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Abstract: 
Consider the (p,q) simple connected graph 𝐺 = (𝑉, 𝐸). The sum absolute values of the spectrum of quotient 

matrix of a graph 𝐺 make up the graph's quotient energy. The objective of this study is to examine the 

quotient energy of identity graphs and zero-divisor graphs Γ(𝑅) of commutative rings using group theory, 

graph theory, and applications. In this study, the identity graphs 𝐼(𝑍𝑝) derived from the group (𝑍𝑝 , +) and a 

few classes of zero-divisor graphs Γ(𝑅) of the commutative ring R are examined. 
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Introduction: 
In this study, connected, finite graphs are taken into 

consideration. Ivan Gutman provided the first 

definition of a graph's energy
1
. His definition was 

inspired by a concept that first surfaced much 

earlier, in 1930, when Erich Huckel put forth the 

well-known Huckel Molecular Orbital Theory. 

Chemists can estimate the energy associated with 𝜋-

electron orbits using Huckel's technique. 

In this article "The Energy of a Graph," 

Gutman proposed his definition of the energy of a 

generic simple graph in relation to the alleged total 

𝜋-electron energy. As a result, the term "energy" 

was coined to mean the sum of the absolute values 

of the spectrum of the adjacency matrix of G. Some 

general ideas and graph parameters were taken into 

account
2-5

. A thorough investigation of the use of 

graph energy was conducted
 6-9

. Beck
10

 first raised 

the possibility of a graph relating to the zero 

divisors of a commutative ring in 1998. The zero 

divisor graph (R) is a simple graph with vertex set 

𝑍(𝑅)∗, the set of all non-zero divisors in R, and any 

two different vertices x and y are adjacent if xy=0. 

It was modulated by Anderson D.F. and Livingson 

P.S.
11

 after that. More studies on zero-divisor 

graphs also carried out
12,13

. 

Vasantha Kandasamy W.B
14

 first proposed the 

concept of groups as graphs. Identity graphs are 

graphs ℐ(𝑍𝑝) associated to group 𝑍𝑝 and ℐ(𝑍𝑝) is 

defined as (V, E) where V = V(𝑍𝑝), and two 

elements 𝑥, 𝑦 ∈ 𝑍𝑝 are adjacent iff 𝑥. 𝑦 =  𝑒 or 

𝑥 = 𝑒 or 𝑦 = 𝑒. In this study, the quotient energy of 

few zero-divisor graphs of commutative ring Γ(𝑅) 
and identity graphs of groups are to be examined.  

 

Quotient energy of Zero-Divisor graph 

Definition 1: Let be a (p, q) graph. The quotient 

matrix 𝑸(𝑮) is defined  

𝑄 = 𝑞𝑖𝑗 = {

𝑑(𝑣𝑖)

𝑑(𝑣𝑗)
               𝑖𝑓 𝑣𝑖𝑣𝑗 ∈ 𝐸

0                𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

The characteristic polynomial of 𝑄(𝐺) is 𝑓𝑝(𝐺, 𝜆) =

det (𝑄(𝐺) − 𝜆𝐼). The quotient spectrum of the 

graph G is the eigenvalues of the matrix 𝑄. Let 

𝜆1, 𝜆2, … 𝜆𝑝  be the eigenvalues of 𝑄(𝐺). Then the 

quotient energy is defined as 𝑄𝐸(𝐺) = ∑ |𝜆𝑖|
𝑝
𝑖=1 . 

Theorem 1:  𝑄𝐸(𝛤(𝑍2𝑝 )) = 2√𝑝 − 1 for 𝑝 > 2 

where 𝑝 is a prime. 

Proof: For any prime 𝑝 > 2, 𝑉 (Γ(𝑍2𝑝)) =

{𝑣1, 𝑣2, … , 𝑣𝑝} = {2,4,… , 2(𝑝 − 1), 𝑝} and 
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𝐸 (Γ(𝑍2𝑝)) = {𝑣𝑖𝑣𝑝/1 ≤ 𝑖 ≤ 𝑝 − 1}. Then the 

corresponding quotient matrix 𝑄 of Γ(𝑍2𝑝) is of the 

form 𝑄 = (
0 (𝑝 − 1)𝐽1×𝑝−1

1

(𝑝−1)
𝐽𝑝−1×1 𝑂𝑝−1

), where 

𝐽 and 𝑂 denotes the matrix of ones and zero matrix, 

respectively.  Thus 

𝑓(Γ(𝑍2𝑝), 𝜆) = (−1)
𝑝𝜆𝑝−2(𝜆2 − (𝑝 − 1)) 

