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Abstract:

The root-mean square-radius of proton, neutron, matter and charge radii, energy level, inelastic
longitudinal form factors, reduced transition probability from the ground state to first-excited 2* state of
even-even isotopes, quadrupole moments, quadrupole deformation parameter, and the occupation numbers
for some calcium isotopes for A=42,44,46,48,50 are computed using fp-model space and FPBM interaction.
“0Ca nucleus is regarded as the inert core for all isotopes under this model space with valence nucleons are
moving throughout the fp-shell model space involving 1f72, 2psp, 1fs2, and 2p1. orbits. Model space is used
to present calculations using FPBM interaction, and with the effects of core-polarization are obtained by the
first order core polarization through a microscopic theory is called modified surface delta interaction which
allows all higher orbits are excited by particle-hole excitation from the core and model space orbits. Also,
each isotope's effective charge is determined by using the collective model by Bohr and Mottelson formula.
The current result corresponds to the experimental data by taking into account core polarization effects.

Keywords: Deformation parameters, Form factor, Occupation numbers, Quadrupole moments, Transition
probability.

Introduction:

Electron scattering (e,e) is a good tool and  Theoretical results demonstrated that effective
sensitive to study the structure of stable and exotic charges in light neutron-rich nuclei are good with
nuclei, particularly neutron-rich nuclei. One of the  the normal values.
most noteworthy features of exotic nuclei is that Around the neutron number N=32, Garcia Ruiz
their electromagnetic properties, such as electric et al* measured and calculated the electromagnetic
guadrupole moments (Q), quadrupole deformation properties of the ground-state like magnetic
parameters (f32), and reduced transition probability =~ moments of “%°*Ca and quadrupole moments of
B(E2)T, can be examined theoretically and  ““®5Ca. The results for neutron-rich isotope
empirically. By single-particle configurations, all of ~ moments agree very well with interactions predicted
these attributes convey information regarding by chiral effective field theory, which includes
nuclear structure?, three-nucleon forces.

By permitting excitations from the core and According to theoretical conclusions®5” the
model space orbits onto higher orbits, the  shape in light neutron-rich nuclei implies decoupled
electromagnetic properties can be added to the qguadrupole movements between protons and
normal shell model treatment. Due to high-lying neutrons in those nuclei. A shell model with self-
collective excitations, using first-order perturbation consistent Hartree—Fock computations has—been
theory in the standard shell model configuration, used by some researchers to examine the nuclear
core-polarization effects in electromagnetic and  structure®. Some scholars have demonstrated the

inelastic scattering transitions were observed, importance of transition probability B(E2)T values
demonstrating a natural difference in neutron and in nuclear physics study and model creation by
proton polarization?. examining the ratio of Z to N values, their

The shell model is used by Ali® to compute relationship to nuclear magic numbers, and their
effective charges of electric quadrupole transitions. growth along with the nuclear scheme®X. In
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general, the B(E2)T is affected by the scattering
angle as well as the wave functions between the
final and starting states'!.

The nuclear structure is examined in this study
for some calcium isotopes with A=42,44,46,48,50
through electromagnetic transitions are calculated
by adopting a shell model with the single-particle
wave functions of the harmonic oscillator (HO), and
using FPBM interaction'? in the fp- shell model
space. The nuclear shell model computations were
done with the OXBASH shell model program?®?,
which calculates the one-body density matrix
(OBDM) elements in the spin-isospin formalism.
The following calculations are compared to the
values that were measured. Through effective
charge, the core-polarization (CP) effects are
included using the Bohr-Mottelson (B.M) formula,
and obtained from a fit to spectroscopic data such as
modified surface delta interaction (MSDI)**. The
root-mean square-radius (rms) of proton, neutron,
matter and charge radii, energy level, inelastic
longitudinal form factors, reduced transition
probability B(E2)T, quadrupole moment (Q),
guadrupole deformation parameters (B.) are
computed, and the results are compared to the
experimental data. Also, the occupation numbers
(occ#) of the valence nucleons outside the*°Ca core
are calculated to identify the contribution of these
orbits for the valence nucleon.

