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Abstract: 
This paper aims to study the fractional differential systems arising in warm plasma, which exhibits 

traveling wave-type solutions. Time-fractional Korteweg-De Vries (KdV) and time-fractional Kawahara 

equations are used to analyze cold collision-free plasma, which exhibits magnet-acoustic waves and shock 

wave formation respectively. The decomposition method is used to solve the proposed equations. Also, the 

convergence and uniqueness of the obtained solution are discussed. To illuminate the effectiveness of the 

presented method, the solutions of these equations are obtained and compared with the exact solution. 

Furthermore, solutions are obtained for different values of time-fractional order and represented graphically. 

 

Keywords: Caputo fractional derivative, Fractional Adomian decomposition method, Fractional Kawahara 

equation, Fractional Korteweg–De Vries equation, Riemann–Liouville fractional integral. 

Introduction: 
The study of nonlinear fractional systems becomes 

crucial in all fields of mathematics, engineering, 

physics, etc. Due to their nonlinear behavior, 

numerous applications of such fractional systems 

can be found in fluid dynamics, plasma physics, 

nonlinear biological systems, viscoelasticity, solid 

mechanics, quantum field theory, etc
1-4

. Finding the 

exact solutions to such differential equations is not a 

straightforward task so; researchers prefer the best-

estimated solutions
5
. Tools like series solution 

methods and numerical methods are widely used for 

such determination
6-9

. The existence of traveling 

wave behavior occurs in many physical phenomena 

such as plasma physics, fluid mechanics, waves in 

shallow water, etc. The Adomian decomposition 

method which is invented by George Adomian is 

extensively used for solving nonlinear PDEs
10-13

. 

Moreover, solutions obtained by this method are 

convergent. 

The KdV equation narrates the appearance 

of collision-free shock wave
14-17

. The behavior of 

weak non-linear dispersive waves arising in gravity 

waves, plasma waves, and lattice waves can be 

described by the KdV equation. The time-fractional 

KdV model for the potential 𝜙(𝜉, 𝜏) can express as 

follows
18 

 

Time-fractional Kawahara equation is given by 

                                                         
∂𝛾𝜙

∂𝜏𝛾 +

𝐴𝑓(𝑢)
∂𝜙

∂𝜉
+ 𝐵

∂3𝜙

∂𝜉3 = 0,  0 < 𝛾 ≤ 1                      1 

                                    𝐿𝛾𝑧 + 𝑎𝑧𝑧𝑥 + 𝑏𝑧𝑥𝑥𝑥 −
𝑐𝑧𝑥𝑥𝑥𝑥𝑥 = 0,  0 < 𝛾 ≤ 1                                       2 

which is the fifth-order KdV equation. Due to the 

fifth-order term 𝑢𝑥𝑥𝑥𝑥𝑥, it is used for analyzing the 

cold collision-free plasma having magneto-acoustic 

waves. 

The Adomian decomposition method is 

explored to solve these equations. Many facts can 

be explored by incorporating time-fractional 

derivatives. The arrangement of the paper is as 

follows: Definitions related to fractional derivatives 

and integrals are given in section 2. A description of 

the fractional Adomian decomposition method is 
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narrated in Section 3. The convergence and 

uniqueness of the solution are proved in section 4. 

To check the performance of the proposed methods, 

numerical illustrations are given in the last section. 

 

Basic Preliminaries: 
Some basic definitions related to fractional ordered 

calculus are given in this section.  

Definition. 1:  
The Riemann-Liouville fractional integral of a 

function 𝑓 is defined as
19

 

𝐽𝛾𝑓(𝑡) =
1

Γ(𝛾)
∫  

𝑡

0

(𝑡 − 𝜏)𝛾−1𝑓(𝜏)𝑑𝜏,   for 0 < 𝛾

≤ 1 

Definition. 2:  

The Caputo fractional derivative of a function 𝑓 is 

defined as
19 

𝐿𝛽𝑓(𝑥) =
1

Γ(𝑟 − 𝛽)
∫  

𝑥

0

(𝑥

− 𝜏)𝑟−𝛽−1𝑓(𝑟)(𝜏)𝑑𝜏,   for 𝑟 − 1
< 𝛽 ≤ 𝑟 

where 𝑟 = ⌈𝛽⌉. 
Remark. 1: 

(i) 𝐽𝛾(𝑡𝑠) =
Γ(𝑠+1)

Γ(𝛾+𝑠+1)
𝑡𝛾+𝑠 for 𝑠 > −1, 𝛾 ≥ 0 

(ii) 𝐽𝛾𝐿𝛾(𝑓(𝑥)) = 𝑓(𝑥) − ∑𝑘=0
𝑟−1  𝑓(𝑘)(0+)