Therefore the quotient spectrum of Γ(𝑍2𝑝) is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍2𝑝)) = {
0 √𝑝 − 1 −√𝑝 − 1

𝑝 − 2 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍2𝑝)) = 0(𝑝−2 𝑡𝑖𝑚𝑒𝑠) + |√𝑝 − 1|

+ |−√𝑝 − 1| 

𝑄𝐸 (Γ(𝑍2𝑝)) = 2√𝑝 − 1 

Theorem 2: 𝑄𝐸 (Γ(𝑍3𝑝)) = 2√2(𝑝 − 1)  for 

𝑝 > 3 where 𝑝 is a prime. 

Proof: For any prime 𝑝 > 3, 𝑉 (Γ(𝑍3𝑝)) =

{𝑢1, 𝑢2, 𝑣1, 𝑣2, … , 𝑣𝑝−1}where 𝑢1 = 𝑝, 𝑢2 = 2𝑝 and 

𝑣𝑖 = 3𝑖 𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑝 − 1. And 𝐸 (Γ(𝑍3𝑝)) =

{𝑢1𝑣𝑖, 𝑢2𝑣𝑖 , 1 ≤  𝑖 ≤  𝑝 –  1}. Then 

|𝑉 (Γ(𝑍3𝑝))| = 𝑝 + 1 and |𝐸 (Γ(𝑍3𝑝))| = 2(𝑝 −

1). Then the corresponding quotient matrix 𝑄 is of 

the form 𝑄 = (
𝑂2 (

𝑝−1

2
) 𝐽2×𝑝−1

(
2

𝑝−1
) 𝐽𝑝−1×2 𝑂𝑝−1

), 

where 𝐽 and 𝑂 denotes the, matrix of ones and zero 

matrix, respectively.  Thus 

𝑓(Γ(𝑍3𝑝), 𝜆) = 𝜆
𝑝−1(𝜆2 − 2(𝑝 − 1)) 

Therefore the quotient spectrum of Γ(𝑍3𝑝) is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍3𝑝))

= {
0 √2(𝑝 − 1) −√2(𝑝 − 1)

𝑝 − 1 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍3𝑝)) = 0(𝑝−1 𝑡𝑖𝑚𝑒𝑠) + |√2(𝑝 − 1)|

+ |−√2(𝑝 − 1)| 

𝑄𝐸 (Γ(𝑍3𝑝)) = 2√2(𝑝 − 1) 

Theorem 3: 𝑄𝐸 (Γ(𝑍5𝑝)) = 2√4(𝑝 − 1) for 

𝑝 > 3 where 𝑝 is a prime. 

Proof: For any prime 𝑝 > 3, 𝑉 (Γ(𝑍5𝑝)) = 𝑉1 ∪ 𝑉2, 

where 𝑉1 = {𝑢1, 𝑢2, 𝑢3, 𝑢4} = {𝑝, 2𝑝, 3𝑝, 4𝑝} and 

𝑉2 = {𝑣1, 𝑣2, … , 𝑣𝑝−1} = {5,10,… ,5(𝑝 − 1)} and 

𝐸 (Γ(𝑍5𝑝)) = {𝑢1𝑣𝑖, 𝑢2𝑣𝑖, 𝑢3𝑣𝑖, 𝑢4𝑣𝑖 , 1 ≤ 𝑖 ≤

𝑝– 1}. Then |𝑉 (Γ(𝑍5𝑝))| = 𝑝 + 3 and 

|𝐸 (Γ(𝑍5𝑝))| = 4(𝑝 − 1). The corresponding 

quotient matrix 𝑄 is of the form 

𝑄 = (
𝑂4 (

𝑝−1

4
) 𝐽4×𝑝−1

(
4

𝑝−1
) 𝐽𝑝−1×4 𝑂𝑝−1

), where 

𝐽 and 𝑂 denotes the matrix of ones and zero matrix, 

respectively.  Thus 

𝑓(Γ(𝑍5𝑝), 𝜆) = 𝜆
𝑝+1(𝜆2 − 4(𝑝 − 1)) 