Theoretical framework
The electric transition operator E,T(F) for a
system of k protons and neutrons identified using

the isospin formalism, with the operator 7, , such

thatfz|p>= p for proton andfz|n>:—n neutron

and with e;s and e,y are the isoscalar and isovector
charges, are provided by**.

A n A
E, (M) = Zl:ew +ey TZ:I riYJ w (),
k=1
Where rk] is the radial harmonic part and Y, (€)
is the spherical harmonic part.
The sum of the components of the one-body
density matrix (OBDM) times the single-particle
matrix elements are the reduced matrix element of

.1

the electric transition operator E 7, and is supplied
by*2:
(AIE 1A )= 0BDM (j,,ji A A) T

& X<jftHéJTHjit>
.2
where states |Ai >and ‘Af >are described the initial

and final for the shell model-space wave functions

236

and  jet and  j;t label states
included the isospin.

The elastic and inelastic longitudinal form factors
of electron scattering between initial and final states
with multi polarity J and momentum transfer g

gave by*®:

single-particle

47 2 2
F-@f m > IF. (@) <|Fy ()]
.3
When, Ffs(q) @+ (535))? is the finite size
22
form factors, and F_,, (Q) =e ** s the

center of mass correction Form Factors in the shell
model % A is the mass number, and b is the
harmonic oscillator (HO) size parameter.

One can be taken the core nucleons and the cut—
out part of space consideration through a
microscopic theory is called modified surface delta
interaction (MSDI), then the wave functions and
configurations with higher energy as first-order
perturbation these are called the core polarization
effects. The electric operator E]] 's reduced matrix
elements are stated as a sum of the model space
(MS) and core polarization (CP) contributions, as
shown below:

(Or ||| EZ N2y = <Af [l ER][[Adms +

(A [|[SER[[| A ce, A

The CP effects are computed to use the MSDI
residual effective interaction.

(s | |SER|Ad)ep =

Yo XApA; (@, B)(allIST,IIIB), .5

(@lISTAINB) = (||| T4 25 Vhes

Q
(0.’| V;"esTAeijA B) ...6

where Q is the projection operator that projects the
model space onto it. «, 8 are single-particle between
the initial and final state.

The Bohr-Mottelson (B.M) formula for the effective
charge as follows819:20;

eI (t,) = e(t,) + ede(t,)

v,
Where, de (t)) = Z/A - 0.32(N - Z)/A - 2t,[0.32 -
0.3(N - 2)/A] .8

The electric quadrupole moment is given by 1

eu=2= (1 ¢ 1) [LulEE|))
.9
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The B(E2) electric transition rate (reduced electric
transition probability) can be defined as shown by

Ref. 1
J | (23 +1)
B(E2)= F k
(E2)= 47 J+1[ } ‘ ( )‘
.10
Where k = —= | is the long-wavelength limit the

momentum transfer and E, is the excitation energy .
The deformation parameter (5,) is describes the
quadruple deformation is given by °

1

B2 = [
.11

Where e is denote the electric charge of the proton,
Z is the atomic number, and Ro = 1.2 fm.
The average occupations number in each subshell

41
3ZR2

B(E2)]2
eZ

] is given by:
occ#(j,t,) = OBDM(i, f,t,,] = 0) 221]111 12
the mean root square radius(r?), for proton,

neutron, and for matter is defined as *:

(r?), = % Y occ# b? (N + %)
.13
where N represents the total number of oscillator
guanta excited, and A represents the proton, neutron,
and mass number .
The mean square charge radius is given by 2t

(1) = (i) + 0769——0 1161 + 0.033

..14
The radius of a nucleus's point proton dispersion
is rp, 0.769 is the charge radii of free proton and -
0.1161 is the charge radii of free neutron, and the
0.033 terms is so-called Darwin—Foldy term.

