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Abstract: 
This study proposes a mathematical approach and numerical experiment for a simple solution of 

cardiac blood flow to the heart's blood vessels. A mathematical model of human blood flow through arterial 

branches was studied and calculated using the Navier-Stokes partial differential equation with finite element 

analysis (FEA) approach. Furthermore, FEA is applied to the steady flow of two-dimensional viscous liquids 

through different geometries. The validity of the computational method is determined by comparing 

numerical experiments with the results of the analysis of different functions. Numerical analysis showed that 

the highest blood flow velocity of 1.22 cm/s occurred in the center of the vessel which tends to be laminar 

and is influenced by a low viscosity factor of 0.0015 Pa.s. In addition, circulation throughout the blood 

vessels occurs due to high pressure in the heart and the pressure becomes lower when it returns from the 

blood vessels at the same parameters. Finally, when the viscosity is high, the extreme magnitudes of blood 

flow tend toward the vessel wall at approximately the same velocity and radius of the gradient. 

 

Keywords: Blood flow, Finite element analysis,Heart, Navier-Stokes,Vessels. 

 

Introduction: 
Cardiovascular modelling continues to evolve 

due to the different kinematic movements of blood 

flow1. The heart has many movements involving 

complex interactions between viscous 

incompressible fluids and objects that can be 

deformed2,3. Meanwhile, the complex development 

of the cardiovascular system has led to the 

development of several designs and models to solve 

the problem of blood flow using several 

parameters4. These include the Reynolds number 

problem, the uncompressed Navier-Stoke equation 

in modelling blood dynamics, momentum equation 

on the blood flow of the heart. 

The blood flow simulation system is very 

complicated, due to the difference in pressure at the 

time of entry and exit from the heart5. Furthermore, 

the complication occurs because of the three-

dimensional concept of circulation using boundary 

conditions of where the blood exits and the diversity 

of the viscosity coefficient in the human body6. The 

use of hemodynamic simulation is one of the 

solutions to cardiovascular flow complications since 

the method is commonly used in scientific and 
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clinical studies as a statistical approach7. 

Furthermore, it is used in the correlation between 

near-wall blood flow parameters including shear 

wall pressure with existing cardiovascular 

disease810. Therefore, the use of hemodynamics is 

crucial for further study. 

The study of the literature on circulatory 

disorders has been widely discussed5,11. However, 

several studies have shown that the porous walls of 

arteries can be deformed and at the same time the 

non-Newtonian nature of blood flow is different in 

the geometry of the vessels. To solve the problems 

in the interaction of the blood-fluid structure, a 

nonlinear approach and an incompressible viscosity 

flow field, or other approaches partition like weak, 

and strong coupling algorithms are used12. The 

dynamics of uncompressed blood have been 

modelled without using a symmetrical fixed form of 

flow13. Therefore, the composite structure 

incorporated into the fluid equation can pass 

through the no-slip condition, and also the balance 

of contact forces is evaluated along with the 

interface location on the fluid-structure. These two 

combinations pose problems with geometric 

nonlinear problems and the location of the origin of 

the liquid is unknown. The problem of the 

interaction of media and fluid-structure is 

determined by time-dependent data from the input 

and output of dynamic pressure14,15. 

Arterial pressure is exerted on the walls of 

blood vessels by the contraction of the heart to push 

the blood into the vessels16. Furthermore, blood 

pressure is increased when circulation is disrupted 

due to increased resistance. It can be modulated 

through changes in heart activity, vasoconstriction, 

or vasodilation17. The factors that can change 

resistance are vessel length, vessel radius, and blood 

viscosity18. In addition, the circulatory system is 

also influenced by the speed of flow, the cross-

sectional area of blood, pressure, and the work of 

the cardiovascular muscles and vessels19. Due to the 

complex blood flow, there are several incidents 

involving blood flow that have very small and large 

speeds to disrupt the activities of organs in the 

body. The problem of changes in blood flow and 

pressure occurs in the circulatory system. 

This study proposes a blood flow velocity 

model using a partial differential equation with 

Navier-Stokes, as a partial differential equation and 

nonlinear continuity. This method was carried out to 

explain dynamic fluid blood flow in the heart blood 

circulation system to obtain velocity and its factors. 

