel 13
where § € C\{0}, 0>0,0<A<1 , neN, ,

For o = 0, then the classBVE (8, 0,1, 4,0(t), k) =
BVK(8,1,4,0(t), Dx) which satisfying

1(2(19%»)

5 Kffg(z) -1l <p(2), (z€el)
and
1w (3 go(w)) )
eU)

Lemma 1. 2 If « € O, where O is the class of
analytic functions holding R(v(z)) >0,z €Y,
with v (z) = 1+ v,z + v,z% + -+, then |v;| <2
\Vi.
Lemma 2. 2 If v(z) =1+ v,z + v,2% + -+, and
v(2) < Py (2), then

lv1] < |til, |v2] <312 and |vsg| < 473 .
In this paper, some subclasses of univalent and bi-
univalent functions concerning to shell-like curves
connected with k-Fibonacci numbers have been
introduced. Also, estimates of the initial coefficients
[co] ) |c3| and Fekete-Szego inequality have been
obtained. Furthermore, the second Hankel
determinant has been inspected for the functions in
these classes.

Coefficient bounds and Fekete-Szego inequality
for the function classes BMX, BN and BVE
Theorem 1.

Foro<9<1,0<A1<1 ,n€eN; and 6(t) =
2

' € g = = t 20, if f(z) of the form Eq.1 belongs
= — > = fq
() .o t=0an go(w) = fo ~(w) is given to BME®D,1,2,0(0), ), then
by Eq.2.
o] < k\/El‘[kl 14
ST k2T [2L,0(6)(3 — 20) — 02()L2(5 — (0 + D2)] + Ng (2 — 9)2L202(D)]
k||
les| <
12(3 — 29)L30(t)|
.\ ki 15
k27, [2£30(£) (3 — 29) — 62()L3(5 — (9 + 1)2)] + Ny (2 — 9)2L502 (D)’
and foré € R
k||| 0<TE) < k|7 |
) 4(3 —29)L;0(t) 8(3 —20)L36(t)
e —¢c3| < K|z ’ 16
>
| 4TOIkTk]l,  TE) = 8(3 — 20)L;6(¢)

where Ny = k — (k? + 2)14 ,

(1 - &k3t;

T() =

and £,,, given by Eq.7.

427, [2£50(6) (3 — 29) — O2(DLE(5 — (9 + 1)?)] + 4N (2 — 9)2L202(¢)
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Proof: Suppose that f(@ € Eq.9
BME(9,1,4,0(t),Dy), then have from Eq.8 and

5 (gq?fg(z))’ oz (K;’fg (Z)), + 9z (Kffe (Z))” . z (%ffe(z))” 1| = pu(u@),
K@ 10K fo@) +92(K)fo@) (K] fo(@) e
€ ) 17

and
w (7(/{799 (W))’ W (7@{799 (W)), +9w? (7(,{799 (W))” . w (7(,{799 (W))”
9o (1 - 0)x] gow) + 0w (K] gsw)) (%] ge(w))

+1| = ﬁk(%(w))! (W

e 18
where go(w) = f *(w) is given by Eq.2 and p,  u(z) such that |u(z)| <1 in U and v(z2) =
given by Eq.5. Let v(z) =1+ v,z +v,2% + -, Pr(u(z)). Therefore, the function
and v < Py .Then there exists an analytic function
1+u(z)
Y(z) = =1+wuz+uyz?+ -,

