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Abstract:

The current paper studied the concept of right n-derivation satisfying certified conditions on semigroup ideals
of near-rings and some related properties. Interesting results have been reached, the most prominent of which
are the following: Let M be a 3-prime left near-ring and A, A5, ..., A,, are nonzero semigroup ideals of M,
if 4 is a right n-derivation of M satisfies on of the following conditions,

(i) Ad(ug, 1y, oo, (15, 05), s y) = OV 1y €Ay, Up€Ay, oo, 1, D5 € A, ..o, WA
(i) (G0 (g 05), o, (,07), o, (i, 0) ) = 0
Vg, 01 €A, Up, D2€A, oo, Ui, 05 € Ay, vy Uy, D €A,
(i) 4 ((ul,nl), (uz,92), oo, (15,97), ..., (i, nn)) = (1, 0;) V 1y, 01 €A,
, Up, Dy €A, e, Uy, D5 € c/qj, vy Up, D €A,
(iv) If 4 + d is an n -additive mapping from A; X A, X ... X A, t0 M;
(v) d(uq,uy, ..., (ui, Ui)' v ly) € Z(M) Vuy€Aq , Up€Ay, .., Ui, 0 € Aj, oo, Un€A,,;
i)y d ((ul,nl), (u2,05), .., (1, 9;), -, (un,nn)) € Z(M) VY uy,v.eA,
, Up, Dy €A, e, U, D5 € c/qj, vy Up, D €A,
Then M is a commutative ring.

Keywords: Generalized right derivations, Prime near-ring, Right derivations, Right n —derivations, Semigroup
ideals.

Introduction: Jordan product, respectively. For more about near-
A left near-ring is a nonempty set M with two  ring, make reference to Pil_zl. _ _
binary operations (+) and () which satisfies (i) Certain mappings, involving some algebraic

(M, +) is a group that is not necessarilv abelian, (ii) ~identities, defined on rings** or near- rings*® and
(M, +) is a semi group, (iii)a* (b+ ¢) = a-b +  Sometimes on an appropriate subset of them, and the
a-c for eacha,b,ceM ( recall that when M  effect of these mappings on the algebraic structure of
satisfies the right distributive law, (a +b).c = a-  the near-rings, how the near-rings can be converted
c + b -c for each a, b, c eM, then M will be called  into rings or commutative rings, was a study project
right near-ring ), usually M will be 3-prime, if for ~ that has attracted the interest of many researchers
x.y € M; xMy = {0}impliesx = Oory = 0.A  Overthe past three decades. _

left near-ring M is called zero-symmetric if Ox = _ Different  types of mappings, such as
0, forall x € M (left distributivity yields x0 = 0 derivations, generalized derivations, left derivations,

). Z(M) will refer to the multiplicative center of M. homoderivations and multipliers on near-rings or
Let 0 # A C M, then A is said to be a semigroup rings have been studied and some related properties

ideal of M if AM S M and M.A S M. For each  have been discussed, see™. Also, the derivation
mn € M. then (m_n) —m 4+ n _ M- n concepts generalization has been studied by various

[mn] = mn-nm and mon =mn+nm will be  Means according to different authors such as

denoted to the additive commutator, Lie product, and ™ —derivations, (s, t )-n-derivation, right n-
derivation and generalized right n-derivation, on

near-ring and obtained new interest results for
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researchers in this field!*4. Majeed and Farhan®® are
the first to define the concepts of right derivation and
right n-derivation on the near-ring.

Let d be an additive mapping from M into itself,
d is said to be a right derivation of M if 4(mn) =
d(m)n + d(m)m foreach m,n € M.
Let d:M XM X..XxM — M be n-additive

n—times
mapping (i.e. additive in each argument), d is said to
be right n —derivation of M if the following
equations hold for
each my, my', my,my’, ..., my, m," € M:
d(mmy’,my, ..., my)
= d(ml LY ""mn)mll
+ d(mlllmZ' ""mn)ml
d(my,mym,’, ..., my)
= d(my,my, .., my)m,’
+ d(ml 'm2,) ""mn)mZ

d(my,my,..,m,m,") =d(m;,my, .., m)m, +
d(my,my, .., m, )m, ®

In this line of inspection, this work will give
new essential results in this field and generalize some
known results presented.
Note that from now, M will be 3-prime left near-
ring, the abbreviation C.R will refer to the
commutative ring while R.D and R.n.D are a brief
to the right derivation and right n-derivation
respectively.

Preliminaries

Lemma 1:* [Lemmas 1.2(ii) and 1.3(ii)]

(i) If 3ez(m)/{0}for which 3+3€ Z(M),
then (M, +) is abelian.