𝑥𝑘

𝑘!
, 𝑥 >

0, 𝛾 ≥ 0 

(iii) 𝐽𝛾𝐽𝛽(𝑓(𝑡)) = 𝐽𝛾+𝛽(𝑓(𝑡)), for 𝛾, 𝛽 ≥ 0 

 

Fractional Adomian Decomposition Method: 
To demonstrate the proposed method, consider the 

non-linear PDE: 

𝐿𝛾𝑧 + 𝑀𝑧 + 𝑁𝑧 = 0,  𝑟 − 1 < 𝛾 ≤ 𝑟                    3 

where 𝑧 = 𝑧(𝑥, 𝑡), 𝑟 = ⌈𝛾⌉ ∈ ℕ, the differential 

operator 𝐿𝛾 is the 𝛾th order fractional derivative, 𝑁 

is a nonlinear operator and 𝑀 is a linear differential 

operator. Applying 𝐽𝛾 to Eq.3 and from the above 

remarks, Eq.3 becomes, 

                                                      𝑧(𝑥, 𝑡) =

∑  𝑟−1
𝑘=0 𝑧(𝑘)(0+)

𝑥𝑘

𝑘!
− 𝐽𝛾(𝑀𝑧 + 𝑁𝑧)                                                

The method decomposes 𝑧(𝑥, 𝑡) into a sum 

𝑧 = ∑𝑛=0
∞  𝑧𝑛 and the nonlinear term 𝑁𝑧 can be 

expressed as 𝑁𝑧 = ∑𝑛=0
∞  𝐴𝑛(𝑧0, 𝑧1, 𝑧2, … , 𝑧𝑛), 

where Adomian polynomials 𝐴𝑛 's are determined 

as follows
20

: 

                                                   

𝐴𝑛 =
1

𝑛!

𝑑𝑛

𝑑𝜆𝑛 [𝑁(∑  𝑛
𝑖=0  𝜆𝑖𝑧𝑖)]

𝜆=0
, 𝑛 = 0,1,2, …        4 

Substituting decomposition series for 𝑧 and 𝑁𝑧 in 

Eq.4, 

∑  

∞

𝑛=0

𝑧𝑛 = ∑  

𝑟−1

𝑘=0

𝑧(𝑘)(0+)
𝑥𝑘

𝑘!

− 𝐽𝛾 [𝑀 (∑  

∞

𝑛=0

  𝑧𝑛) + ∑  

∞

𝑛=0

 𝐴𝑛] 

The values 𝑧𝑛(𝑥, 𝑡) are determined by the 

recurrence relation: 

𝑧0  = ∑  

𝑟−1

𝑘=0

 𝑧(𝑘)(0+)
𝑥𝑘

𝑘!

𝑧𝑛+1  = −𝐽𝛾[𝑀𝑧𝑛 + 𝐴𝑛],   for 𝑛 = 0,1,2, …

 

Therefore, the required solution 𝑧(𝑥, 𝑡) can be 

obtained by calculating the values of 𝑧𝑛(𝑥, 𝑡), for 

𝑛 ≥ 1. Eventually, the solution 𝑧(𝑥, 𝑡) is as follows 

𝑧(𝑥, 𝑡) = lim
𝑁→∞

 𝜙𝑁(𝑥, 𝑡), where 𝜙𝑁(𝑥, 𝑡)

= ∑  

𝑁−1

𝑛=0

𝑧𝑛(𝑥, 𝑡) 

Uniqueness and Convergence: 

Theorem 1:  
Time-fractional partial differential equation 

𝐿𝛾𝑧 + 𝑀𝑧 + 𝑁𝑧 = 0,  𝑟 − 1 < 𝛾 ≤ 𝑟                                                     

5 

with 𝑧(𝑥, 0) = 𝑧0 has a unique solution for 0 <
𝐶𝑡𝛾

Γ(𝛾+1)
< 1, for some constant 𝐶.  

Proof: Let an interval 𝐼 = [0, 𝑇] and Banach space 

of all continuous functions 𝑋 = (𝐶(𝐼), ∥. ∥). Define 

norm ∥ 𝑧(𝑡) ∥= max𝑡∈𝐼  |𝑧(𝑡)|. Consider a function 

𝐻 ∶ 𝑋 → 𝑋, such that 𝐻(𝑧(𝑡)) = 𝑧0 − 𝐽𝛾(𝑀𝑧) −
𝐽𝛾(𝑁𝑧). If the nonlinear term 𝑁𝑧 is Lipschitzian, 