This simulation uses the parameters of pressure, 

resistance, and radius geometry through 

Poisseuille's law. This law describes the 

conservation of mass and momentum equations 

which are solved numerically and analytically. 

 

Theoretical Considerations and Methods: 
Blood fluids have a very high correlation 

between resistance and volume. Due to the increase 

in hydrostatic pressure with respect to volume, 

blood fluids tend to have greater resistance. 

Moreover, from a hemodynamic perspective, 

changes in blood fluid volume can be considered 

incompressible. When 𝑣(𝑥, 𝑡) = (𝑣1, 𝑣2, 𝑣3), this 

represents the velocity of the vector function with 

respect to position 𝑥 = (𝑥1, 𝑥2, 𝑥3) and time 𝑡. 

Furthermore, the time-free incompressibility 

condition and simplification of the continuity 

equation can be expressed as20: 

 
𝜕𝑣1

𝜕𝑥1
+

𝜕𝑣2

𝜕𝑥2
+

𝜕𝑣3

𝜕𝑥3
= 0 …1 

 

The characteristics of the overall blood flow 

field can affect the hydrostatic pressure 𝑝 under 

local conditions at all points of the incompressible 

fluid. Meanwhile, in contrast to compressible flow, 

where the condition of blood flow can be defined as 

a function of the local fluid density for each point. 

According to Newtonian fluid dynamics, the non-

isotropic stress component has a large and 

proportional influence on the local velocity 

gradient. Therefore, the incompressible Newtonian 

fluid for the stress tensor component can be given 

by the following Eq. 2 21: 

 

𝜎𝑖𝑗 = −𝑝𝛿𝑖𝑗 + 𝜇 (
𝜕𝑣𝑖

𝜕𝑥𝑗
+

𝜕𝑣𝑗

𝜕𝑥𝑗
) …2 

 

where 𝛿𝑖𝑗 represents the Kronecker delta, which is 

defined as 1 when 𝑖 = 𝑗 and 0 when 𝑖 ≠ 𝑗. 

The blood fluid flow equation is the approach 

used to solve the phenomenon of motion, where Eq. 

2 is combined with the following equation of 

motion21: 

 

∑
𝜕𝜎𝑖𝑗

𝜕𝑥𝑗

3
𝑗=1  …3 

 

where 𝜕𝜎𝑖𝑗/𝜕𝑥𝑗 is the partial derivative of 𝜎𝑖𝑗 for 𝑥𝑗 

then the incompressible Navier-Stokes equation is 

obtained20: 

 

𝜌 (
𝜕𝑣𝑖

𝜕𝑡
+ ∑ 𝑣𝑗

𝜕𝑣𝑖

𝜕𝑥𝑗

3
𝑗=1 ) = −

𝜕𝑝

𝜕𝑥𝑖
+

𝜇 (∑
𝜕2𝑣𝑖

𝜕𝑥𝑗
2

3
𝑗=1 ) + 𝐹𝑖 …4 
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In general, Eq. 4 is solved by the unknown 

variables 𝑝 and 𝑣 to predict the fluid motion under 

certain conditions. In solid boundary conditions, the 

no-slip condition is applied, where the velocity of 

the fluid adjacent to the solid surface should match 

that of the surface. 

The approach to the phenomenon of blood 

fluid flow can be used with the Navier-Stokes 

Equation as a differential form of Newton's second 

law concerning the movement of a fluid. This 

Equation states the change in momentum of fluid 

particles that depends on the internal and the 

external pressure viscous force22. The general 

Navier-Stokes Equation of an incompressible fluid 

flow is described as20: 

 

𝜌
𝜕𝑢

𝜕𝑡
+ 𝜌(𝑢 ∙ 𝛻)𝑢 = 𝛻 ∙ [−𝑝𝐼 + 𝜇(𝛻𝑢 +

(𝛻𝑢)𝑇)] + 𝐹 …5 

 

when the blood flow is incompressible and laminar, 

the Navier-Stokes Eq. 5 is described as20: 

 