(i) If 3eZz(M)/{0} and 3s€ Z(M) or s3€
Z(M), wheres € M, thens € Z(M).
Lemma 2: 4 [Lemma 1.3(i), 1.4(i) and 1.5] Let A #

0 be a semigroup ideal of M, s € M.

(i) If As ={0}orsA = {0}, thens = 0.

(i) If tAs = {0},t,5€ M, theneithert =0o0r s =
0.

@iii) If A S Z(M) ,then Misa C.R.

(iv) If [s,0] =0, forany v € A,thens € Z(M).

Lemma 3: ¥ [Lemma 2.6] M is zero symmetric if

and only if M admitting R.n.D.

Lemma 4: Let A # 0 be a semigroup ideal of M.

If (A,+) isabelian then (M, +) is abelian.

Proof: Since a+b=b+a for any qbedA,

substitute as for a and at for b to get as + at = at +

as forany aeA, s, teM it follows a(s +t—s—1) =

0aeA,s5,teM,so A(s+t—s—1)={0}, thus

(M, +) abelian by Lemma 2 (i).

Lemma 5: Let A and B be nonzero semigroup ideals

of M, if the additive commutator (a,b)e Z(M) for

any aeA and beB then M is abelian.
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Proof: From assumption (sa,sb) = s(a,b)e Z(M)
for any aeA, beB, s € M, using Lemma 1(ii) leads to
either (a,b) = 0 for any aeA, beB or se Z(M) for
any s e M, by Lemma 2(iii) the last result can be
reduced to either (a,b) =0 for any aeA, beB or
Misa C.R.

If (a,b) = 0 for any aeA, beB, then substitute as for
aandab forb to get as+ ab = ab+as for any
aeA,beB,s eM it follows a(s + b — s —b) = 0 for
any aeA,beB,seM so0 A(s+b—s—b) ={0} for
any beB, se M, thus (M, +) abelian by Lemma 2(i)
and Lemma 4 and this complete the proof.
Corollary 1: Let A be a nonzero semigroup ideals
of M, if (a,b)e Z(M) for any a,beA, then M is
abelian.

Corollary 2: Let A be a nonzero semigroup ideals
of M, if (a,5)e Z(M) or (s,a)e Z(M) for any
aeA and, se M then M is abelian.

Lemma 6: Let 4 be a R.n.DofM and
Aq, Ay, ..., A, are a nonzero semigroup ideals
of M, if d(Ay, Ay, ...,A,) ={0},thend = 0.
Proof: For any U €A,
JUR€A, o, WE A, oo, UnEA,,

0= d(/mlul,uz, ey U, ...,un) =

ad(mq,u, ., .o, 1y g, that is

d(/ml,uz, ...,uj,...,un)c/ll = {0} for any m,eM
JUgEA, o, WE A, oo, Uy EA,, SO

a(mq, g, oty o ty) =0

for any mieM ,uzeA;, ..., WEA;, .., UgEA,
according to Lemma 2(i), replace u, by m,u, in the
last result, to obtain d(m,,m,, ..., ...,u,) =0
for any my,m,eM .., € A;, .., up€A,  and
proceeding inductively to conclude &4 = 0.

Lemma 7: Let dbe a R.n.DofM and
A, Ay, ..., A, are a nonzero semigroup ideals
of M, and seM.d(Aq Ay, ..., A,)s = {0},
thens = 0.

Proof: For any
Ui €A, UREA,, .. , WE A, oo, U €A, ,
d(ul,uz, i ...,un)s = 0, that is

0 = d(ug,uy, .., 85U .., Uy ) 6 =
)8, e, U1, it follows
16, s W) Ajs = {0}, using Lemma 2(ii)

ad(ug,uy, ...
d(ug,u,, ..
implies
Either 4(uq,uy, ..., s, ...,u,) =00rs =0

if d(uq,uy,...,s,...,u,) =0, then for any u;eA,
JUR€EA,, ..., U €A, , then

(113, 0z, -, () o M) =
d(ul,uz, e, PS5, ...,un)qj +
d(ul, Uy, ey Gy oo ,un)pjs
d(ul, Uy, ey Gy ooe ,un)pjs

As well,



Open Access
Published Online First: May, 2023

Baghdad Science Journal
2024, 21(1): 196-203

P-1SSN: 2078-8665
E-ISSN: 2411-7986

d(ul,uz, ...,pi(sqi), ...,un) =

A (g, Uz, o, P oy Uy )5G35 +

d(ul,uz, ey 5G;) ...,un)pi =0

Comparing the two last expressions to conclude
d(ul,uz, ey Gy ...,un)pis =0

A( Ay, Az, ey Ay e, Ay )A;is = {0}, Use Lemma
2(ii) and Lemma 6 to imply that s = 0.

