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Abstract:

Due to its importance in physics and applied mathematics, the non-linear Sturm-Liouville problems
witnessed massive attention since 1960. A powerful Mathematical technique called the Newton-Kantorovich
method is applied in this work to one of the non-linear Sturm-Liouville problems. To the best of the authors’
knowledge, this technique of Newton-Kantorovich has never been applied before to solve the non-linear
Sturm-Liouville problems under consideration. Accordingly, the purpose of this work is to show that this
important specific kind of non-linear Sturm-Liouville differential equations problems can be solved by
applying the well-known Newton-Kantorovich method. Also, to show the efficiency of applying this method
to solve these problems, a comparison is made in this paper between the Newton-Kantorovich method and the
Adomian decomposition method applied to the same non-linear Sturm-Liouville problems under consideration
in this work. As a result of this comparison, the results of the Newton-Kantorovich method agreed with the
results obtained by applying Adomian’s decomposition method.

Keywords: Adomian’s decomposition method, Central finite-difference approximation, Newton-Kantorovich method,

Non-linear Sturm-Liouville problems, Non-Linear differential equations.

Introduction:

Many researchers have shown an interest in
the non-linear Sturm-Liouville problems along the
time since 1960, and it has applications in physics
and applied mathematics. To illustrate this interest,
some of the recent research work that has been done
regarding these problems will be mentioned here as
follows: One of the most recent research works about
the Sturm-Liouville problems is the work presented
in 2022 by Aal-Rkhais, Kamil, and Oweidi*in which
they discussed solving the second order singular
Sturm-Liouville equation. Also, many interesting
theories regarding the non-linear eigenvalue
problems of the Sturm-Liouville Type are presented
by Kurseeva, Moskaleva, and Valovik? in 2019
including deriving solvability results, asymptotics of
positive and negative eigenvalues, and also
applications were given. Moreover, among other
recent works that have to be mentioned here is that
presented by He and Yang® in 2019 and by Al-
Khaled and Hazaimeh* in 2020, wherein the work of
He and Yang, the existence of positive solutions for

systems of non-linear Sturm-Liouville differential
equations with weight functions was studied, while
in the work of Al-Khaled and Hazaimeh a
comparative study between a modified version of the
variational iteration method and the Sinc-Galerkin
method was presented to solve non-linear Sturm-
Liouville eigenvalue problem. In this paper, the
Newton-Kantorovich method is applied to
approximate the solution for one of the non-linear
Sturm-Liouville problems that are the problem:

=y () +y*(x) = 2y(x); y(x) > 0,x €1 =

(0,1) subject to the boundary conditions y(0) =
y(1) = 0 where 1 > 0 is an eigenvalue parameter.
Newton - Kantorovich method is an important
numerical method that is used to solve some non-
linear ordinary and partial differential equations.
This mathematical technique is very well-known and
there is a massive number of research about it. One
of the most recent studies in this regard is the work
of Regmi, Argyros, George and Argyros®, published
in 2022, in which they introduced a technique that
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extended the convergence region of previous studies
and they achieved other advantages without
additional conditions. Also, by using the Newton-
Kantorovich method, Boichuk and Chuiko® in 2021
proposed a new iterative scheme for the
determination of solutions to the weakly non-linear
boundary value problem for a system of ordinary
differential equations in the critical case. This paper
is not to analyze the convergence of the Newton-
Kantorovich method but is devoted to showing the
ability to solve a specific kind of non-linear Sturm-
Liouville problems using the Newton-Kantorovich
method. In 2014, Hussan and Abbas’ applied the
Newton-Kantorovich method to solve a diffusion
and exothermic equation, they applied the Newton-
Kantorovich method to convert the non-linear
boundary value problem into a linear boundary value
problem, and then they used the finite difference
method to solve the linear boundary value problem.
There are different methods to handle non-linear
differential equations, some of the most recent of
them included in the references® . In this paper, the
same procedure included in the work of Hussan and
Abbas’ is followed.

By wusing the Adomian’s decomposition
method, among other results Sennar Somali and
Guzin Gokmen®? obtained the series form for the
solution of non-linear Sturm-Liouville problems:
—y"(x) +yP(x) =Ay(x); y(x) >0, x €l =
(0,1) Subject to the boundary conditions y(0) =
y(1) = 0 where 1 > 0 is an eigenvalue parameter
and p > 1 is a constant. The results of the Newton-
Kantorovich method of this work are compared with
those obtained when applying the series form
mentioned above using 1=9.8696 and a =
2.240 x 1078, For other recent applications of the
Adomian decomposition method see the work of Al-
Jizani and Al-Delfi®3.