Results and Discussion:

The investigation of the -electromagnetic
properties of nuclei that are far from staying stable
becomes one of the most important goals in nuclear
physics. The calculations in this paper are done in
fp model space with valence (active) neutrons in the
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fp-shell. Calculations of the shell model are adopted
using OXBASH code®® to calculate the single-
particle wave functions of the harmonic oscillator
(HO) and using FPBM interaction by the one body
matrix elements (OBME). The harmonic oscillator
potential with size parameters b of some Ca
isotopes are calculated by #

b= / D where hw = 454"1/3 — 25472/3
MP(J)
(Mp = mass of a proton). .15

Occupation numbers (occ#)

The nuclear structure depends on the occ# is
re-presenting the contribution of nucleons in each j
state. In other words, all nuclear quantities depend
on the distribution and contribution of nucleons in
each state. From the shell model, the Ca isotopes
are consisting of the core “°Ca, and some valence
nucleons outside the core in 1fz,, 2psp, 1fs, and
2p12 orbits. The average number of nucleons in
each j-level outside the core is shown in the
Table.l. It's apparent that the highest ratio of this
neutron's occupation numbers is 1fzs. The
occupation numbers percentages for all 424446.4850Cg
isotopes are calculated and shown in Fig. 1-A, B, C,
D, E, respectively. The state 1f,, is purely
dominated when all valence nucleons occupy the
state. The average of occ# increase for each state
with the increases of the valence nucleons outside
the core.

Table 1. The occupation numbers (occ#) for the
ground states of nucleons outside the core “°Ca of
considered for 42 4446480C3 jsotopes.

Nucleus Average no. of particles in each j-level
1fz2 2p3p2 1fs 2p12
12Cay, 1.7980 0.1052 0.0763  0.0205
Cay, 3.6315 0.1709 0.1581  0.0395
3Cay 5.5224 0.2065 0.2139  0.0572
38Cayg 7.5160 0.1981 0.2162  0.0697
S0Cas, 7.6011 1.4005 0.2569  0.7415
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Figure 1. The occupation numbers percentage for the ground states of 4244464850C3 isotopes.

Root-mean square-radius (rms)

The available measured rms of proton, neutron,
matter, and charge radii and the root-mean square-
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radius difference is called the neutron skin (is
defined as the radial difference of the neutron and
proton distributions with the surface thickness
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(R,)), of calcium isotopes with, “*Ca(2'1),
#Ca(2'2), *Ca(2'3), *8Ca(2'4), and *°Ca(2'5) are
shown in Table.2. It was noticed that the value of
rms increases with the increase of the size
parameters of the nucleus, which in turn is directly
proportional to the nucleus mass number Fig. 2. It’s
clear that the rms of proton, neutron, and matter

depend on the average value of occ# in each j-state
and Rcn depends on radius of point proton
distribution of a nucleus. The calculated Rc, are
reproducing the experimental value ? with the
error. It is noticeable that the thickness of the skin
for Ca isotopes increases with increasing numbers
of valence neutrons.

Table 2. The rms of proton, neutron, matter and charge radii and size parameters of the HO potential
for 42 44464850C3 jsotopes using FPBM interaction.

Nucleus J*T  b(fm) Rp Rn Rm R=R-R  ReCal.  Renexp. %
%2Ca,, 2°1 1953 3383 3459 3423 0076  3.458

Ca,, 272 1966 3405 3544 3482  0.139 3476 3.5188(21)
%0Ca,s 273 1978 3426 3.618 3536  0.192 3491  3.4955(23)
8Ca,e 24 1989 3445 3683 3586 0238 3505  3.4777(25)
S0Cas, 25 200 3464 3.742 3.633 0278  3.528  3.5192(26)

R R AR R RE R AR R EERRERE

Charge root
for 2445

3.6 — —

Re,(fim)

34 — —

2 T Y S Y A A
40 41 42 43 44 45 46 47 48 49 50 51 52
Mass number (A)

Figure 2. Comparison between the calculated charge
root mean square radius (red line) and experimental
(black line) for 4244464850C3 isotopes.

Fig. 2 represents the comparison between the
calculated charge root mean square radius (black
line) and experimental charge root mean square
radius ( red line) 22 for 4244464850C3 jsotopes. From
Fig. 2, we notice the convergence of the theoretical
and experimental data with the presence of the error
rate and that the theoretical values are identical to
the experimental data at the mass numbers 46 and
50.

Excited energy level (Ex)

The excited energy level for transition (J; =
0% to ], =2%) for all **44%0Cq isotopes are
calculated and compared to the results of
experiment ° are shown in Fig.3 and Table.4. The
calculated excited energy fine agree with the
experimental data at all mass number except at A=
44 it underestimate the predicted by 1.33 factor. The

largest energy value is at A = 48 because the
valence nucleons are in the closed double subshell.