Corollary 3: Let 4 be R.n.D (or,R.D) of M and
A # 0 be a semigroup ideal of M, and s e M. If
Ad(A,A, ..., A)s={0} or, Ifd(A)s={0})
thens = 0.

Corollary 4: [Lemma 2.57] Let M be a prime near-
ringp 4 #0 is a R.n.D of M and se M. If
am,m,...,M)s = {0},thens = 0.

Corollary 5: [Lemma 2.57] Let M be a prime near-
ring,d #0isa R.Dof M andse M. If d(M)s =
{0}, thens = 0.

Lemma 8: [Lemma 2.5 7] “If M is referring to a
R.n.D d # 0suchthat d([x,y],x2,...,x,) = 0
for each x,y,x,,...,x,€ M, then M is a C.R”.

The following Lemma is a direct result of Lemma 8.
Lemma 9: If M is referringtoa R.n.D d # 0 and
(M, +) is abelian, then M isa C. R.

Proof: If wm,+) is abelian, then
d([x,y],x2,...,xp) =0 for each
X, ¥, Xg,...,Xn€ M and thus M is a C.R according
to Lemma 8.

Lemma 10: Let Ay, Ay, ..., A;, ..., A, be nonzero
simigroup ideals of M and 4 isa R.n,D of M. If
there is 3 € A; such that d(ay,az,...,3, ..., a,) =0
for any a,€ Ay, 03€A,...3€A;, ..., 0, €A, then
eitherd = 0 or 3€ Z(M).

Proof: Va € Ay, 02€A5, ..., 1, 0j € A, .., Qp€A

d(ay,az,...,15(39)), ., ap) =

ir

d(ay, az,..., 1, ..., 0,)30; +

d(al, APYRIS RN un)3uj 1
Also,

d(ay,az,..., (W3)0, ..., @) =

d(ay,az,..., 1, ..., 0,)30; +

d(al, A PYRUS RN un)uis 2

Combining Eq.1 and Eq.2 to get

d(al, az, .., ...,un)uis =

d(ay,az,..., 05 ..., Uy )3u;. Put pyy; instead of 1 in
last equation to and use it another time to get
d(ag,az,..., 05, ., Up )PiU3 =

d(al, az,...,0j ...,un)3pjui =

d(ay,az,..., 0, ..., Up )P;3W, Which can be written as
d(ay,az,..., 05 .., up)A;[3,145] =0, it follows
either d(Ay, Ay, o, A;, ..., Ay) = {0} 01 [3,,15] =
0 for any u; € A; according to Lemma 2(ii) and use
Lemma 6 to conclude either & = 0 or [3,,uj] =
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0 forany u; € A;, 1.6, 133 = 3u; for any u; € A; , put
wn, where neM' , in last equation and use it to get
wn3 =3wyn =uw3n and this result leads to
A;[3,n] = {0} and Lemma 2(i) ensures that
3e Z(M).

Corollary 6: Let A be a nonzero simigroup ideal of
Mand 4 is a R.n,D of M. If there is 3 € A such
that d(aq,az,...,3, ..,a,) =0 for any q
, 0y, ..., 0y €A then either & = 0 or 3e Z(M).
Corollary 7: Let A be a nonzero simigroup ideal of
Mand d isan R, D of M. If there is 3 € A such that
d(3) = 0, then either & = 0 or 3e Z(M).
Corollary 8: Letd beaR.n,D of M. Ifthereis3 €
M such that d4(my,m,,...,3, ...,m,) = 0 for any
my ,my, ..., m, €M then either & = 0 or 3 Z(M).
Corollary 9: Letd be an R.D of M. If there is 3 €
M such that 4(3) =0, then either 4 =0 or
3e Z(M).