then  

|𝑁(𝑧) − 𝑁(𝑝)| ≤ 𝐶1|𝑧 − 𝑝| 
where 𝑝 ∈ 𝑋 and 𝐶1 is Lipschitz constant. Let 

𝑧, 𝑧′ ∈ 𝑋. Consider 

‖𝐻(𝑧) − 𝐻(𝑧′)‖ = max
𝑡∈𝐼

 |−𝐽𝛾𝑁(𝑧(𝑡)) − 𝐽𝛾𝑀(𝑧(𝑡)) + 𝐽𝛾𝑁(𝑧′(𝑡)) + 𝐽𝛾𝑀(𝑧′(𝑡))|

 = max
𝑡∈𝐼

 |−𝐽𝛾(𝑁𝑧 − 𝑁𝑧′) − 𝐽𝛾(𝑀𝑧 − 𝑀𝑧′)|

 = max
𝑡∈𝐼

 |𝐽𝛾(𝑁𝑧 − 𝑁𝑧′) + 𝐽𝛾(𝑀𝑧 − 𝑀𝑧′)|

 ≤ max
𝑡∈𝐼

 |𝐽𝛾(𝑁𝑧 − 𝑁𝑧′)| + |𝐽𝛾(𝑀𝑧 − 𝑀𝑧′)|
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Also, if 𝑀(𝑧(𝑡)) is Lipschitzian, then  |𝑀(𝑧) −
𝑀(𝑝)| ≤ 𝐶2|𝑧 − 𝑝| where 𝐶2 is the Lipschitz 

constant. Therefore, 

∥∥𝐻(𝑧) − 𝐻(𝑧′)∥∥
≤ max

𝑡∈𝐼
 (𝐶1𝐽𝛾|𝑧 − 𝑧′|

+ 𝐶2𝐽𝛾|𝑧 − 𝑧′|) 

 ≤ (𝐶1 + 𝐶2)∥𝑧 − 𝑧′∥
𝑡𝛾

Γ(𝛾 + 1)
≤ 𝜁∥𝑧 − 𝑧′∥ 

where 𝜁 =
(𝐶1+𝐶2)𝑡𝛾

𝜁(𝛾+1)
. Hence, whenever 0 < 𝜁 <

1, 𝐻 would be a contraction mapping. Therefore, by 

the Banach fixed point theorem, the time-fractional 

partial differential Eq.5 has a unique solution. 

To prove the convergence, consider the following 

theorem.  

Theorem. 2:  

Let 𝜙𝑛 = ∑𝑖=0
𝑛  𝑧𝑖(𝑥, 𝑡) be the 𝑛𝑡ℎ the partial sum 

then the sequence {𝜙𝑛} is a Cauchy sequence in 

Banach space 𝑋. 

Proof: For 𝑝 ∈ ℕ, consider 

‖𝜙𝑛+𝑝 − 𝜙𝑛‖  = max
1∈𝐼

 |𝜙𝑛+𝑝 − 𝜙𝑛|

 = max
𝑡∈𝑙

  | ∑  

𝑛+𝑝

𝑖=𝑛+1

 𝑧𝑖(𝑥, 𝑡)|

 = max
𝑡∈𝑙

  |−𝐽𝛾 ∑  

𝑛+𝑝

𝑖=𝑛+1

 𝑀𝑧𝑖−1(𝑥, 𝑡) − 𝐽𝛾 ∑  

𝑛+𝜌

𝑖=𝑛+1

 𝑁𝑧𝑖−1(𝑥, 𝑡)|

 = max
𝑡∈𝐼

 |𝐽𝛾𝑀𝜙𝑛+𝑝−1 − 𝑀𝜙𝑛−1 + 𝐽𝛾𝑁𝜙𝑛+𝑝−1 − 𝑁𝜙𝑛−1|

 ≤ max
𝑡∈𝐼

 𝐽𝛾|𝑀𝜙𝑛+𝑝−1 − 𝑀𝜙𝑛−1| + max
𝑡∈𝐼

 𝐽𝛾|𝑁𝜙𝑛+𝑝−1 − 𝑁𝜙𝑛−1|

 ≤ 𝐶2max
𝑡∈𝐼

 𝐽𝛾 (∣ (𝜙𝑛+𝑝−1 − 𝜙𝑛−1 ∣) + 𝐶1max
∣∈𝐼

 𝐽𝛾(∣ (𝜙𝑛+𝑝−1 − 𝜙𝑛−1 ∣)