Therefore the quotient spectrum of Γ(𝑍5𝑝) is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍5𝑝))

= {
0 √4(𝑝 − 1) −√4(𝑝 − 1)

𝑝 + 1 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍5𝑝)) = 0(𝑝+1 𝑡𝑖𝑚𝑒𝑠) + |√4(𝑝 − 1)|

+ |−√4(𝑝 − 1)| 

𝑄𝐸 (Γ(𝑍5𝑝)) = 2√4(𝑝 − 1) 

Theorem 4: 𝑄𝐸 (Γ(𝑍𝑝𝑞)) = 2√(𝑝 − 1)(𝑞 − 1) for 

𝑝, 𝑞 > 2 where 𝑝, 𝑞 are distinct primes p < q. 

Proof: For any distinct primes 𝑝, 𝑞 > 2, with 

p < q, 𝑉 (Γ(𝑍𝑝𝑞)) = 𝑉1 ∪ 𝑉2, where 𝑉1 =

{𝑢1, 𝑢2, … , 𝑢𝑞−1} = {𝑝, 2𝑝, 3𝑝,…𝑝(𝑞 − 1)}; 

𝑉2 = {𝑣1, 𝑣2, … , 𝑣𝑝−1} = {𝑞, 2𝑞, … , 𝑞(𝑝 − 1)}; and 

𝐸 (Γ(𝑍𝑝𝑞)) = {𝑢𝑖𝑣𝑗; 𝑢𝑖 ∈ 𝑉1, 𝑣𝑗 ∈ 𝑉2; 1 ≤ 𝑖 ≤

𝑞– 1; 1 ≤ 𝑖 ≤ 𝑝–1}.Then 

|𝑉 (Γ(𝑍𝑝𝑞))| = 𝑝𝑞 − 𝑝 − 𝑞 + 1 and 

|𝐸 (Γ(𝑍𝑝𝑞))| = 2(𝑞 − 1). 

The corresponding quotient matrix 𝑄 is of the form 

𝑄 = (
𝑂𝑝−1 (

𝑞−1

𝑝−1
) 𝐽𝑝−1×𝑞−1

(
𝑝−1

𝑞−1
) 𝐽𝑞−1×𝑝−1 𝑂𝑞−1

), where 

𝐽 and 𝑂 denotes the matrix of ones and zero matrix, 

respectively.  Thus 

𝑓(Γ(𝑍𝑝𝑞), 𝜆) = 𝜆
𝑝+𝑞−4(𝜆2 − ((𝑝 − 1)(𝑞 − 1))) 

Therefore the quotient spectrum of Γ(𝑍𝑝𝑞) is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍𝑝𝑞))

= {
0 √(𝑝 − 1)(𝑞 − 1) −√(𝑝 − 1)(𝑞 − 1)

𝑝 + 𝑞 − 4 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍𝑝𝑞)) = 0(𝑝+𝑞−4 𝑡𝑖𝑚𝑒𝑠)

+ |√(𝑝 − 1)(𝑞 − 1)| 

+|−√(𝑝 − 1)(𝑞 − 1)| 

𝑄𝐸 (Γ(𝑍𝑝𝑞)) = 2√(𝑝 − 1)(𝑞 − 1) 
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Theorem 5: 𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍4)) = 1 + √8𝑝 − 7 

for 𝑝 > 2 where 𝑝 is a prime. 

Proof: For any prime 𝑝 > 2, 𝑉 (Γ(𝑍2𝑝) + Γ(𝑍4)) =

{𝑢1, 𝑢2, … , 𝑢𝑝−1, 𝑢𝑝, 𝑥} 

= {2,4,… , 2(𝑝 − 1), 𝑝, 𝑥}, where x = 2 ∈ 𝑍4 and 

𝐸 (Γ(𝑍2𝑝) + Γ(𝑍4)) = {𝑢𝑖𝑢𝑝, 𝑢𝑖𝑥, 𝑢𝑝𝑥/ 1 ≤  i ≤

 p − 1}. Then |𝑉 (Γ(𝑍2𝑝) + Γ(𝑍4))| = 𝑝 + 1 and 

|𝐸 (Γ(𝑍2𝑝) + Γ(𝑍4))| = 2𝑝 − 1. The 

corresponding quotient matrix 𝑄 is of the form 

𝑄 = (
𝐽2 − 𝐼2 (

𝑝

2
) 𝐽2×𝑝−1

(
2

𝑝
) 𝐽𝑝−1×2 𝑂𝑝−1

), where 𝐼, 𝐽 𝑎𝑛𝑑 𝑂 

denotes the identity matrix, matrix of ones and zero 

matrix, respectively.  Thus 

𝑓(Γ(𝑍2𝑝) + Γ(𝑍4), 𝜆)