1—u(z)
belongs to the class O , then

2D—-1 u u?\ z2 ud\ 73

Y +1 2 2 )2 4
and
_ _ (uyz u?\ z2 u3\ z3
Pr(u(2)) =1+ Py T+ Uy = ?+ u3—u1u2+7 ?+
o (uyz u?\ z*2 u3\ z3 2
+pk2 T"‘ ’Mrz_? ?‘l‘ ’l”f3_’”f1’“'2+7 7"‘
[ uqz u?\ z2 u3\ z3 3
+pk3 T'i‘ ’Ll«z—? 7+ ug—ulu2+r 7+" +
PraiU1Z 1 ui\ _ ui
=1+ 5 5 “2‘7)2%1"‘72%2)22
1 u3\ _ 1 u?\ _ u3 s
+ E /Mz3_’u«1u2 +T pk,l +§/LL1 ’l/(zz_? pk,2+?pk,3 Z +"'. 19
Furthermore, there exists an analytic function g (w) - _ Dr,191W
with  |gw)| <1 in U such thate(w)= Pr(gw)) =1+—
pr(g(w)) . Therefore, the function 1 a2\
t\5\ %2 —— | Pra
x(w)—1+—q‘(vv)—1+q‘w+%w2+... 2 2
1—g(w) e ’ ai_ \.
belongs to the class O , similarly g P2 |W
1 ai\
+ <§ <%3 — 4192 t Z) Pr1
1 ai\ .
+ 5% (q)z - 71> Pk,2
3
+ %ﬁk,3>w3 +ee 20
According to Eq.17, Eq.18, Eq.19 and Eg.20,
getting
wu kT,
(2 - 19)L29(t)02 = 2 ) 21
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2(3 = 29)L30(t)c; — (5— (I + 1)2)62(t) L3c2 from Eq.21 and Eq.23, get
1 ’LL% UL = _%1, 25
= E Uy — 7 ka and
2 2 r2pzem .z _ W+ aDKPTE
+Tl(k2 + 2k 22 22 -9 L3602 () = ——p——, 26
and by adding Eq.22 and Eq.24, it implies that
g1k, [4L£56(t)(3 — 29) — 20%(t)L5(5 — (9 + 1)H)]c5
—(2—=9)L,0(t)cy = , 23 1
, 2 = E(’sz + d2)kty
2L30(t)(3 —29)(2c% —c3) — (5 Z
— 9+ 1)HO?(t) L33 -2 (kty — (k% + 2)78)(u?
1 2
=§<%2 —%> kTy _ tai), 27
substituting EQ.26 in Eq.27, it follows that

a7
o (k2 +2)12, 24

2 = (uy + g2)k>13; 28
27 4k27,[2L50(6) (3B — 209) — 02(£)L2(5 — (I + 1)2)] + 4Ny (2 —9)2L262(t)’
where Ny = k — (k% + 2)74. o = (2 4 _Waza2)ki 29
On using Lemmal, getting Eq.14. 3T 8(3-20)L360(0)
Now, subtraction Eq.24 from Eq.22 and using hen by EG.28 and Lemmal, Eq.29 reduces to
Eq.25, can be obtained Eq.15.
From Eq.28 and Eq.29, for € R, get
5 (uy — go)kty
€3 —§c; =
8(3 — 29)L30(t)
wuy + qy)k3t2
+ (1 _ E) ( 2 %2) k

4k27, [2L50(t)(3 — 209) — 02()L2(5 — (9 + 1)2)] + 4Nk (2 — 9)2L262(t)
which can be expressed as

P ka
cz—¢cy =T+

8(3 — 20)L;0(0)

ka
3= 20)L,00))

et |70 - 5
where
T(E) (1 - Okt

© = 4k27),[2L56()(3 — 209) — O2(£)L3(5 — (9 + 1)2)] + 4N (2 — 9)2L202(t)’
Taking modulus, hence

( lkllzl 0<T(E) < k|||
les — £c2| < !4(3 —20)L;0(t)" = 8(3 — 29)L;0(t)

EELGITNEOE el
8(3 — 20)L56()

Theorem 2.
For0<y,0<a, 0<A<1 ,n€eN,, 6(t) =

2 t> 0, if f(z) of the form Eqg.1 belongs

1+et’

to BNX (v, a, 1,4, 6(t),by) , then

kvk|t
lca| < %] : 30
VIk2T, (1 + 2y + 2a) L36(t) + N (1 +y)2L262(t)]
Ic] < k|t N kBTI%
Gl= (14 2y +2a)L30(t)| k27 (1 + 2y + 22)L36(t) + N (1 + y)2L262(t)|’
and for§ € R