 ≤ (𝐶1 + 𝐶2)
𝑡𝛾

Γ(𝛾 + 1)
∥∥𝜙𝑛+𝑝−1 − 𝜙𝑛−1∥∥ ≤ 𝜁∥∥𝜙𝑛+𝑝−1 − 𝜙𝑛−1∥∥

 

where 𝜁 = (𝐶1 + 𝐶2)
𝑡𝛾

Γ(𝛾+1)
. The following 

inequality can be obtained similarly,  

∥∥𝜙𝑛+𝑝 − 𝜙𝑛∥∥  ≤ 𝜁2
∥∥𝜙𝑛+𝑝−2 − 𝜙𝑛−2∥∥ ≤ ⋯ ≤ 𝜁𝑛

∥∥𝜙𝑝 − 𝜙0∥∥ ≤ 𝜁𝑛∥∥𝜙1 − 𝜙0∥∥, for 𝑝 = 1

 ≤ 𝜁𝑛∥∥𝑢1∥∥
 

Assume 𝑛 > 𝑚, for 𝑛, 𝑚 ∈ 𝑁. Consider 

∥∥𝜙𝑛 − 𝜙𝑚∥∥  ≤ ∥∥𝜙𝑚+1 − 𝜙𝑚∥∥ + ∥∥𝜙𝑚+2 − 𝜙𝑚+1∥∥ + ⋯ + ∥∥𝜙𝑛 − 𝜙𝑛−1∥∥

 ≤ (𝜁𝑚 + 𝜁𝑚+1 + ⋯ + 𝜁𝑛−1)∥∥𝑢1∥∥ ≤ 𝜁𝑚 [
1 − 𝜁𝑛−𝑚

1 − 𝜁
] ∥∥𝑢1∥∥

 

Since 0 < 𝜁 < 1, 1 − 𝜁𝑛−𝑚 < 1, therefore ∥∥𝜙𝑛 −

𝜙𝑚∥∥ ≤
𝜁𝑚

1−𝜁
∥∥𝑢1∥∥. As 𝑧(𝑡) is bounded, ∥∥𝑧1∥∥ < ∞.  

This implies,  lim𝑛→∞  ∥∥𝜙𝑛 − 𝜙𝑚∥∥ → 0. Therefore, 

𝜙𝑛 is a Cauchy sequence in 𝑋. Hence, the solution 

of the given equation is convergent. 

 

Numerical Examples: 

Example 1: Consider the time fractional KdV 

equation 

𝐿𝑡
𝛾

𝑧 + 6𝑧𝑧𝑥 + 𝑧𝑥𝑥𝑥 = 0, for 0 < 𝛾 ≤ 1                                                    

6 
with 

𝑧(𝑥, 0) =
1

2
sech2 (

𝑥

2
)                                                                  

7 

The exact solution to Eq.6 for 𝛾 = 1 is 𝑧(𝑥, 𝑡) =
1

2
sech2 (

𝑥−𝑡

2
). To solve Eq.6 by the Adomian 

decomposition method, apply the integral operator 

𝐽𝛾 on both sides. Using initial condition Eq.7,  

𝑧 = 𝑧(𝑥, 0) + 𝐽𝛾(−6𝑧𝑧𝑥 − 𝑧𝑥𝑥𝑥) = 0                                                     

8 

Now, inserting 𝑧 = ∑𝑛=0
∞  𝑧𝑛 and the polynomial 

representation for the non-linear term 𝑧𝑧𝑥 =
∑𝑛=0

∞  𝐴𝑛 into Eq.8, the recurrence relation can 

obtain to estimate the values of 𝑢𝑛 as follows: 

                                                                             

𝑧0 = 𝑧(𝑥, 0)                                                                          

9 
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    𝑧𝑛+1 = 𝐽𝛾 (−6𝐴𝑛 −
∂3

∂𝑥3 𝑧𝑛(𝑥, 0)) , 𝑛 ≥ 0       10 

Thus, by solving Eq.9 and Eq.10, 

𝑧0 =
1

2
sech2 (

𝑥

2
)  

𝑧1 =
sinh (

𝑥

2
)

2cosh3 (
𝑥

2
)

𝑡𝛾

Γ(𝛾+1)
  

𝑧2 =
2 sinh6(

𝑥

2
)+3 sinh4(

𝑥

2
)−1

4 cosh8(
𝑥

2
)

𝑡2𝛾

Γ(2𝛾+1)
  

 

𝑧3 =
[2cosh4 (

𝑥

2
)Γ(𝛾+1)2−6(3Γ(𝛾+1)2−Γ(2𝛾+1))cosh2 (

𝑥

2
)+9(2Γ(𝛾+1)2−Γ(2𝛾+1))] sinh(

𝑥

2
)

4 cosh7(
𝑥

2
)

𝑡3𝛾

Γ(3𝛾+1)Γ(𝛾+1)2  

 

The required solution 𝑢(𝑥, 𝑡) is given by 

𝑧(𝑥, 𝑡) =
1

2
sech2 (

𝑥

2
) +

sinh (
𝑥

2
)

2cosh3 (
𝑥

2
)

𝑡𝛾

Γ(𝛾+1)
+

2sinh6 (
𝑥

2
)+3sinh4 (

𝑥

2
)−1

4cosh8 (
𝑥

2
)

𝑡2𝛾

Γ(2𝛾+1)
+

                  
[2cosh4 (

𝑥

2
)Γ(𝛾+1)2−6(3Γ(𝛾+1)2−Γ(2𝛾+1))cosh2 (

𝑥

2
)+9(2Γ(𝛾+1)2−Γ(2𝛾+1))]sinh (

𝑥

2
)

4cosh7 (
𝑥

2
)

𝑡3𝛾

Γ(3𝛾+1)Γ(𝛾+1)2 + ⋯

  

The numerical solution obtained using the fractional 

Adomian decomposition method is compared with 

the exact solution in Table 1, which shows the 

efficiency and effectiveness of the method.