Main Results:
Theorem 1: Let & be a nonzero R.n.D of M and
Aq, Ay, ..., A, are a nonzero semigroup ideals
of M, if d(ul,uz, . (uj, nj), ...,un) =0 for any
Uy €Ay, Up€A, ., Uj, D} € A, .o, UnEA,, then M s
acC.R.
Proof: By assumption
d(ug, 1y, ., (1, 9), o 1,) = 0
any uq €A, uy €A, ey U, 05 € c/qj, ey U €A, SO,
0 = d(ug,uy, ..., (51, 50;), ..., 1)

= d(ul,uz, ...,s(ul-,nl-), ...,un)

= d(uy, 4y, ..., 5, ., 1) (1,0;) for any ujeA;
JUR€A, oy Uy, D5 € Ay, oo, UnEA,, 5 € M.
Hence (1, b;) = 0 for any u;, v; € A; by Lemma 2.7,
thus (M, +) is abelian by Lemma 4. Therefore
M isC.R by Lemma 9.
Corollary 10: Let4 be anonzero R.n.D of M and
A#0 be a semigroup ideal of M, if
d(ug, iy, ., (1,09, u,) =0 for any  uy
s Uz, ey W5, 05, o, Up €A, then Misa C. R.
Corollary 11: Let & be a nonzero R.D of M and
A # 0 be a semigroup ideal of M, if 4((a,b)) =0
for any a, beA, then M isa C. R.
Corollary 12: Let 4 be a nonzero R.n.D of M, if
a(sq,99,...,(5,m),...,5,) =0 for any s,
)69, e, 5, M, ..., 5,€ M, then M is C. R.
Corollary 13: Let 4 be a nonzero R.D of M, if
d((s,m)) = 0 for any s, meM, then M is C.R.
Theorem 2: Let & be a nonzero R.n.D of M and
Aq, Ay, ..., A, are a nonzero semigroup ideals of
M, if
d ((ul,nl), (u2,05), .., (15, 97), e, (un,nn)) =0
for any

for
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Uq, D1€A Uy, D2€A, .o, Us, D5 € A, o, Uy, Dy €A,
then M isaC.R.

Proof: By assumption

d ((ul,nl), (uz,05), .., (15, 97), e, (un,nn)) =0
for any

Uq, D1 €A , Uy, D2€A, ..., Uj, D5 € A, oo, Uy, Dy €A,
Thus,

0=d ((u1,D1). (uz,07),
=d ((111, 131): (112, DZ)'
= d((uy,01), (u3,02),

s (5145, 90;), ..., (i, Un))
vy S(ui, Di)' ey (U, Dn))

s 8, e, (1, 0,) ) (15, 9;)

for any
Uy, 01€A,
yUp, D2€A,, ., Uj, D5 €A, o, Uy, V€A, 5 € M.
If m e M, then
0=
d((ul, 01), (U3, 03), ) 5, oo, (U, nn))(muj, mni)
d((ug,01), (42,05, .0, 5, wer, (i, 0) )M (115, ;).
It follows
A ((ug, 1), (42,05, e, 5, wery (1, ) )M (1,0) =
{0}

for any Uy, 01 €A,
,Us, Do€EA, ..., u;, 0 € cﬂj, vy Uy, €A, 5 € M.
Three  primeness of M  implies either
d((ug,01), (112,05, ..., 5, oo, (i, 0y)) =
0or (u,v;) =0 for any  uy,v.eA,;

yUp, D2€A,, o, Uy, D5 € A, o, Uy, D €A, 5 €M,
proceeding as above to arrive at 4 =0( a
contradiction) or there is i€
{1,2,...,n}s.t (ui, Di) = 0 which implies M isC.R
because of Lemma 4 and Lemma 9.

Corollary 14: Let 4 be a nonzero R.n.D of M, if
A((s1,t1), (52, t2), e, (S, 7)) = 0 for any sy,ty,
Sy, ty, e Syt €M, then M isaC. R.

Theorem 3: Let dbe a R.n.DofM and
Aq, Ay, ..., A, are a nonzero semigroup ideals
of M, if d(uy,uy, ..., (u,0)),...,u,) = (u;,v;) for
any  ug€A, Uy€Ay, ..., Uj, D5 € Ay, oo, Ug€A, then
M isC.R.

Proof: For any
U €A, Ug€Ay, ..., Uy, D5 € A, oo UgEA,

d(ug, iy, .., (5, 9), 1) = (15,5) 3
Therefore

A (ug, 1y, ..., (515, 50;), ..., 1) = (115, 59;)

for any

U €A  UREA, ..., U;, D5 €A, ., Ug€A, 5 € M.