31
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|kl
(14 2y +2a)L36(t)’

| [kllTelIM(S)], IM(§)] =
where Ny = k — (k% + 2)14,

1
T (14 2y +2a)L30(t)°

les — &c2| < 32

M) (1- Okt
= k27, (14 2y + 2a)L30(t) + Ng(1 +y)2L202%(t)
and L,,, given by Eq.7.
Proof: Suppose that f(2) €
BNZ(y,a,n,4,0(t),b), then have from Eq.10
and Eq.11
”fe( ) n ' 7 o
A-y+2a0)——+ ( —2a) (76/1 fg(Z)) + az (.7(/1 fg(Z)) = pk(u(z)),(z el 33
and
fK‘ng (W) ! " B
[(1 —y + 20 4 (r —2a) (% 9o (W) + aw (] go(w)) ] =(aw)), (wew 34
According to Eq.33, Eq.34, Eq.19 and Eq.20, give
wukty
(1 + Y)ng(t)CZ = 2 ) 35
1 2 2
(1+ 2y + 20)L50()cs = §<u2 - %) Ky, + % (k2 + 2)72 36
and
k
~(1+1)L,0()c, = %ZT", 37
2 _ 1 41 2
(1 + Zy + 2“)£39(t)(2€2 - C3) = E %2 ka + _(k + Z)Tk. 38

The results Eq.30-Eq.32 of the Theorem 2 follow  Theorem 3.
from Eq.35-Eq.38 by applying steps as in Theorem1 For & € C\{O}, 020, 0<A<1 |, neN, ,

with respect to Eq.21-Eq.24. 0(t) ==, t 20, if f(2) of the form Eq.
belongs to BVE(S,0,m,2,0(t),Px), then

Ok 2k|Ty |
lca| < 39

JI6k2T, (0 + 2)[(0 — 1)O2()L2 + 20(t)L3] + 2Ny (0 + 1)2L20%(t)]|
el < Sk|ty| N 262k312 20
T+ 0L |8k2T (0 + 2)[(0 — 1)O2(E)LE + 26(t>L3] + 2Ny (0 + 1)2£262(t)|

and foré e R

( |kll8]]] L
0 —1 <
o — £c2| < (e +2)0(0)Ls 2|k[?16]|Tel (e +2)6(0) L3 41
3 2170211 — &162k312 o 1> L ’
L ' ~ 2|k|?18]lTx| (0 + 2)8(t) L3
such that Ny = k — (k? + 2)14,, Proof: Suppose that f(2) €
L=8k?1, (0 + 2)[(0 — 1)O%(t) L2 + 20(t) L3] + BVE(8,0,m,4,6(t),by), then from Eq.12 and Eq.13

2Nk (o + 1)2£26%(t) obtaining
and £,, given by Eq.7.
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L (270 (K] fo@)

1+= ———1||=p(u(2), (zewW 42
8 1-e
(71 fo (@)
and
1-p .7(11 ( ) '
1({w 299 (W _
1+ n( 1_9) -1 ||=8(aw)). (wew 43
(7] g6 ()
According to Eq.42, Eq.43, Eq.19 and Eq.20, give
1 ’bblkl'k
1 -1 1 2 2
=@ +2) [L39(t)c3 G _ )92(t),c§c§] _ §<u2 - %) kty + %(kz +2)22, 45
and
1 k
—5(0+ DL, = %ZT", 46