= 𝜆𝑝−2(𝜆 + 1)(𝜆2 − 𝜆 − 2(𝑝
− 1)) 

Therefore the quotient spectrum of Γ(𝑍2𝑝) + Γ(𝑍4) 

is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍2𝑝) + Γ(𝑍4))

= {
0 −1

1 + √8𝑝 − 7

2

1 − √8𝑝 − 7

2

𝑝 − 2 1 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍4)) 

= |−1| + 0(𝑝−2 𝑡𝑖𝑚𝑒𝑠) + |
1 + √8𝑝 − 7

2
|

+ |
1 − √8𝑝 − 7

2
| 

𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍4)) = 1 + √8𝑝 − 7 

Theorem 6: 𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍6)) = 2(1 + 2√𝑝) 

for 𝑝 > 2 where 𝑝 is a prime. 

Proof: For any prime 𝑝 > 2, 

𝑉 (Γ(𝑍2𝑝) + Γ(𝑍6)) =

{𝑢1, 𝑢2, … , 𝑢𝑝−1, 𝑢𝑝, 𝑥, 𝑦, 𝑧} = {2,4, … , 2(𝑝 −

1), 𝑝, 𝑥, 𝑦, 𝑧}, where x = 2, 𝑦 = 3 𝑎𝑛𝑑 z = 4 ∈ 𝑍6 

and 

𝐸 (Γ(𝑍2𝑝) + Γ(𝑍6)) =

{𝑢𝑖𝑢𝑝, 𝑢𝑖𝑥, 𝑢𝑖𝑦, 𝑢𝑖𝑧, 𝑢𝑝𝑥, 𝑢𝑝y, 𝑢𝑝z, xy, yz/ 1 ≤  i ≤

 p − 1}. Then |𝑉 (Γ(𝑍2𝑝) + Γ(𝑍6))| = 𝑝 + 3 and 

|𝐸 (Γ(𝑍2𝑝) + Γ(𝑍6))| = 4𝑝 + 1. The 

corresponding quotient matrix 𝑄 is of the form 

𝑄 = (
𝐴 𝐵

𝐶 𝐷
), where 

𝐴 = (
0 (

𝑝+2

4
) 𝐽1×𝑝−1

(
4

𝑝+2
) 𝐽𝑝−1×1 𝑂𝑝−1

) ,  

𝐵 = (
1 (

𝑝+2

𝑝+1
) 𝐽1×2

(
4

𝑝+2
) 𝐽𝑝−1×1 (

4

𝑝+1
) 𝐽𝑝−1×2

),  

𝐶 = (
1 (

𝑝+2

4
) 𝐽1×𝑝−1

(
𝑝+1

𝑝+2
) 𝐽2×1 (

𝑝+1

4
) 𝐽2×𝑝−1

) and  

𝐷 = (
0 (

𝑝+2

𝑝+1
) 𝐽1×2

(
𝑝+1

𝑝+2
) 𝐽2×1 𝑂2

). Thus 

𝑓(Γ(𝑍2𝑝) + Γ(𝑍6), 𝜆) 

= 𝜆𝑝−1(𝜆 + 1)(𝜆3 − 𝜆2 − 4𝑝𝜆 − 6(𝑝 − 1)) 
             ≤ 𝜆𝑝−1(𝜆 + 1)(𝜆3 − 𝜆2 − 4𝑝𝜆 + 4𝑝) 
            = 𝜆𝑝−1(𝜆 + 1)(𝜆 − 1)(𝜆2 − 4𝑝) 
Therefore the quotient spectrum of Γ(𝑍2𝑝) + Γ(𝑍6) 
is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍2𝑝) + Γ(𝑍6))

= {
0 −1 1 √4𝑝 −√4𝑝

𝑝 − 1 1 1 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍6)) 

= 0 + |−1| + 1 + |√4𝑝| + |−√4𝑝| 

𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍6)) = 2(1 + 2√𝑝) 

Theorem 7: 𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍9)) = 2 +

2√3𝑝 − 2 for 𝑝 > 2 where 𝑝 is a prime. 