It follows

s(u;,0,) = d(ug, 1y, ..., (15, 0)), . ty) =

d(ug, 1y, .., 5, .., u)(uy,0) + (u,0)s  for any

U €A, UREA, ..., U;, D5 €A, ., Un€A,, 5 € M.
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Thus, for any
€A, Uy €A, ..., u;, 0; € c/ll-, v, UL €A, 5 €M,
s(uy,0,) = d(ug, 4y, ..., 5, o, ) (15, 05) + (1, 05)5
Put (p;, ;) instead of s in last equation and use Eq.3
to get (1, v;)(p;, q;) = 0 for any w;, v;, p;, g5 € A;. It
follows 0 = (v, v;) (m2p;, m4;) = (3, 2;)m (P, )
for any w;, v;, p;, q; € A;, m € M, three primeness of
M implies (1;,v;) =0 for any w;,v; € A;. Hence
(M, +) abelian by Lemma 4, consequently M is a
C.R by Lemma 9.
Corollary 15: Let 4 be a nonzero R.n.D of M and
A is a nonzero semigroup ideal of M, if
d(ug, 1y, ..., (1,9;), ..., ) = (1, v;) for any for any
Ug , U, e, W, D, o, Up €A, then Misa C.R.
Corollary 16: Let & be a nonzero R.D of M and A
is a nonzero semigroup ideal of M, if & ((uj, ni)) =

(1, v;) for any for any 1;, v; € A, then M is a C.R.

Corollary 17: Let & be a nonzero R.n.D of M, if
a(sq,52, ..., (5,m),...,5,) = (5,m) for any s,
L 52, e, 8, M, ..., 5 €M, then M is C. R.

Corollary 18: Let d be a nonzero R.D of M, if
d((s,m)) = (s,m) for any s, meM, then M is C. R.
Theorem 4: Let dbe a R.n.DofM and
A, Ay, ..., A, are a nonzero semigroup ideals
of M, if

d ((ul,nl), (uz,05), e, (45, ;) -.v, (i, nn)) =
(1, v;) for any

Up,01€A; Uy, D2€A,, ..., U;, D5 €A, ., Uy, Dp€A,,
then M is C. R.

Proof: From hypothesis,

d ((ul,nl), (112,05, ., (S35, 59;), .., (tty, nn)) =

(suj, sv;)
for any
Uq, D1€A, Uy, D2€A, ..., Uj, 05 €A, oy Uy, D €A, 5 €M

It follows
5(1, ;)
=d ((ul,nl), (uz,05), .., s(1,05), e, (11, nn))

ad((u1,01), (,0), e, S, woe, (1, 0,) ) (15, 05) +

(1)

for any

Ug, D1€A 7, Uy, D2€A, ., Uj, 05 € A, oy Uy, D €A, 5 €M
Therefore,

s(1, ;) =

ad((ug,01), (U, 0), e, S, woe, (1, 0) ) (15, 05) +

(w5, 07)s

Put (p;,q;) instead of s in last equation and use
hypothesis to get (u;,v;)(p;q;)) =0 for any
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u;, v, P;, G; € A;. Using the same way as used in the
end of proof of Theorem 3, implies the desired result.
Corollary 19: Let 4 be a nonzero R.n.D of M, if

a((51,t0), (52 t3), o (5,67, wes (S ) ) =

(s, t) for any s;,tq, Sy, t, wnsSjy Ly ey Syt €M,
then M isaC.R.

Theorem 5. Let dbe a R.n.DofM and
Aq, Ay, ..., A, are a nonzero semigroup ideals
of M, if 4 +d is an n -additive mapping from
Ay X Ay X .. X A, 1o M, then M isC. R.

Proof: From hypothesis: For any u; € A;,u, €
Asy, - U, 05 € cﬁli, v Uy € A

(4 + d)(ul,uz, e Uy 05, ...,un) =(d+

) (ug, 1z, .0 5, . 1ty) + (4 +

d)(Mq, Uz, ey Dy eery L)

= d(ul,uz, ey U, ...,un) + d(ul,uz, LT ...,un)
+ d(ug, e, ) e 11y) A+ A (g, Up, e, D, e, Uy

As well,
(d + d)(ug, 11z, ooy 1; + 0, ..o, 1ty)
= d(ug, uy, oy 15 + 0y, . 11y)
+ d(ul,uz, e Uy 05, ...,un)
= d(uyg, 1, oo, Wy, e, ) + (119, Uy, 00, D, e, 1y)

(g, 4, e, Wy e, ) + AUy, 1p, e, D, 1y
Comparing the last two expressions to conclude
d(ug, 1, ..., (1,9, ..., 1y, ) = 0, the required result
obtained by Theorem 1.
Corollary 20: Let & be a nonzero R.n.D of M and
A is anonzero semigroup ideals of M,if & + & isan
n -additive mapping from A X A X ... X A t0 M,
then M isC.R.
Corollary 21: Let & be a nonzero R.n.D of M, if
d+d is an n -additive mapping on M, then
MisC.R.
Corollary 22: Let & be a nonzero R.D of M and A
is @ nonzero semigroup ideals of M, if 4 + d is an
additive on A then M isC.R
Corollary 23: Letd be anonzeroR.D of M, ifd +
d is an additive on M then M isa C. R.
Theorem 6: Let d&;andd, are two nonzero
R.n.D'sof M (M is two torsion free) and