2 2
%(Q +2) [Q(t)Lg(ZCZZ )+ G- )9 2(¢) L3¢ ] %(42 —%) ke, +%(k2 T

The results Eq.39-Eq.41 of the Theorem3 follow  Second Hankel determinant for the function

from Eq.44-Eq.47 by applying steps as in Theorem1 classes ‘UN% and 'uvg

with respect to Eq.21-Eq.24. Theorem 4. Let f(2) € UNZ(y, a,n, 4, 0(t), Pr).
Then

o [4L5(1+ 2y +2a)* + 9L, L,(1 +y)(1 + 3y + 62)] ,
|cocq — 2| < . T, 48
02() L L5L,(1+y)(1 + 3y + 6a)(1 + 2y + 2a)?

where L,, given by Eq.7 for 0<y,0<a,0< expanding and equating the coefficients in Eq.49, it

A<1,n€eNy,0() = T t20. follows that .
1
PrOOf' Slnce f(Z) € UNB (}/l a, nl A;H(t):’\pk), SO Cy = mt
definition1 , gets ® %f(z ¥)
’ Cr = .
(1-7+2a )“Af"(z) + = 20) (K] fo(2)) + ; 3T 0L+ 2y + 2a)
an
“Z(%;]fe(z)) =v(2) =1+wvz+v,2° + = v
49 YT o)L, (14 3y + 6a)

thus, Lemma 2, gets

[4L5(1 42y + 2a)* + 9L,L,(1 +y)(1 + 3y + 6a)] ,
T
02(t)L,L2L, (1 +y)(1 + 3y + 6a)(1 + 2y + 2a)2  *

|czc4 — 032| <

Ifa =n=y=0and 21 =1 Theorem 4 gives the  \here (¢) = ——, t>0.
next Corollary. 1+e” K ~
Corollary 1. If (z) € UNZ(6(t), Py , then %Erc:rem 5. Let f(z) € UVp(8,0,m.4,6(t)Pr).
35e* »
|C2C4 C3| 302(1‘) k'
2.4 34014 _
|czc4 —c32| < 45°T) (20+3) iz] : 35 Tk(l2 0)
02(0)LyLy(0+3)(0+1)  [L2L4(0 + 3) L3]62(t)(e + 1)?(0 + 2)
(20+3)(1-0)+2  (1-0)] 6*x(1—0) 9621y 50
2L,L,(0 +3) 4L2 Qz(t)(g + D*  62(0)L3(0 + 1)’
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where L,, given by Eq.7 for § € C\{0}, 0 > 0,0 <

expanding and equating the coefficients in Eq.51, it

A<1,np€EN,,0(t)=——:, t=>0. implies that
i (6, 0,1, 0Py e
Proof: Since f(z) € UV5(5,0,1,4,0(t),Dr), SO G =——,
definition2 , gives 0(t)L2(0 ";1)2
Sy 6°vi(1—-p)
C3 = )
 (#o(5 o) POMLs(e+2)  20(0Ls(e +1)?
1+E —1_9—1 :’U’(Z)=1+’U’1Z+ And
(17 ro()
Y 51
X N §2vr1v,(20+3)(1 — 0) N [(29 +3)(1-0)+ 2] §3vi(1-0)
Cy = )
P OML(e+3)  6(OLi(e+3)(e+ D(e+2) 2 0()Ls(e +1)3(e +3)

thus, Lemma 2 gives
46%Ty

(20 +3)

1 3631 (1— o)

— 2] <
e FGTRCEDICESY

o+3)(1—-p0)+2

LyLy(0+3) L__%f]
(1-0)] §*r¢(1-0)

0%(t)(e + 1)*(e +2)
96%1;

2L,L,(0+ 3)

Foro=n=0and A =6 =1 ,Theorem 5 gives the
next Corollary.
Corollary 2. If f(z) € UVE(6(t), D), then
lcya— 2] < 58e*
2C4 C3| —992(t)Tk’

2
such that 6(t) =tz 0.
Conclusion
In present paper, two subclasses UNZK
and UVX  of univalent functions and some

subclasses of bi-univalent functions have been
introduced and studied involving convolution
operator and k- Fibonacci numbers. For these
univalent subclasses of functions, the second
Hankel determinant has been obtained by taking
advantage of the initial estimates of coefficient.
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