  

Table 1. Comparison of approximate solution with an exact solution at 𝒕 = 𝟏. 
𝒙 Approximate solution Exact solution Absolute error 

0 0.3750000 0.3932238 0.0182238 

1 0.4984448 0.5000000 0.0015551 

2 0.4018358 0.3932238 0.0086119 

3 0.2113086 0.2099871 0.0013215 

4 0.0896437 0.0903533 0.0007095 

5 0.0348090 0.0353254 0.0005163 

6 0.0130655 0.0132961 0.0002305 

7 0.0048423 0.0049330 0.0000906 

8 0.0017862 0.0018204 0.0000341 

9 0.0006577 0.0006704 0.0000126 

10 0.0002420 0.0002467 0.0000046 

 

A comparison of the exact and approximate 

solutions is given in Fig. 1(a), and observe that the 

approximate solution is enormously agreed with the 

exact solution. In Fig. 1(b), the behavior of 

solutions for 𝛾 = 1.0,0.9,0.7 and observed that the 

obtained solutions are stable and sufficiently 

approximate to the exact solution.  

 

 
(a)                                                                                  (b) 

Figure 1. (a) Comparison of the exact and approximate solutions at 𝒕 = 𝟏. 

(b) Comparison of the approximate solutions at 𝒕 = 𝟏. 
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In Fig. 2, the obtained solution 𝑧(𝑥, 𝑡) is presented 

for the parameters 𝛾 = 1,0 ≤ 𝑡 ≤ 1, −10 ≤ 𝑥 ≤ 10, 

and observe the soliton solution exists in plasma 

waves which has infinite support or infinite tails. 

 

Figure 2. Graph of soliton solution of KdV equation in plasma waves for 𝜸 = 𝟏. 

 

Example. 2: Consider the time-fractional Kawahara 

equation 

𝐿𝑡
𝛾

𝑧 + 6𝑧𝑧𝑥 + 𝑧𝑥𝑥𝑥 − 𝑧𝑥𝑥𝑥𝑥𝑥 = 0, for 0 < 𝛾 ≤ 1 11 

with 

𝑧(𝑥, 0) =
35

338
sech4 (

𝑥

2√13
)                                    12 

The exact solution to Eq.11 for 𝛾 = 1 is 

𝑧(𝑥, 𝑡) =
35

338
sech4 [

1

2√13
(𝑥 −

36

169
𝑡)] 

Apply the integral operator 𝐽𝛾 to Eq.11 inserting 

𝑧 = ∑𝑛=0
∞  𝑧𝑛 and 𝑧𝑥 = ∑𝑛=0

∞  𝐴𝑛, the following 

recurrence relation is obtained to estimate values of 

𝑧𝑛. 
𝑧0  = 𝑢(𝑥, 0)

𝑧𝑛+1  = 𝐽𝛾 (−6𝐴𝑛 −
∂3

∂𝑥3 𝑧𝑛(𝑥, 0) +
∂5

∂𝑥5 𝑧𝑛(𝑥, 0)) , 𝑛 ≥ 0

13 

Thus, by solving Eqs.13, the solution 𝑢(𝑥, 𝑡) is 

obtained in a series form as follows 

𝑧(𝑥, 𝑡) =
35

338
sech4 (

𝑥

2√13
) +

1260√13

371293
sech4 (

𝑥

2√13
) tanh (

𝑥

2√13
)

𝑡𝛾

Γ(𝛾+1)
 

+
22680

62748517
[4sech4 (

𝑥

2√13
) −

5sech6 (
𝑥

2√13
)]

𝑡2𝛾

Γ(2𝛾+1)
 

              +
136080

137858491849
[48√13sech5 (

𝑥

2√13
) Γ(𝛾 +

1)2 − 90√13sech7 (
𝑥

2√13
) Γ(𝛾 + 1)2 + 

−140(2√13Γ(𝛾 + 1)2 − √13Γ(2𝛾 +

                 1))sech9 (
𝑥

2√13
) + +175(2√13Γ(𝛾 +

1)2 − √13Γ(2𝛾 +

1))tanh2 (
𝑥

2√13
) sech9 (

𝑥

2√13
)]

𝑡3𝛾

Γ(3𝛾+1)Γ(𝛾+1)2 

The estimation obtained by the fractional Adomian 

decomposition method and the exact solution are 

compared in Table 2, which shows the efficiency of 

the method. The Kawahara equation is the key 

model for to study of magnet-acoustic waves. 