𝜌(𝑢 + (𝑢 ∙ 𝛻)𝑢) = −𝛻𝑝 + 𝛻 ∙ (𝜇(𝛻𝑢 +

𝛻𝑢𝑇)) + 𝐹 …6 

 

where 𝛻 ∙ 𝑢 = 0 with boundary conditions for wall 

(𝑢) and (𝑝) as follows20: 

 

𝑢 = 𝑢0 = 0 …7 

 

𝑝 = 𝑝0[𝜇(𝛻𝑢 + (𝛻𝑢)𝑇)]𝑛 = 0 …8 

 

Before performing the simulation of Eq. 6, 

the arterial blood flow in a two-dimensional (2D) 

pipe is modeled, by taking a small amount of fluid 

(blood) (2D plane). The parameters used to obtain a 

model of blood flow in blood vessels consist of an 

artery diameter of 2.6 mm and an artery length of 

10 cm, while the properties of the blood used 

consist of a density of 1060 kg/m3 and a viscosity of 

4 × 10-3 Pa.s. 

The modeling of blood fluid flow in the 

blood circulation starts from the heart into the 

arteries and is distributed into the fine vessels 

(microcirculation) and returns to the veins and 

reaches the heart. Meanwhile, the Navier-Stokes 

Equation of continuity and momentum Equations 

for an incompressible fluid, independent of time are 

as follows23: 

 
𝜕𝑈

𝜕𝑥
+

𝜕𝑉

𝜕𝑦
+

𝜕𝑊

𝜕𝑧
= 0 …9 

 

𝜌 (
𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑥
+ 𝑉

𝜕𝑈

𝜕𝑦
+ 𝑊

𝜕𝑈

𝜕𝑧
) = −

𝜕𝑃

𝜕𝑥
+

𝜌𝑔𝑥 + 𝜇 (
𝜕2𝑈

𝜕𝑥2 +
𝜕2𝑈

𝜕𝑦2 +
𝜕2𝑈

𝜕𝑧2 ) …10 

 

𝜌 (
𝜕𝑉

𝜕𝑡
+ 𝑈

𝜕𝑉

𝜕𝑥
+ 𝑉

𝜕𝑉

𝜕𝑦
+ 𝑊

𝜕𝑉

𝜕𝑧
) = −

𝜕𝑃

𝜕𝑦
+

𝜌𝑔𝑦 + 𝜇 (
𝜕2𝑉

𝜕𝑥2 +
𝜕2V

∂y2 +
∂2V

∂z2) …11 

 

𝜌 (
𝜕𝑊

𝜕𝑡
+ 𝑈

𝜕𝑊

𝜕𝑥
+ 𝑉

𝜕𝑊

𝜕𝑦
+ 𝑊

𝜕𝑊

𝜕𝑧
) = −

𝜕𝑃

𝜕𝑧
+

𝜌𝑔𝑧 + 𝜇 (
𝜕2𝑊

𝜕𝑥2 +
𝜕2𝑊

𝜕𝑦2 +
𝜕2𝑊

𝜕𝑧2 ) …12 

 

where 𝑈, 𝑉, and 𝑊 are the velocity of the blood 

fluid in the direction 𝑥, 𝑦, and 𝑧-axis. 𝑃 is pressure, 

𝜌 is the density of the fluid and 𝜇 is viscosity. 

The blood flow model is simplified in the 

form of a 2-dimensional flow consisting of the 

heart, arteries, microvessels, and veins. In the finite 

element of this model, a network of elements is 

built as shown in Fig. 1. The variation of arteries is 

from inlet to outlet with triangular mesh elements. 

 

 
Figure 1. The blood flow media model is a triangular element tissue. 
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Generally, the flow of mechanical waves 

driven by the heart is quite complicated when the 

blood flow moves through the vessels. This can be 

simplified and described in a uniform cylindrical 

tube flow by prioritizing the pressure gradient, and 

the angular frequency 𝜔. To solve exponential and 

complex wave functions, the following 

mathematical Equation is used24: 

 

𝑒𝑖𝜔𝑡 = 𝑐𝑜𝑠(𝜔𝑡) + 𝑖 𝑠𝑖𝑛(𝜔𝑡) …13 

 

with a given pressure gradient can be expressed25: 

 
𝑑𝑝

𝑑𝑥
= −𝑝′ cos(𝜔𝑡) = 𝑅𝑒[𝑝′𝑒𝑖𝜔𝑡] …14 

 

where 𝑅𝑒 is a complex number.  