A, Ay, ooy Ay, By, By, ..., B, are nonzero
semigroup ideals of M, if
dy(Aq, Az, ey Ay)dy (B, By, ..., B,) © Z(M).,

then M isa C.R.
Proof: By assumption: for any a; € A;,a, €
cAz, ...,an € CA'VL'bl € Bl,bz (S Bz, ’bl €

B, ...,b, € B,,.

dq(ag,az, ..., a,)d2(bq, b2, ..., b5, ..., b, )€ Z(M)..
Therefore

dy(ay, 0y, ..., 0,)dy (b, by, ., B%, 10, B,) =
dy(ay, a3, ..., 8,)d2(by, bz, .0, By, oo, B,y )by
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+dq(ay,az, ., 0)d2 (D1, by, .., by, e, by )by
dq(aq, 0z, .., 0,)d5 (b, bz, .0, by, .0, 5, ) (B +
b;)e Z(M).
Use Lemma 1(ii) to get,
for any
1€ Ay, 02€A,, ..., aq€A,, b1€ By, b,€B,, ..., bi€B;,
.., b,€B,
dl(al, 02, ey a,n)dz(bl, bz, ey bl’ ey b,n) =0 or
b; + bje Z(M). 4

From Lemma 7, Eq.4 can be written as
dz(bl,bz, ""bi’ 'bn) =0or bl + ble Z(M)
forany bie By, b,€B,, ..., bi€B;, ..., b€B,
If there is beB; and

d, (64,0, ...
V b€ By, b,€B,,...,b€B,
Hence be Z (M), because of Lemma 10.
As well, by assumption and Eq.6
d,(a,ay,...,0,)d5(bq,by,...,8b...,b,) =
d,(ay,ay,...,0,)d(bq,by, ..., 5, ...,0,,)be Z(M).

)b, ...,b,)

Vae Aq,a,€A,, ..., a,€A,,b1€ B;,byeB,,
.., 0,€B,,, seM.

Again use Lemma 1(ii)

get: Va € Aq,03€A, ..., 0,€A,,,b1€ By, b,€B,,

., D1€B,,, seM
d,(aq,ay,...,0,)d5(bq,by,...,5,...,b0,)e Z(M). or
b=0
If
dq(ay,ay,...,0,)d5(bq,by,...,5,...,0,)€ Z Va € A;,

€A, ..., 04 €A, b€ By, by€B,, ..., b,€B,,, se M
Then
d,(ay,ay,...,0,)d5(by,by,...,5(b +b),..,b,) =
d,(ay,ay,...,a0,)d,(by,by,...,5,...,0,,)(b +
b)e Z(M).
For the same reason as above, the following result
can be satisfied
d,(ayg,ay,...,a0,)d,(bq, by, ...
(b+Db)eZ(M)

Va€ Aq,ay€A,, ..., a,€A,,b1€ B1,byeB,,

.., D €B,,, seM

Because of Lemma 7, the last result can be reduce to
b+beZ(M) and this last result, Eq.5 becomes
b; + bje Z for every b;eB;, it follows sb; + sb; =
s(b; + by)e Z(M) for every b;eB;, s € M. SO b; +
b; = 0 or se Z(M) for any s € M, so two torsion
freeness and Lemma 2(iii), leads to the required
result.

Corollary 24: Let d,andd, are two nonzero
R.n.D's of M (M is two torsion free) and A, B are
nonzero semigroup ideals of M, if
d,(A,A, ..., A)d,(B,B, .., B) S Z(M) then
M isC.R.