Newton-Kantorovich Method for Second
Order Differential Equations:

Following the same procedure included in the
work of Hussan and Abbas’, the Newton-
Kantorovich method is derived here for solving the
single non-linear second order differential equation:

i}”(x) +f(x,y,y") =0, x € (a,b),

subject to the linear homogeneous boundary
conditions y(a) = y(b) = 0, by applying the Taylor
series expansion. Expanding the function f(x,y,y")
using a Taylor series expansion up through first-
order term around the solution 1y, gives the
following expansion:

FOG Yk, Yier1) = OOV Vi) +

af X,y ry’ af X,y :y’ !
(T’”‘) ka1 = Yi) + (T"") Vi1 = Vi)

2
Now, putting Eq.2 into Eq.1 yields:

n A af ) ) X
Vo1 + F OOV vi) + % Oresr = Vi) +

af xry ry’ ! !
(OTRR)(YkH —Y) =0

" of (xy ,y'
Viev1 + M) ayk k) Vks1 = Vi) +
of (x.yk

ay/y") Dke+1 = Yi) = = (6 Vi i)
3
To simplify, EQ.3, one can substitute 8y, = yi4+1 —

v, and the following equation is obtained:
i, Of (x Yy ;. Of(xyryr
Oy + L2628 (g, 4 LT (5,

=y = £ Vi, Vi) 4
Subject to the boundary conditions:
6yx(a) =0
Syr(b) =0

Now, by giving an initial solution y,, Eq. 4 can
be solved using the finite difference method to get
the solution 8y, at specified mesh points. Therefore,
the second solution y; = 8y, + y, can be obtained
at the specified mesh points. Hence, putting k =
1 and substituting y, (x;) at specified mesh points in
Eq. 4 and solving by the finite difference method
gives the solution at specified mesh points. In a
similar way, one can get the third solution y, =
8y, + y; at the same mesh points. Continue in this
manner until ||yi+1 — Vill < € at the same mesh
points, where ¢ is a known small positive number.

Application of the Newton-Kantorovich
Method to One of the Non-linear Sturm-
Liouville Problems:

Consider the non-linear Sturm-Liouville

problem:

—y"(x) +y?2(x) = 1y(x); y(x) >0,x €I =
0,1) 5
y(0)=y(1) =0

when A > 0 is an eigenvalue parameter.
One can rewrite Eq. 5 as:
y'(x) = y?(x) + Ay(x) =0,
by comparing with Eq. 1, one can have:
f(x'y'y,) = _yz(x) + Ay(x)
Then, the partial derivatives of function f with
respect to y' and y respectively will be as follow:
f (xyivr) _
oy’ -

f (xyivr) _ _
% = 2y + A.

Now, applying the Newton-Kantorovich method to
the non-linear Sturm-Liouville problem in Eq. 5
yields:

2037



Open Access
Published Online First: March, 2023

Baghdad Science Journal
2023, 20(5 Suppl.): 2036-2041

P-1SSN: 2078-8665
E-ISSN: 2411-7986

6y)" — Qyr — V(Eyr) = —yi +yie — 1Yk,
6

subject to the homogeneous boundary conditions:
6y, (0) =0,

Sy (1) =0,

where y,, is a previous iteration that is considered to
be a known function, and 6y, = yi41 — Vk-

At k = 0, then Eq. 6 will be written as below:
(6¥0)" — (2yo — D (8Y0) = =y +¥5 — A Yo

Let us choose the first iteration y, = 1, this reduces
the above equation to the following equation:
(6y0)" =2 —D(yy) =1- 1

And for simplicity, one can write § = dy, in the
above equation to rewrite it in the simplest form:
§"—-Q2-1D5=1-41,

6(1) =0.

Now, applying the central finite-difference
approximation on Eq. 7 gives the following
difference equation:

W—(z-z)ai —1-1

Multiplying both sides by h? to get:

8ir1 — (2 + 2h2 — Ah2)6; + 8;_1 = (1 — D)RZ.
Taken = 10 then i = 1,2,3,--,9 and h = ~ = 0.01.

Consider the value 2 = 9.8696, see Sennar Somali
and Guzin Gokmen*?, then:

841 — (1.9213)8; + 8;_; = —0.0887 ; Vi =
1,2,3,---,9. 8

Thus, by evaluating Eq. 8 at i = 1,2,3,-:+,9 one can
get the following matrix form:

7 Ad = B.
5(0) =0, Where:
r—1.9213 1 0 0 0 0 0 0 0
1 —-1.9213 1 0 0 0 0 0 0
0 1 —-1.9213 1 0 0 0 0 0
0 0 1 —1.9213 1 0 0 0 0
A= 0 0 0 1 —1.9213 1 0 0 0 ,
0 0 0 0 1 —-1.9213 1 0 0
0 0 0 0 0 1 —1.9213 1 0
0 0 0 0 0 0 1 —-1.9213 1
0 0 0 0 0 0 0 1 —1.9213-
§T = [61 6, 63 64 65 86 67 bg &9,
'—0.08871
—0.0887
—0.0887
—0.0887
B ={-0.0887|.
—0.0887
—0.0887
—0.0887
L—(.0887-
So,
(—1.7797 —2.4193 —2.8685 —3.0920 —-3.0722 —-2.8105 —2.3277 —1.6617 —0.86497
—2.4193 —4.6482 —5.5113 —5.9407 —5.9025 —-5.3998 —4.4722 —3.1925 —1.6617
—2.8685 —5.5113 —7.7204 —8.3218 —8.2684 —7.5642 —6.2647 —4.4722 —2.3277
—3.0920 —5.9407 —8.3218 —10.0481 —9.9835 —9.1332 —7.5642 —5.3998 —2.8105
A™' =1-3.0722 —5.9025 —8.2684 —9.9835 —10.9129 —9.9835 —8.2684 —5.9025 —3.0722|.
—2.8105 —5.3998 —7.5642 —9.1332 —-9.9835 —10.0481 —8.3218 —5.9407 —3.0920
—2.3277 —4.4722 —6.2647 —7.5642 —8.2684 —8.3218 —7.7204 —5.5113 —2.8685
—1.6617 —3.1925 —4.4722 —5.3998 —5.9025 —-5.9407 —5.5113 —4.6482 —2.4193
—0.8649 —1.6617 —2.3277 —2.8105 —3.0722 —3.0920 —2.8685 —2.4193 —1.7797
Then:
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1.85357
3.4725

4.7294
5.5255
8§ =A"'B =|5.7980|
5.5255
4.7294
3.4725
11.85354

Since  y; =8y, +y,, hence one can get the
solution y; by applying y; = § + 1 which is:

[2.85357
4.4725

5.7294
6.5255

Y1 =16.79801

6.5255
5.7294

4.4725
12.85354

A Series Form for the Solution of the Non-
linear  Sturm-Liouville  Problems by
Adomian’s Decomposition Method:

In 2007, Sennur Somali and Guzin
Gokmen??, among other interesting results, applied
the Adomian’s decomposition method to obtain the
solution to the non-linear Sturm-Liouville problem:

=y"+yP(x) =2y(x); y(x) >0,x € =(0,1)
subject to the boundary conditions y(0) = y(1) = 0
where p > 0 is constant and 4 > 0 is an eigenvalue
parameter, in a series form as below:
y(x: 1) = sm(\/_)x+ abxb?

) 1 2 s (p+1)(p+2)

_ AaPxpPt4 (2
(p+1)(p+2)(2p+2)(2p+3)
1

(p+3)(p+4) \3

(p+1)(p+2)

At p =2 the above non-linear Sturm-Liouville
problem is reduced to Eg. 5, and according to the
series form above, its solution will be:

3X7

a . a2x4 a
Y ) = Zsin(VA)x + -+ —

)6 252
Aa“x 5

30 (E) to
Using this series form when A = 9.8696 and a =
2.240 x 1078, one can find the solution y(x) at the

following values:

r0.17
0.2
0.3
0.4
x=]0.5]
0.6
0.7
0.8
L0.9-
Thus, the solution is:
[2.2033 X 10777
41910 x 10~°
5.7684 x 107°
6.7812 x 107°
= y(x) =[7.1301 x 10~°|.
6.7812 x 107°
5.7684 x 107°
4.1910 x 10~°
12.2033 x 10~°
Results:

In this section, a comparison has been made
between the results of the application of the Newton-
Kantorovich method and the results of the
application of the Adomian’s decomposition method
for solving the non-linear Sturm-Liouville problem
considered in Eqg. 5 and it shows that the solutions
strongly agreed in both techniques that have been
used in this research as shown in Table. 1 and Fig. 1.

Table 1. A comparison between the two techniques used in this research.

i X; y1(x;) y(x;)

1 0.1 2.8535 2.2033 x 107°
2 0.2 4.4725 4.1910 x 107°
3 0.3 5.7294 5.7684 x 107°
4 0.4 6.5255 6.7812 x 107°
5 0.5 6.7980 7.1301 x 107°
6 0.6 6.5255 6.7812 x 107°
7 0.7 5.7294 5.7684 x 107°
8 0.8 4.4725 41910 x 10~°
9 0.9 2.8535 2.2033 x 107°

y,: The solution from Newton -Kantorovich method, y(x): the series form solution from Adomian’s decomposition method.
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Figure 1. Comparison between y (x;) and y(x;).

Conclusions:

This paper includes new progress regarding
the problem under consideration which is one of the
non-linear Sturm-Liouville problems that has
importance in physics and applied mathematics. It
has been shown here that the Newton-Kantorovich
method can be applied to the non-linear Sturm-
Liouville problem considered in Eq. 5 and the results
of this technique is acceptable since they agree with
that one can get when applying another technique
called the Adomian’s decomposition method for
solving the same problem.
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