Eq. 4 is solved by Bessel function and blood 

flow velocity is given by26: 

 

𝑣(𝑟, 𝑡) = 𝑅𝑒[𝑣 ′𝑒𝑖𝜔𝑡] …15 

 

𝑣′ =
𝑝′𝑎2

𝑖𝜇𝛼2 [1 −
𝐽𝑜(𝛼𝑖3/2𝑟/𝑎)

𝐽𝑜(𝛼𝑖3/2)
] …16 

 

Equation 16 is calculated on the variation of 

radius, pressure, and flow velocity. The flow 

velocity has a pressure function that varies with the 

position and the moving medium. However, the 

equation is limited to rigid and inelastic vessels, 

blood types that are isotropic and homogeneous to 

prevent the appearance of imaginary factors in the 

solution. 

 

Results and Discussion: 
The blood flow model simulation is shown in 

Fig. 2 and explains the pattern and pressure contour. 

This simulation uses the velocity relative to that of 

the blood leaving the heart, and the speed of blood 

flow through the arteries increases to 1.22 cm/s 

from the speed of blood leaving the heart. When 

blood is distributed through the fine vessels 

(microcirculation) the velocity decreases to 0.5 

cm/s. Furthermore, the decrease in velocity will be 

even greater when it involves more fine vessels. 

This is because the pressure decreases with 

increasing the number of channels followed by the 

distance of the vessels from the source of the blood 

returning through the veins27. 

In the human body, the viscosity of blood 

fluids can vary due to food and the number of fluids 

or drinks consumed28. The measure can be seen 

from the value of the coefficient, which increases 

with increasing viscosity. Therefore, it is necessary 

to perform simulations by varying the viscosity 

coefficient as shown in Fig. 3. 

 
Figure 2. Blood flow of heart simulation. 

 

 
Figure 3. Blood flow velocity as a function of 

position. 

 

The variation of the coefficient of blood 

viscosity is 1.5 × 10-3 Pa.s, 1.75 × 10-3 Pa.s, and 2 × 

10-3 Pa.s and was simulated by this model. The 

graph in Fig. 3 shows the velocity of blood flow in a 

cross-section of the arteries. Furthermore, the flow 

velocity is zero in the walls of arteries, due to the 

viscosity of blood, and it is maximum in the 

middle29. The flow velocity is maximum in the 

middle of the arterial wall, and it is reduced in 

thicker blood fluid. For viscosity 1.5 × 10-3 Pa.s, the 

maximum blood velocity is 1.22 cm/s from the 

velocity of blood out of the heart. For the viscosity 

of 1.75 × 10-3 Pa.s and 2 × 10-3 Pa.s, the maximum 

velocity is 1.15 cm/s and 1.08 cm/s respectively 

from the velocity of blood out of the heart. The 

highest laminar velocity at the center of the 

cylindrical vessels is 0.5 and it is smaller at the 

edge. Furthermore, the ratio of this velocity is quite 

low relative to the pressure of the heart which 

pumps the blood throughout the body. Numerically, 

this has been proven through calculations with the 

velocity function approach to pressure using the 
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Bessel function as in Eq. 16. However, 

experimental comparisons were still conducted to 

obtain comparisons and validity of numerical 

experiments and analytical calculations. 

 

 
Figure 4. The movement of blood flow velocity in 

vessels with the same pressure gradient 

conditions and variations in the value of 𝜶: (a) 

19.1, (b) 19.6, (c) 20.1, (d) 22.1, and (e) 23.1. 