to

,9,..,0,) =0 or
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Corollary 25: Let 4;andd, are two nonzero
R.n.D's of M (M is two torsion free) and A is a
nonzero semigroup ideals of M, if
adi(AA, ..., D)dy(AA, ..., A) € Z(M) , then
M isC.R.
Corollary 26: Let 4, andd, are two nonzero
R.D's of M (M is two torsion free), A and B are
nonzero semigroup ideals of M, if d,(A)d,(B) <
Z(M) ,then M is C. R.
Corollary 27: Let 4, andd, are two nonzero
R.D's of M (M is two torsion free), A is a nonzero
semigroup ideals of M, if & (A)d,(A) S Z(M)
, then M is C. R.
Corollary 28: Let 4;andd, are two nonzero
R.n.D'sof M (M is two torsion free), if
a(M, M, .. Dd,(M, M, ... M)c Z(M)
then M is C. R.
Corollary 29: Let 4, and d, are two R.D's of M
(M is two torsion free), if &4 (M)d, (M) € Z(M)
,then M is C. R.
Theorem 7: Let dbe a nonzero R.n.D of M,
where M is two torsion free, Ay, Ay, ..., A, are
nonzero semigroup ideals of M, if
d(ug, 1y, .., (W, ), ..., 1u,) € Z(M) for any uyeA,y
JUp€Ay, oo, U}, D € A, ., U €A, then M isa C. R.
Proof: By assumption
da(uq,uy, ...,(uj, nj), v Uy) € Z(M) for
any u €Ay, Uy€Ay, ..., U;, 05 € A, ..., U €A,
Therefore,
d(ug, 1y, .., (5145, 50)), .oy 1ty) =
d(ul, Uy, e, s(ui, nj), e un)
= d(ug,y, ...s 8, 1) (15, 05) +

d(ug, 1y, ., (1,9), .., 11,)5 € Z(M)
for any u €A,
JUp€Ay, o, 15, 5 € A, oo, Un€A,, 5 € M. Replace s
by (u;, v;)in last equation to get

a(ug, 1y, ..., (15,05, o 11,) (2(5,0)) € Z(M)
forany ujeA, ,uzeA,, e Uj, 05 € Ay, UpE€A, T
using Lemma 1(ii) implies

d(ul,uz, . (ul-,nl-), ...,un) =0or (Z(ul-,nl-)) €
Z(M)
forany ujeA, ,uzeA,, ey Uj, 05 € Ay, o Un€A, B
If there is U, 05 € A, such  that
d (ul,uz, (uio,nio), ...,un) =0 forany u;eA,
JUR€A, o U €A, SO (uio,nio) € Z(M),

according to Lemma 6.
Return to the hypothesis: for anyu; € A;,u, €
Ay, o, EAY, ,5 € M.

d (ul,uz, s (suio,snjo), ...,un) =

a (ul,uz, i) S (uio, ”io) ) eees un)

=dug,uy, ..., S, .., Uy) (uio’nio) € Z(M)
Using Lemma 1(ii) in last result forces
d(uq,uy, ..., S, .., u,) € Z(M) or (uio'nio) =0, if
ad(uq,uy, ..., s, ..., u,) € Z(M),replace s by
2s (uio'nio)' last expression can be written as:

Ay, 1z, 5, 1) 2 (0 )) € ZQM) o

(uio'nio) = 0, which conclude that
Ay, o) S, 11 (2 (ujo,njo)) € Z(M), thus

2 (uio'nio) € Z(M) according to Lemma 1(ii) and
Lemma 6.

Therefore, Eq.8 becomes Z(L‘i' nj) € Z(M) for any
u;, 05 € A;, it follows 2(sui,sni) = s(Z(ui, Ui)) €
Z(M) for any wy,v; € Aj €M, Lemma 1(i) and
two torsion freeness ensures that (1, v;) = 0 for any
u;, v €A, Or s € Z(M) for any s e M. Therefore
M isC.R by Lemma 4, Lemma 9 and Lemma 2(iii).
Corollary 30: Let & be a nonzero R.n.D of M,
where M is two torsion free, A is a nonzero
semigroup ideals of M, if
d(ug,uy, ., (1, 0), o u,) € Z(M) for any uy
J Uz, s ey Wi, Dy, e, Uy € A, then M isaC. R.
Corollary 31: Letd be anonzero R.D of M, where
M is two torsion free, A is a nonzero semigroup
ideals of M, if d((u,v)) € Z(M) forany u,v € A,
then M isaC.R.

Corollary 32: Let 4 be a nonzero R.n.D of M,
where M is two torsion free, if
a(sq,92, ..., (5,m),...,5,) € Z(M) for any s
)52, ., 8,M, ..., 5,€ M, then M is C. R.

Corollary 33: Let & be a nonzero R.D of M, where
M is two torsion free, if 4((s,t)) € Z(M) for any
s,tE M,thenMisaC.R.

Theorem 8: Let 4 be a nonzero R.n.D of M,
where M is two torsion free, Ay, Ay, ..., A, are

nonzero semigroup ideals of M, if
d((ul,nl), (uz,nz), vy (ul-, UI'), vy (un,nn)) €
Z(M) for any Uq, 0 €A,

yUp, D2€Ay, o, Uj, D5 € A, .o, Uy, D €A, then M is
acC.R.