Proof: For any prime 𝑝 > 2, 

𝑉 (Γ(𝑍2𝑝) + Γ(𝑍9)) = {𝑢1, 𝑢2, … , 𝑢𝑝−1, 𝑢𝑝, 𝑥, 𝑦} =

{2,4,… , 2(𝑝 − 1), 𝑝, 𝑥, 𝑦}, where x = 3 and 

𝑦 = 6 ∈ 𝑍9 and 𝐸 (Γ(𝑍2𝑝) + Γ(𝑍9)) =

{𝑢𝑖𝑢𝑝, 𝑢𝑖𝑥, 𝑢𝑖𝑦, 𝑢𝑝𝑥, 𝑢𝑝y, xy/ 1 ≤  i ≤  p − 1}. 

Then |𝑉 (Γ(𝑍2𝑝) + Γ(𝑍9))| = 𝑝 + 2 and 

|𝐸 (Γ(𝑍2𝑝) + Γ(𝑍9))| = 3𝑝. Then the 

corresponding quotient matrix 𝑄 is of the form 

𝑄 = (
𝐴 𝐵

𝐶 𝐷
), 

A = (
0 (

𝑝+1

3
) 𝐽1×𝑝−1

(
3

𝑝+1
) 𝐽𝑝−1×1 𝑂𝑝−1

), 

B = (

𝐽1×2

(
3

𝑝+1
) 𝐽𝑝−1×1

), C = (𝐽2×1 (
𝑝+1

3
) 𝐽2×𝑝−1) 

and D = 𝐽2 − 𝐼2. Thus, 

𝑓(Γ(𝑍2𝑝) + Γ(𝑍9), 𝜆) 

= −𝜆𝑝−2(𝜆 + 1)2(𝜆2 − 2𝜆 − 3(𝑝 − 1)) 
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Therefore the quotient spectrum of Γ(𝑍2𝑝) + Γ(𝑍9) 
is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍2𝑝) + Γ(𝑍9))

= {
0 −1 1 + √3𝑝 − 2 1 − √3𝑝 − 2

𝑝 − 2 2 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍9))

= 0(𝑝−2 𝑡𝑖𝑚𝑒𝑠) + |−1|(2 𝑡𝑖𝑚𝑒𝑠)

+ |1 + √3𝑝 − 2| + |1 − √3𝑝 − 2| 

𝑄𝐸 (Γ(𝑍2𝑝) + Γ(𝑍9)) = 2 + 2√3𝑝 − 2 

Theorem 8: 𝑄𝐸 (Γ(𝑍𝑝2)) = 2(𝑝 − 2) for 𝑝 > 2 

where 𝑝 is a prime. 

Proof: Since Γ(𝑍𝑝2) ≅ 𝐾𝑝−1, 𝑄𝐸 (Γ(𝑍𝑝2)) =

𝑄𝐸(𝐾𝑝−1) = 2(𝑝 − 2). 

Theorem 9: 𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍4)) = 2√𝑝 − 1 for 

𝑝 > 2 where 𝑝 is a prime. 

Proof: Since the resulting graph of Γ(𝑍𝑝2̅̅ ̅̅̅) +

Γ(𝑍4) ≅ Γ(𝑍2𝑝), 

𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍4)) = 𝑄𝐸 (Γ(𝑍2𝑝)) = 2√𝑝 − 1 

Theorem 10: 𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6)) = 1 +

√12𝑝 − 7 for 𝑝 > 2 where 𝑝 is a prime. 

Proof: For any prime> 2, 𝑉 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6)) =

{𝑢1, 𝑢2, … , 𝑢𝑝−1, 𝑥, 𝑦, 𝑧} = {2,4,… , 𝑝(𝑝 −

1), 𝑥, 𝑦, 𝑧}, where x = 2, y = 3 and 𝑧 = 4 ∈ 𝑍6. 