5 T T T T T T T T T T T T T

E, energy for
“24446550Ca isofopes

— @ ECal
— @ Ecoxpdata

E,(MeV)

o JL S T S Y Y
40 41 42 43 44 45 46 47 48 49 50 51 52
Mass number (A)

Figure 3. Comparison between the calculated excited
energy (black line) and experimental (red line) for
42,44,46,48,50Ca iSOtOpeS.

Quadrupole moments (Q)

One of the most important factors for studying
nuclear structure is the calculation of the nuclear
electric quadrupole moments, which describes the
effective shape of the ellipse for the distribution of
nuclear charge within the nucleus. The shape of the
nucleus depends on the values of the quadrupole
moments, as its oblate for Q < 0 and prolate for Q
> 0.

The calculations are presented for Ca isotopes
with even A=42 to 50. These calculations include
CP using MSDI theory and B.M formula effective
charges. The results for Q moments are presented in
table.3 and Fig.4 in comparison with the available
experimental data of Ref. 2 and with the available

239
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other theoretical results®*. The results for Q
moments of #*Ca are -1.576 e fm? and -1.306 e fm?
calculated with effective charges, for proton and
neutron e,= 1.634e, e,=0.634e and e,=1.155¢,
en=0.766e for CP and B.M, respectively . These
values are in agreement with each other and
underestimate the experimental value -19.0(8) e
fm?2 by about a factor of 12.6 but with the same sign.

The theoretical quadrupole moment with CP
effective charges e,= 1.634e, e,=0.634e for “*Ca is
equal - 4.616 e fm? and the Qesm with effective
charges e,= 1.443e, €,=,0.443e is -7.481 e fm?
which increases the discrepancy with the
experimental -14.0(7)% e fm? and theoretical value -
6.4 e fm? but with a the same sign.

The calculated Q value for “Ca with CP
effective charges e,=1.413e, e,= 0.413e is -6.535 e
fm?2 underestimate the calculated value with using
the B.M effective charges e,= 1.112e, e,= 0.674e is
-10.25 e fm% The Qgm result agrees with the
theoretical value of Ref. 2 -10.4 e fm?. The present
results cannot be compared with the quadrupole

experimental value because we do not have
experimental values so we need more search.

The Q moments for *8Ca isotope (this isotope has
two close sub-shell with neutron=28 magic
numbers) with CP effective charges e,=1.441e, e,=
0.441e is 3.18 e fm? underestimate the theoretical
value 4.0 e fm? 24, This contradiction is solved by
using the effective charges with B.M formula with
ep,=1.093e, e,=0.633e is given Q equal to 4.566 e
fm?. This value agrees with the theoretical value 4.0
e fm? of Ref. %4,

The calculated Q moments for °Ca isotopes with
CP effective charges e,=1.041e, e,= 0.041le is -
6.517 e fm? have underestimate the calculated Q
using the B.M effective charges e,= 1.076e, e,=
0.716e is -9.379 e fm? . These effective charges
increase the value of Q by about once half times.
There is no experimental value to compare with the
present results.

The comparison between the experimental and
calculated electric quadrupole moments for
42,44,46,4850C3 isotopes is displayed in Fig. 4.

Table 3. Calculated Q moments for 4 44464850C3 jsotopes using FPBM interaction in comparison
with available experimental 2 and other theoretical values ?*. Effective charges presented are deduced
from CP using MSDI theory and with B.M formula.