 

Table 2. Comparison of approximate solution with the exact solution at 𝒕 = 𝟏. 
𝒙 Approximate solution Exact solution Absolute error 

0 0.1033697 0.1033695 1.838423e-7 
1 0.1011175 0.1011174 1.430337e-7 
2 0.0916956 0.0916955 4.319975e-8 
3 0.0773600 0.0773600 5.084331e-8 
4 0.0610750 0.0610751 9.508468e-8 
5 0.0454548 0.0454549 8.915362e-8 
6 0.0321486 0.0321486 5.803359e-8 

7 0.0217826 0.0217826 2.567129e-8 

8 0.0142464 0.0142464 3.490274e-9 

9 0.0090547 0.0090547 7.503175e-9 

10 0.0056251 0.0056250 1.074931e-8 
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In Fig. 3, a comparison of the exact and 

approximate solutions is given, and observed that 

the approximate solution is enormously agreed with 

the exact solution. 

 

 
Figure 3. Comparison of the exact and approximate solutions at 𝒕 = 𝟏. 

In Fig. 4, the obtained solution 𝑧(𝑥, 𝑡) is presented 

for the parameters 𝛾 = 0.9,0 ≤ 𝑡 ≤ 1, −20 ≤ 𝑥 ≤
20, and observed the soliton-type solution in plasma 

waves which has infinite support or infinite tails. 

  

 
Figure 4. Graph of soliton solution of time-fractional Kawahara equation in plasma waves for 𝜸 = 𝟎. 𝟗 

Conclusion: 
The fractional Adomian decomposition 

method is executed to solve the time-fractional 

Korteweg-De Vries equation and the time-fractional 

Kawahara equation. Furthermore, the solutions 

obtained by the proposed method converge to exact 

solutions and uniquely exist in Banach space. Also, 

an absolute error is obtained, which shows that the 

approximate solutions are well close to the exact 

solution with high precision. The obtained results 

will support to study of traveling wave solutions in 

an unmagnetized collisionless plasma as well as 

magnetacoustic waves in a cold collision-free 

plasma. This work conveys that the Adomian 

decomposition method is effective and suitable to 

obtain the traveling wave solutions for nonlinear 

fractional ordered partial differential equations. 

 

Authors' declaration: 
- Conflicts of Interest: None. 

- We hereby confirm that all the Figures and 

Tables in the manuscript are ours. Besides, the 

Figures and images, which are not ours, have 

been given permission for re-publication and 

attached to the manuscript. 

- Authors sign on ethical consideration’s approval. 

- Ethical Clearance: The project was approved by 

the local ethical committee at the B. K. Birla 

College of Arts. 

 

Authors' Contributions Statement: 
K. G. proposed the idea and developed the method. 

K. T. collected parameter values and designed a 

graph. S. G. discussed convergence and stability. K. 

G., K. T., and S. G. wrote the paper with input from 

all authors. 



Open Access     Baghdad Science Journal                                 P-ISSN: 2078-8665 

2023, 20(1 Special Issue) ICAAM: 318-325                                                            E-ISSN: 2411-7986 

 

324 

 

References:  
1. Baleanu D, Agarwal RP. Fractional Calculus in the 

Sky. Adv Differ Equ. 2021; 117(2021): 2-9. 

https://doi.org/10.1186/s13662-021-03270-7    

2. Asaduzzaman M, Ali MZ. Existence of Multiple 

Positive Solutions to the Caputo-Type Nonlinear 

Fractional Differential Equation with Integral 

Boundary Value Conditions. Fixed Point Theory. 

2022; 23(1): 127-142. https://doi.org/10.24193/fpt-

ro.2022.1.08    

3. Cevikel AC, Aksoyy E. Soliton Solutions of 

Nonlinear Fractional Differential Equations with 

Their Applications in Mathematical Physics. 

Rev  Mex de Fis. 2021; 67(3): 422-428. 

https://doi.org/10.31349/RevMexFis.67.422  

4. Johansyah MD, Supriatna AK, Rusyaman E, Saputra 

J. Solving Differential Equations of Fractional Order 

Using Combined Adomian Decomposition Method 

with Kamal Integral Transformation. J Math Stat. 

2022; 10(1): 187-194. 

https://doi.org/10.13189/ms.2022.100117  

5. Enadi et al. New Approach for Solving Three 

Dimensional Space Partial Differential Equation. 