And 𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6)) = {𝑢𝑖𝑥, 𝑢𝑖𝑦, 𝑢𝑖𝑧, xy, yz/

 1 ≤  i ≤  p − 1}. Then |𝑉 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6))| =

𝑝 + 2 and |𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6))| = 3𝑝 − 1. And 

the corresponding quotient matrix 𝑄 is of the form 

𝑄 = (
𝐴 𝐵

𝐶 𝐷
), A = (

0 (
𝑝+1

𝑝
) 𝐽1×2

(
𝑝

𝑝+1
) 𝐽2×1 𝑂2

), 

B = (
(
𝑝+1

3
) 𝐽1×𝑝−1

(
𝑝

3
) 𝐽2×𝑝−1

), 

C = ((
3

𝑝+1
) 𝐽𝑝−1×1 (

3

𝑝
) 𝐽𝑝−1×2) and D = 𝑂𝑝−1  

Thus 

𝑓(Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6), 𝜆) 

= −𝜆𝑝−1(𝜆3 − (3𝑝 − 1)𝜆 − 4(𝑝 − 1)) 
     ≤ −𝜆𝑝−1(𝜆3 − (3𝑝 − 1)𝜆 − (3𝑝 − 2)) 
        = −𝜆𝑝−1(𝜆 + 1)(𝜆2 − 𝜆 − (3𝑝 − 2)) 
Therefore the quotient spectrum of Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6) 
is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6))

= {
0 −1

1 +√12𝑝 − 7

2

1 − √12𝑝 − 7

2

𝑝 − 1 1 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6))

= |−1| + |
1 + √12𝑝 − 7

2
|

+ |
1 − √12𝑝 − 7

2
| 

𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6)) = 1 +
2(√12𝑝 − 7)

2
 

⟹  𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍6)) = 1 + √12𝑝 − 7 

Theorem 11: 𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9)) = 1 +

√8𝑝 − 7 for 𝑝 > 2 where 𝑝 is a prime. 

Proof: For any prime 𝑝 > 2, 

𝑉 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9)) = {𝑢1, 𝑢2, … , 𝑢𝑝−1, 𝑥, 𝑦} =

{2,4,… , 𝑝(𝑝 − 1), 𝑥, 𝑦}, where x = 3 and 𝑧 = 6 ∈
𝑍9. And 

𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9)) = {𝑢𝑖𝑥, 𝑢𝑖𝑦, xy / 1 ≤  i ≤

 p − 1}. Then |𝑉 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9))| = 𝑝 + 1 and 

|𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9))| = 2𝑝 − 1. Then the 

corresponding quotient matrix 𝑄 is of the form 

𝑄 = (
𝐴 𝐵

𝐶 𝐷
), where 𝐴 = 𝐽2 − 𝐼2, 𝐵 =

𝑝

2
𝐽2×𝑝−1, 

𝐶 =
2

𝑝
𝐽𝑝−1×2 and 𝐷 = 𝑂𝑝−1 . Thus 

𝑓(Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9), 𝜆) 

= 𝜆𝑝−2(𝜆 + 1)(𝜆2 − 𝜆 − 2(𝑝 − 1)) 

Therefore the quotient spectrum of Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9) 

is, 

𝑆𝑝𝑒𝑐 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9))

= {
0 −1

1 + √8𝑝 − 7

2

1 − √8𝑝 − 7

2

𝑝 − 2 1 1 1

} 

Hence, 

𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9))

= 0(𝑝−2 𝑡𝑖𝑚𝑒𝑠) + |−1|

+ |
1 + √8𝑝 − 7

2
| + |

1 − √8𝑝 − 7

2
| 

𝑄𝐸 (Γ(𝑍𝑝2̅̅ ̅̅̅) + Γ(𝑍9)) = 1 + √8𝑝 − 7 

 

Quotient energy of Identity graph 𝓘(𝒁𝒑) of the 

group (𝒁𝒑, +) 
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Theorem 12: For even 𝑝 > 2, 𝑄𝐸(ℐ(𝑍𝑝, +))) =

𝑝 − 2 + 2√𝑝 − 1. 

Proof: For the Identity graph ℐ(𝑍𝑝) of the group 

(𝑍𝑝, +), 

𝑉(ℐ(𝑍𝑝, +)) = {0,1,… , 𝑝 − 1} = {𝑢1, 𝑢2, … , 𝑢𝑝}. 