 

Fig. 4 shows the solution of Eq. 16 with the 

blood flow velocity at some point in the position of 

the vessel’s width, with half cycles of oscillation for 

some of the angular frequency of the fundamental 

component (𝛼) values. The graph line (c) shows 

aortic vessels with a diameter of 2.7 cm, heart rate 

of 60 bpm, blood viscosity of 3 cP, and blood 

densityof 1.06 g/cm3, where 𝑎(2𝜋𝑛/𝜇)1/2. This 

analytical calculation is slightly higher than the 

numerical one on the same parameters. Meanwhile, 

the angular frequency of the fundamental 

component is30: 

 

𝛼 = 1.35 (2𝜋
1.06

0.03
)

1

2
= 20.1 …17 

 

when 𝛼 = 20.1, the description of blood flow 

velocity does not approach a parabolic function and 

other variations of 𝛼 with time have a pressure 

gradient that is not in phase. Therefore, quasi-steady 

is almost found, which means that the 

incompressible fluid provides steady flow which is 

approximately equal in value to the constant 

pressure gradient at maximum state31. In addition, 

the shear wall pressure is proportional to the slope 

of the blood flow velocity near the wall and tothe 

variation of the phase of the pressure gradient. This 

allows more fluid flux to flow along with the point 

towards the vessel’s wall. 

As the 𝛼 decreases in the graph lines (a) and 

(b), the velocity performance changes in the tube 

and the flow velocity varies greatly in amplitude 

and phase near the wall. Faster flow towards the 

center of the cylinder. This speed is higher because 

the value of blood viscosity increases. Furthermore, 

the velocity variation in the central region and the 

shear stress is increasingly dependent on the 

pressure gradient. When the value of 𝛼 is large, the 

interior velocity of the blood flow exceeds the fluid 

pressure gradient by an angle π/2. On the other 

hand, the shear wall pressure exceeds the fluid 

pressure gradient by π/4. Therefore, the interior 

velocity of blood flow and the shear wall pressure 

isin the same phase at a small pressure gradient. 

Negative velocity values in line graphs (d) and (e) 

indicate that the pressure gradient is being pulled or 

sucked back by the heart, and is not the same as 

when velocity is positive. This indicates that the 

pumping of blood by the heart is greater than the 

suction or withdrawal. 

The pressure exerted by the heart on the aorta 

is more or less periodic, but the complexity with 

time variations of the pressure is much more 

dominant than the simple sinusoidal function. 

Therefore, based on Fourier analysis, the mean of 

the fixed components can represent pressure waves, 

fundamental frequencies for sinusoidal waves, and 

higher frequencies for harmonic waves32. Thus 

incompressible blood flow in a uniform or similar 

tube can be estimated by placing it on a Poiseuille 

flow gradient image for fixed components by 

isolated component analysis. 

 

 
Figure 5.The movement of the velocity of blood 

flow in the vessels with a value of 𝜶 = 20.1 

constant and pressure variations: (a) 120/80 

mmHg, (b) 110/70 mmHg, (c) 100/70 mmHg, (d) 

100/60 mmHg, (e) 90/60 mmHg, (f) 85/60 mmHg, 

(g) 80/60 mmHg, and (h) 80/50 mmHg. 
 

The predominance of inertial effects and 

pressure gradients tend to drive blood flow velocity. 

Also, the velocity description is almost similar to 

the tube diameter, with a narrow layer on the wall. 

Higher harmonic components of similar waveforms 
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with higher results will show the same treatment33. 

The two spatial and temporal flow variations are 

very different for predicting Poiseuille flow and 

also differ from descriptions of the same velocity, 

without any radial velocity variation. 

When the pressure gradient decreases, the 

flow velocity is proportional and can either be 

positive or negative. The negative gradient 

condition indicates the flow velocity is lower than 

the positive at the same pressure value. This can be 

seen in Fig. 5. 

When the 𝛼 value is doubled (𝛼 = 40), the 

viscosity becomes denser and the pressure of blood 

flow near the tube wall becomes similar but remains 

0 at the wall. Therefore, high viscosity results in a 

pressure gradient that is almost similar in the middle 

towards the edge of the tube as depicted in Fig. 6. 

 

 
Figure 6.The movement of blood velocity in the 

vessels with a constant 𝜶 = 40 value and pressure 

variations: (a) 120/80 mmHg, (b) 110/70 mmHg, 

(c) 100/70 mmHg, (d) 100/60 mmHg, (e) 90/60 

mmHg, (f) 85/60 mmHg, and (g) 80/60 mmHg. 