Baghdad Sci  J. 2019;  16(3(Suppl.)): 0786. 

https://doi.org/10.21123/bsj.2019.16.3(Suppl.).0786   

6. Verma P, Kumar M. An Analytical Solution of 

Linear/Nonlinear Fractional-Order Partial Differential 

Equations and with New Existence and Uniqueness 

Conditions. Proc Natl  Acad Sci   India  Sect  A Phys 

Sci. 2022; 92(1): 1-9. https://doi.org/10.1007/s40010-

020-00723-8  

7. Zhang P, Hao X, Liu L. Existence and Uniqueness of 

the Global Solution for a Class of Nonlinear 

Fractional Integro-Differential Equations in a Banach 

Space. Adv Differ Equ. 2019;  1: 1-10. 

https://doi.org/10.1186/s13662-019-2076-6   

8. Zhang X, Cao J. A High Order Numerical Method for 

Solving Caputo Nonlinear Fractional Ordinary 

Differential Equations. AIMS Mathematics. 2021; 

6(12): 13187-13209. 

http://dx.doi.org/10.3934/math.2021762  

9. Ziada E. Analytical Solution of Linear and 

Nonlinear Fractional Differential Equations. Nile J 

Basic Sci. 2021; 1(1): 1-13. 

http://dx.doi.org/10.21608/njbs.2021.202511  

10. Kulkarni S, Takale K. Application of Adomian 

Decomposition Method for Solving Linear and 

Nonlinear Klein-Gordon Equations. Int  J  Contemp  

Math  Sci. 2015; 1(2): 21-28. 

https://www.researchgate.net/publication/319183333

_APPLICATION_OF_ADOMIAN_DECOMPOSITI

ON_METHOD_FOR_SOLVING_LINEAR_AND_N

ONLINEAR_KLEIN-GORDON_EQUATIONS  

11. Adomian G. A Review of the Decomposition Method 

in Applied Mathematics. J Math Anal Appl. 1988; 

135(2): 501-544. https://doi.org/10.1016/0022-

247X(88)90170-9  

12. Hasan PM, Sulaiman NA. Convergence Analysis for 

the Homotopy Perturbation Method for a Linear 

System of Mixed Volterra-Fredholm Integral 

Equations. Baghdad Sci  J. 2020; 17(3(Suppl.)): 

1010. 

https://doi.org/10.21123/bsj.2020.17.3(Suppl.).1010  

13. Kumar M, Umesh. Recent Development of Adomian 

Decomposition Method for Ordinary and Partial 

Differential Equations. Int J Appl Comput Math 

2022; 8(2): 25. http://dx.doi.org/10.1007/s40819-022-

01285-6  

14. Jeffrey A. Role of the Korteweg-de Vries Equation in 

Plasma Physics. Q J Roy  Astron Soc. 1973; 14: 183.   

https://adsabs.harvard.edu/full/1973QJRAS..14..183J  

15. Chandra S, Goswami J, Sarkar J, Das C, Nandi D, 

Ghosh B. Formation of Electron Acoustic Shock 

Wave in Inner Magnetospheric Plasma. Indian J 

Phys. 2022; 96(12): 1-15. 

http://dx.doi.org/10.1007/s12648-021-02276-x  

16. Ismael HF, Murad MAS, Bulut H. Various Exact 

Wave Solutions for KdV Equation with Time-

Variable Coefficients. J  Ocean Eng  Sci. 2022; 7(5): 

1-9. http://dx.doi.org/10.1016/j.joes.2021.09.014  

17. Wang DS, Xu L, Xuan Z. The Complete 

Classification of Solutions to the Riemann Problem 

of the Defocusing Complex Modified KdV Equation. 

J Nonlinear Sci. 2022; 32(1): 3. 

http://dx.doi.org/10.1007/s00332-021-09766-6  

18. El-Wakil SA, Abulwafa EM, El-Shewy EK, 

Mahmoud AA. Ion-Acoustic Waves in Plasma of 

Warm Ions and Isothermal Electrons Using Time-

Fractional KdV Equation. Chinese J  Phys. 2011; 

20(4): 040508. http://dx.doi.org/10.1088/1674-

1056/20/4/040508  

19. Podlubny I. Fractional Differential Equations: An 

Introduction to Fractional Derivatives, Fractional 

Differential Equations, to Methods of Their Solution 

and Some of Their Applications. 1
st
 edition. USA: 

Academic press; 1998. p. 340. 

https://www.sciencedirect.com/bookseries/mathemati

cs-in-science-and-engineering/vol/198/suppl/C  

20. Wazwaz AM. Partial Differential Equations and 

Solitary Waves Theory. Nonlinear physical science. 

Beijing: Higher Education Press Springer; 2009. p. 