-30

Nucleus ]nT ep: €n QTheory ep: €n QB.M. Qexp. QTheory
C.Peffective  (efm?)  (B.M) effective (e fm?) (e fm?)®  Other results
charge charge (e fm?)
12Cay, 21 1.634,0.634 -1.576 1.155,0.766 -1.306 -19.0(8) 4.4
1Cay, 272 1.443,0.443 -4.616 1.132,0.718 -7.481 -14.0(7) -6.4
36Case 2*3 14130413  -6.535 1.112,0.674 1025 - -10.4
38Cayg 274 1.441,0.441 3.18 1.093,0.633 4566 - 4.0
SoCasy, 2*5 1.041,0.041 -6.517 1.076,0.716 9379 - e
- T T T T Reduced electric transition probability B(E2)T
1 O epel moment for SHATHCa fatopes A reduced transition probability, B(E2;0* -2%),
20 - ° Qu 1 is also calculated to investigate nuclear structure for
s [ * Qe ] 4244464850Cq jsotopes. The calculations of B(E2)T
ol ] include effective charges by using the B.M
L . ] formula. The results for B(E2)T are presented in
2 - Table (4) and Fig. 5 in comparison with the
sl o 1 available experimental data of Ref.°. The calculated
ST ° . . ] values of B(E2)T for 2#44Ca isotopes are less than
10 - T . ° 1 the experimental values even if the error was added
15 | T * 1 to the experimental values. This discrepancy
a0 L . i ] between the calculated and experimental values of
S| J ] B(E2)T is due to the different distribution of
‘ L nucleons in the sub-shell and to the effect of the
42

40 44 46

Mass number A
Figure 4. The quadrupole moments for 4244464850Cgq
isotopes. The experimental data (black circle)
comparison with that calculated value using CP
effective charges (red circle) and with using B.M
formula (blue circle).

48 50 52

240

core nucleons, while we note that the value of
B(E2)T in the “8Ca kernel almost agree with the
experimental values after adding the error. The
value of B(E2)T in the %°Ca nucleus remains higher
than the experimental value even after the addition
of the error. Fig. 5 shows that the relation between
the mass number and reduced transition probability,
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the theoretical values approach the practical values
with an increasing neutron or mass number.

500

T
[ ) Relationship between reduse transition propa bility
450 1 and mass number 4
e B(E2),,
® B(E2),,,
400 -
-
L ]
350 L *
300 - -
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&
o 250 - |
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=
/200 B
.
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150 — -
[ ]
[ ] L ]
[ L -
100 L] T
€1
50 T 4
®
I
0 n 1 n 1 n 1 n 1 n 1 n 1 n 1 n 1 1
41 42 43 44 45 46 47 48 49 50 51
Mass number A
Figure 5. reduced transition probability for

4244,464850Cq jsotopes. The experimental data (black
circle) are comparison with that calculated value
using B.M formula effective charges (red circle).

Deformation parameter g

The deformation parameter f, is defined as a
measure of the deviation from the spherical shape of
the nuclear charge distribution. The values of £
depend on quadrupole moments and reduce
transition probability. The calculated results of f
are shown in Table.4 . For “24446Ca isotopes, the
results of B, less than the experimental values®,
while for “8%0Ca are a little higher than the
experimental values. Fig.6 shows the mass number
against the deformation parameter f», the theoretical
values approach the practical values with an
increasing mass number. Fig.7 shows the relation
between £, and B(E2)T. The relationship between
them is direct.

0.26 : ; .
L L]
0.24 - Deformation parameter |
° for 4244464850Ca jsotopes
022 @® B, theory |
’ @® Pexp.
0.2 -
0.18 —
«0.16 - 4
[ ]
0.14 - ° 4
0.12 L ] -
. o °
o
0.1 - —
0.08 — —
0.06 . I . I . I . I . .
40 42 44 46 48 50 52

Mass number(A)
Figure 6. Deformation parameter for #244464850Cq

isotopes. The experimental data (black circle) are
comparison with that calculated value (red circle).

500 — ; ; ‘ ‘ ‘ ‘ ‘ —

I i
| Relationship between reduce transition probability |

450 and deformation parameter J‘
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B2
Figure7. Relation between the Deformation

parameter and transition probability for 424446:4850Cq
isotopes. The experimental data (black circle) are
comparison with that calculated value (red circle).

Table 4. Calculated reduced electric transition probability B(E2)and deformation parameter g for 4%
44.46.4850C3 isotopes using FPBM interaction in comparison with available experimental data®.