Then the quotient matrix of ℐ(𝑍𝑝, +) is of the form 

𝑄 =

(

 
 

0 (
𝑝−1

2
) 𝐽1×𝑝−2 𝑝 − 1

(
2

𝑝−1
) 𝐽𝑝−2×1 𝐷 𝑂𝑝−2×1
1

𝑝−1
𝑂1×𝑝−2 0

)

 
 

, 

where D is a diagonal matrix with diagonal entry 

𝐽2 − 𝐼2. Then the characteristic polynomial of 

ℐ(𝑍𝑝, +) is, 

𝑓(ℐ(𝑍𝑝, +), 𝜆) = (𝜆 + 1)
𝑝
2
−1(𝜆 − 1)

𝑝
2
−2(𝜆3 − 𝜆2

− (𝑝 − 1)𝜆 + 1) 

≤ (𝜆 + 1)
𝑝
2
−1(𝜆 − 1)

𝑝
2
−2(𝜆3 − 𝜆2 − (𝑝 − 1)𝜆 + 𝑝

− 1) 

= (𝜆 + 1)
𝑝
2
−1(𝜆 − 1)

𝑝
2
−1(𝜆2 − (𝑝 − 1)) 

𝑆𝑝𝑒𝑐(ℐ(𝑍𝑝, +))

= {
−1 1 √𝑝 − 1 −√𝑝 − 1
𝑝

2
− 1

𝑝

2
− 1 1 1

} 

Now, 

𝑄𝐸(ℐ(𝑍𝑝, +)) = |−1|𝑝
2
−1
+ |1|𝑝

2
−1
++|√𝑝 − 1|

+ |−√𝑝 − 1| 

𝑄𝐸(ℐ(𝑍𝑝 , +)) =
𝑝

2
− 1 +

𝑝

2
− 1 + 2√𝑝 − 1 

𝑄𝐸(ℐ(𝑍𝑝, +)) = 𝑝 − 2 + 2√𝑝 − 1 

Theorem 13: For odd 𝑝 > 2, 𝑄𝐸(ℐ(𝑍𝑝, +)) = 𝑝 −

2 + √4𝑝 − 3. 

Proof: For the Identity graph ℐ(𝑍𝑝, +) of the group 

(𝑍𝑝, +), 𝑉(ℐ(𝑍𝑝, +)) = {0,1,… , 𝑝 − 1} =

{𝑢1, 𝑢2, … , 𝑢𝑝}. the unique quotient matrix of 

ℐ(𝑍𝑝, +) is of the form 

𝑄 = (
0 (

𝑝−1

2
) 𝐽1×𝑝−1

(
2

𝑝−1
) 𝐽𝑝−1×1 𝐷

), in which the 

𝐽2×2 repeated along the diagonal. Then the 

characteristic polynomial of ℐ(𝑍𝑝, +) is, 

𝑓(ℐ(𝑍𝑝, +), 𝜆) = −(𝜆 − 1)
⌊
𝑝
2⁄ ⌋−1(𝜆 + 1)⌊

𝑝
2⁄ ⌋(𝜆2

− 𝜆 + (𝑝 − 1)) 

𝑆𝑝𝑒𝑐(ℐ(𝑍𝑝, +))

= {
1 −1

1 + √4𝑝 − 3

2

1 − √4𝑝 − 3

2

⌊
𝑝
2⁄ ⌋ − 1 ⌊

𝑝
2⁄ ⌋ 1 1

} 

Now, 

𝑄𝐸(ℐ(𝑍𝑝, +)) = 1(⌊𝑝 2⁄ ⌋−1 𝑡𝑖𝑚𝑒𝑠)
+ |−1|

(
𝑝
2⁄  𝑡𝑖𝑚𝑒𝑠)

+ |
1 + √4𝑝 − 3

2
| + |

1 + √4𝑝 − 3

2
| 

𝑄𝐸(ℐ(𝑍𝑝, +)) = 𝑝 − 2 + √4𝑝 − 3 

 

Conclusion:  
Quotient energy of certain zero divisor graphs of 

ring and identity graphs of groups are evaluated in 

this present article. This method can be extended to 

any kind of graphs as well.  
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البيانية القاسم الصفري للحلقات الرسم البياني لطاقة الحاصل. الهدف من هذه الدراسة هو فحص طاقة حاصل الرسوم البيانية للمطابقة والرسوم 

من التبادلية باستخدام نظرية المجموعة ونظرية الرسم البياني، والتطبيقات. في هذه الدراسة، يتم فحص الرسوم البيانية للمطابقة المشتقة 

 .R المجموعة وفئات قليلة من الرسوم البيانية لقاسم الصفر للحلقة التبادلية
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