Proof: By assumption: for anyu;,v €A,
, U, Dy EA,, ey U, 05 € c/ll-, ey Uy, Dp €A,

d ((ul,nl), (uz,05), ..., (51, 50;), ..., (i, nn)) =
a ((uy,00), (u2,02), e, 5(1,97), o, (11, 9))
= d((ug,01), (42, 02), ..., S, o, (1, 0) ) (115, 07)

+d ((ul,nl), (uz,0), oo, (15, 97), oo, (1, nn)) =
Z(M)
for any uy, 0, €A , Uy, DA, e, Uj, 05 € A,
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vy Uy, Dp€A,,, s € M.
Replace s by (1, v;) in last equation to get:

d ((ul, 0y), (13,02), ..., (1, 05), .., (un,nn))
(2(w,v;)) € Z(M)
For any
Uy, 01€A; , Uy, D2€A, .., Uj, Dj € A, oo, Uy, Dp €A
Using Lemma 1(ii) implies
t (113,900, (12,90, e (15, 97), e, (1t 0)) =
0or (2(;,v;)) € Z(M)
for any
Uq, D1€A , Uy, D2€A, .., Uj, D5 € Ay, ey Uy, D €A,
10
If there is u; ,v; € cA; such that

(V]

d ((ul,vl), (12, 02), o) (ujo,vjo), S ChY vn)) =
0
for any u;, v, €A , Uy, 02€A,, ..., Uy, V€A, .
Return to the hypothesis: for
any uq,091€Aq , Uy, 02€A,, ..., Uy, V€A, ,5 € M.

(11,00, Gz, 02, e, (03,503, ) s it 00)
a ((ul, 01), (U, 05), ..., S (uio’nio) s ey (U, nn))

d((ug,01), (u13,05), e, S, e, (U, ) (uio,nio) €
Z(M) 11

Replace s by (w;,v;) where wu;,v;€cA; and use
Lemma 1(ii) in Eq.11 to get:

Either

a ((111,1)1), (uZ, Uz), v (uj, Dj), e (un,nn)) =0 or
(5,05, ) € Z(0).
Ifd ((ul,nl), (uz,Uz), ey (ui, Ui), . (un, Un)) =0

for any

Uq, D1€A L, Uy, D2€A, ..., Uj, D5 €A, o, Uy, Dy €A,
then M is a C. R because of Theorem 2.

If (uio’nio) € Z (M), then using Eq.11 leads to
d((ug,01), (u12,02), 0, S, e, (U, 0,) ) € Z(M)
for any uy,v1€A; ,uy,0,€A, ..., Uy, 0€A,,5 €M
or (uio,nio) =0.

If d((ul,nl), (uz,02), ) S, v, (U, nn)) € Z(M)
Replace s by 2s (uio' Dio)’ the last expression can be
written as:

d((ul, 01), (U3, 03), ..., S, or, Uy, nn))(Z (uio, Dio)) €
Z (M)

Use Lemma 1(ii) to get

d((ul, Dl)' (uz, Dz), ey Sy, (un, Dn)) =0

202

forany uq,01€A, Uy, 02€A,, ..., Uy, V€A, 5 €M
or 2 (w5, ) € Z(M).

Therefore, Eq.9 becomes
d((ug,01), (1,05), -0, S, o, (U, 0,)) = 0 fOr any
Uy, 01€A , Uy, V€A, oo, Uy, V€A, 5 €M or

2(u;,v;) € Z(M) for any v, € A;, proceeding
inductively as above indicates 4 =0 (a
contradiction) or there is i€ {1,2,..,n}s.t
2(w;,v;) € Z(M) for any  wu;,vjeA;, hence
2(suy, s0;) = s(2(w,v;)) € Z(M)  for  any
u;, 0 €A seM, Lemma 1(i) and two torsion
freeness ensures that (;,v;) = 0 for any u;,v; € A;,
ors € Z(M)forany s e M. Therefore M is C. R by
Lemma 4, Lemma 9 and Lemma 2(iii).

Corollary 34: Let dbe a nonzero
R.n.D of M, where M is two torsion free, if
d((sl' tl)' (521 tZ)l R (Sn' tn)) € Z(M) for
any s, ti, ,Syty, .., Sy th,e M, then M is
acC.R.

Conclusion:

By using the semigroup ideals with right n-
derivations involving some algebraic identities, this
work gives very attractive results about the
commutativity of the near ring.
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