Nucleus  J*T Eca(MeV) Eep.(MeV)  B(E2)caT(€fm*)  B(E2)exp.T(€2fM*)°  Bycal Baexp®
£2Ca,, 21 15 1.525 100.4 369(20) 0.120 0.231(62)
Ca,, 2+2 1.544 1.157 137.1 467(21) 0.137 0.252(57)
*Ca 2*3 1.505 1.346 105.1 168(13) 0.116 0.146(58)
18Ca,, 2+ 4 3.609 3.831 112.1 92(*1%) 0.117 0.105(*%3
S9Cas, 2*5 1.471 1.026 1116 37.3(*33 0.113 0.065(*1%

Inelastic longitudinal form factors
Electromagnetic properties can be determined
the nuclear structure through the form factors. In

present results, the stable and exotic (neutron-rich)
of some Ca isotopes are investigated through
inelastic longitudinal electron scattering (07— 2%).
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Fp-shell model with mixed configuration is adopted
using FBPM interactions with the core of “Ca plus
(A- 20) residual nucleons divided over 1fz;, 2pssp,
1fsp, and 2pi. orbits, respectively. The C2
longitudinal multipole form factors for “’Ca state
with J™T = 2*1 are shown in Fig.8-A. The results
represent the model space + core polarization in
comparison with that including the experimental
data are taken from Ref. 2°. The red curve represents
the calculation with CP using MSDI theory with
calculation while the black curve represents the CP
using effective charges with B.M formula with e, =
1.155e and e, = 0.7661e. The calculation form

0.001
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factors have given a good description in general, but
underestimate the experimental data at whole values
of momentum transfer.

The C2 components form factors of inelastic
scattering for “*Ca with J™T = 2%2 for calculated
energy level (1.544 MeV) compared with
experimental data of Ref. % are shown in Fig.8-B.
The results of MS+CP using the MSDI theory (red
curve) underestimate the experimental data at whole
values of momentum transfer. Using B.M effective
charges to calculated the core polarization with e, =
1.132 e and e, = 0.718e (black curve) decreased
these discrepancies especially at high g-value.
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Figure 8.

q(fm™)
longitudinal inelastic form factors 2+ for 244464850C3 jsotopes.
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The longitudinal form factors for the first
excited state 2* 3 states of “°Ca nucleus with size
parameter b=1.978fm are shown in Fig.8-C. There
is no experimental data to compered with it. The
calculated MS+CP using the B.M effective charges
(black curve) e, = 1.112 e, e, = 0.674 e close with
the results MS+CP using the MSDI theory (red
curve) at g < 1.6 fmt. The two results have the
same behaviors but at the diffraction minimum.

Including the core polarization to the model
space, the form factors of inelastic scattering for
48Ca with J®T = 2*4 are calculated and shown in
Fig.8-D. The results B.M effective charges (black
curve) agree with the experimental data?® with
1.3 < g < 1.7fm? while the calculate form factor
with CP using MSDI theory underestimates
experimental data at the all-region of momentum
transfer.

The C2 components form factors of
inelastic scattering for 5°Ca with J*T = 2*5 for
calculated energy level (1.471MeV) and size
parameter b= 2.0fm are shown in Fig.8-E.
Unfortunately, there are no practical values for
comparison with it. The results MS+CP using the
MSDI theory (red curve) have two diffraction
minimums at gq=1.25, and q=2.1 fm? while the
results using the B.M effective charges (black
curve) e, = 1.076e, = 0.716e have one diffraction
minimum at qg=1.5fm?, because of the exotic
behavior for °Ca nucleus.

Conclusions:

In this work, we have investigated the
nuclear structure of some Ca isotopes by calculating
some electromagnetic properties using FPBM
interaction. By analysis, the occupation numbers
result strong contribution of 1f7;, orbit, and strange
behavior is evident especially for neutron-rich
isotopes. The rms of proton, neutron, matter and the
excited energy level depend on the average value of
occ# in each j-state and Ren depends on the radius of
point proton distribution of a nucleus and the
thickness of the skin for Ca isotopes increases with
increasing numbers of valence neutrons.
Calculations of reduced transition probability and
deformation parameter 4, with B.M effective charge
are better results, especially for neutron-rich
isotopes. Including the CP by using microscopic
theory and effective charges using B.M formula
improves the values of the form factors and electric
guadrupole moments. The B.M model gives better
agreement with the predicted value and other
theoretical values than that of the CP value.
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