761. http://dx.doi.org/10.1007/978-3-642-00251-9 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

https://doi.org/10.1186/s13662-021-03270-7
http://dx.doi.org/10.24193/fpt-ro.2022.1.08
http://dx.doi.org/10.24193/fpt-ro.2022.1.08
https://doi.org/10.31349/RevMexFis.67.422
http://dx.doi.org/10.13189/ms.2022.100117
http://dx.doi.org/10.21123/bsj.2019.16.3(Suppl.).0786
https://doi.org/10.1007/s40010-020-00723-8
https://doi.org/10.1007/s40010-020-00723-8
https://advancesindifferenceequations.springeropen.com/articles/10.1186/s13662-019-2076-6
http://dx.doi.org/10.3934/math.2021762
http://dx.doi.org/10.21608/njbs.2021.202511
https://www.researchgate.net/publication/319183333_APPLICATION_OF_ADOMIAN_DECOMPOSITION_METHOD_FOR_SOLVING_LINEAR_AND_NONLINEAR_KLEIN-GORDON_EQUATIONS
https://www.researchgate.net/publication/319183333_APPLICATION_OF_ADOMIAN_DECOMPOSITION_METHOD_FOR_SOLVING_LINEAR_AND_NONLINEAR_KLEIN-GORDON_EQUATIONS
https://www.researchgate.net/publication/319183333_APPLICATION_OF_ADOMIAN_DECOMPOSITION_METHOD_FOR_SOLVING_LINEAR_AND_NONLINEAR_KLEIN-GORDON_EQUATIONS
https://www.researchgate.net/publication/319183333_APPLICATION_OF_ADOMIAN_DECOMPOSITION_METHOD_FOR_SOLVING_LINEAR_AND_NONLINEAR_KLEIN-GORDON_EQUATIONS
https://doi.org/10.1016/0022-247X(88)90170-9
https://doi.org/10.1016/0022-247X(88)90170-9
https://doi.org/10.21123/bsj.2020.17.3(Suppl.).1010
http://dx.doi.org/10.1007/s40819-022-01285-6
http://dx.doi.org/10.1007/s40819-022-01285-6
https://adsabs.harvard.edu/full/1973QJRAS..14..183J
http://dx.doi.org/10.1007/s12648-021-02276-x
http://dx.doi.org/10.1016/j.joes.2021.09.014
http://dx.doi.org/10.1007/s00332-021-09766-6
http://dx.doi.org/10.1088/1674-1056/20/4/040508
http://dx.doi.org/10.1088/1674-1056/20/4/040508
https://www.sciencedirect.com/bookseries/mathematics-in-science-and-engineering/vol/198/suppl/C
https://www.sciencedirect.com/bookseries/mathematics-in-science-and-engineering/vol/198/suppl/C
http://dx.doi.org/10.1007/978-3-642-00251-9


Open Access     Baghdad Science Journal                                 P-ISSN: 2078-8665 

2023, 20(1 Special Issue) ICAAM: 318-325                                                            E-ISSN: 2411-7986 

 

325 

 

 

البلازما الدافئة حلول الموجة المتنقلة للمعادلات التفاضلية الكسرية الناشئة في
 

كريشنا غود
 1*

كاليانراو تاكالي               
2

شريكيسان جايكواد             
3

 
 

1
 .، )م س(، الهند421301-كلية بي كي بيرلا للفنون والعلوم والتجارة، كاليان، ثين

2
 .، )م س(، الهند 422101-رنك الفنون ، جدب التجارة وكلية العلوم نك ، ناشيك

3
 .، )م س( ، الهند 424001-كلية الآداب الجديدة والتجارة والعلوم ، أحمد ناجار 

 

 :الخلاصة
ستخدم تهدف هذه الورقة إلى دراسة الأنظمة التفاضلية الكسرية الناشئة في البلازما الدافئة ، والتي تعرض حلولا من النوع الموجي المتنقل. ت

، والتي  كسور كاواهارا لتحليل البلازما الباردة الخالية من الاصطدام-دي فريس )كدف( ومعادلات الوقت-كسور كورتويغ-معادلات الوقت

تعرض موجات المغناطيس الصوتية وتشكيل موجات الصدمة على التوالي. لحل المعادلات المقترحة ، تم استخدام طريقة التحلل لحل المسألة 

لى تم الحصول عمناقشة التقارب والوحدانية للحل الذي تم الحصول عليه. لإلقاء الضوء على فعالية الطريقة المقدمة ، تم المقترحة. كذلك  

ترتيب كسري وتم تمثيلها -هذه المعادلات وتم مقارنتها مع الحل الدقيق. علاوة على ذلك ، تم الحصول على حلول لقيم مختلفة من الوقتحلول 

 .بيانيا

 

كابوتو الكسرية، طريقة تحلل أدومين الكسرية، معادلة كاواهارا الكسرية، معادلة كورتويغ دي فريس الكسرية،  ةمشتقالكلمات المفتاحية: 

 .ليوفيل الكسري -تكامل ريمان

 