 

The trend of the flow will be quasi-steady 

and even reach an 𝛼 value of less than 5 when the 

arteries are considered small with 𝛼 = 5. The flow 

close to the heart increases the vessel’s velocity and 

decreases the viscosity. Likewise, there is a reduced 

negative velocity gradient in the modulus than the 

positive34. The effect of pulse wave flow on velocity 

images in arteries varies widely in the arterial 

system according to vessel’s diameter. 

 

Conclusion: 
The results of the numerical analysis show 

that high blood pressure from the heart circulates 

blood throughout the heart's blood vessels. The 

greater the pressure applied, the higher the speed of 

blood flow. However, the return blood pressure is 

lower at the same parameters in the cardiac 

vasculature due to the greater pulling effect than 

pushing by the pumping of the heart. The high flow 

velocity of 1.22 cm/s occurs in the center of the 

vessel which tends to be laminar and is influenced 

by a low viscosity factor of 1.5 × 10-3 Pa.s. 

Furthermore, the flow will approach the same 

extreme magnitude towards the vessel wall with 

almost the same velocity and radius gradient when 

the viscosity is high. 
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 وعيية القليية ععل  دي  بيي دديد لصاائ  ددفق الد  المعقد التحقيق العددي للمعلمات الفيزيائية في الأ
 

 1يان سورباعتي  *1دودو ساعتيودو 1ديفريانتو

 3أوععفاليسا  2روعمي فضلي سياحيودرا  1زهر  ميزيا  1أنديكا ذوعيية

 6هاريانا هيري  5ديدي إيراوعان  4شمسودهها
 
 قسم الفيزياء ، كلية الرياضيات والعلوم الطبيعية ، جامعة رياو ، بيكانبارو ، إندونيسيا. 1
 قسم الفيزياء ، كلية الرياضيات والعلوم الطبيعية والصحة ، جامعة المحمدية رياو ، بيكانبارو ، إندونيسيا. 2
 يجري سلطان سياريف قاسم ، بيكانبارو ، إندونيسيا.قسم هندسة المعلوماتية ، كلية العلوم والتكنولوجيا ، جامعة الإسلام ن2
 قسم الرياضيات ، كلية الرياضيات والعلوم الطبيعية ، جامعة رياو ، بيكانبارو ، إندونيسيا. 2
 قسم التربية الفيزيائية ، كلية تدريب المعلمين والتعليم ، جامعة رياو ، بيكانبارو ، إندونيسيا. 2
 وم التطبيقية ، جامعة التكنولوجيا مارا ، شاه علم ، ماليزياقسم الفيزياء ، كلية العل 2

 

 الصلاصة:
تقترح هذه الدراسة نهجًا رياضياً وتجربة عددية لحل بسيط لتدفق الدم القلبي إلى الأوعية الدموية للقلب. تمت دراسة نموذج رياضي 

(. FEAستوكس التفاضلية الجزئية مع تحليل العناصر المحدودة )-هلتدفق الدم البشري عبر الفروع الشريانية وحسابه باستخدام معادلة نافيي

على التدفق الثابت للسوائل اللزجة ثنائية الأبعاد من خلال أشكال هندسية مختلفة. تتحدد صلاحية الطريقة  FEAعلاوة على ذلك ، يتم تطبيق 

سم / ثانية  1.22ر التحليل العددي أن أعلى سرعة لتدفق الدم تبلغ الحسابية بمقارنة التجارب العددية مع نتائج تحليل الوظائف المختلفة. أظه

باسكال. بالإضافة إلى ذلك ، تحدث الدورة  0.0012حدثت في مركز الوعاء الذي يميل إلى أن يكون رقائقيًا ويتأثر بعامل لزوجة منخفض قدره 

غط عندما يعود من الأوعية الدموية بنفس المعايير. أخيرًا ، عندما الدموية في جميع الأوعية الدموية بسبب ارتفاع الضغط في القلب ويقل الض

 تكون اللزوجة عالية ، تميل المقادير القصوى لتدفق الدم نحو جدار الوعاء الدموي بنفس سرعة التدرج ونصف قطره تقريباً.
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