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Abstract:

This paper discusses the Sums of Squares of “m” consecutive Woodall Numbers. These discussions are
made from the definition of Woodall numbers. Also learn the comparability of Woodall numbers and other
special numbers. An attempt to communicate the formula for the sums of squares of ‘m’ Woodall numbers and
its matrix form are discussed. Further, this study expresses some more correlations between Woodall numbers

and other special numbers.
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Introduction:

The general term of the Woodall number is
given by the formula w(7) = 727 — 1. Duly, the first
ten terms of this sequence are 1, 7, 23, 63, 159, 383,
895, 2047, 4607, 10239...**, Prodinger, H., and one
other author derived a formula for the Sum of
Squares of Tetranacci Number®. The Sums of
Squares of Tribonacci Numbers and also Mersenne
Numbers are studied by Soykan Y®%. This article
explains the generalization of sums of squares of ‘m’
consecutive Woodall numbers and its Matrix
representation. These numbers were first discovered
by Allan J.C. Cunningham and H.J. Woodall in 1917.
Beginning with 63 and 159 each and every sixth
Woodall number is a multiple of three. The
indistinguishable identities for Pell, Lucas,
Fibonacci, Jacobsthal, Jacobsthal — Lucas, and
Tribonacci Numbers have recently been found by
some authors in papers®*°, More related studies have
been carried out'***Motivated by some previous
studies; this paper developed some new concepts and
examined their properties.

Basic Definitions:

Definition. 1: For all T = 1, the Woodall number is
defined by the formula w(t) = 727 — 1.

Definition. 2: For all T > 1, the Fermat number is
defined as (Fer), = 2* + 1.
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Definition. 3: For all T > 1, the general term of the
Carol number is given by (27 — 1)% — 2.
Definition. 4: For all T > 1, the Hex number is
defined by the formula (Hex), = 3t(t + 1) + 1.
Definition. 5: For all T > 1, the Hexagonal number
is defined as H(6,7) = (27 — 1).

Definition. 6: For all T > 1, the Triangular number
is given by the formula (Tr7), = 22

Definition. 7: For all T > 1, the Cullan number is
defined by the formula w(t) = 2% + 1

Main theorem:

Sums of squares of ‘m’ consecutive Woodall
numbers:

Theorem 1: For all 7 =1 the following equality

hold,

T (T4 D) = [4™ — (I (4 + D2X? -
42" -1D)A+1DX+m where A=7+({—-1)
and X = 2%,

The following lemma is essential to execute the
inductive pace in the Proof of the Main theorem.

Lemma. 1: For allt > 1,

W@+ D) =44+ -DP+2[t+ -1+
132%) = 21 (c + D(2Y) + 1, where [ =
1,2,3,...m. 1)
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Proof of the lemma: This lemma can be proved in
two different methods, one is the direct method from
the definition of Woodall number and the second one
is the induction method onl = 1,2,3,...m.
Method. 1: From the definition, w(t) = 72 — 1
Therefore, w(t + 1) = (t + 1)271 — 1
wi(r+1)=[(z+ 1271 —1)2
w?(t+1) =412+ 2t + 1)(2%%) — 4(z + 1)(29)
+1
Similarly, w?(t+2)=16[(t+1)>+2(t+1)+
11229 —8(t+2)(2H) + 1
And w?(t+3) =64[(t+2)>+2(t+2)+
11225 —16(r + 3)(29) + 1
Finally, for [*"erm, w?(t+1) =4Y[t+ (-
DPE+2[t+ (-1 +1]3(2%%) - 271 +
1)(27) + 1.
Method. 2:
Consider w?(r+1D)=4Y[r+(-1]*+2[t+
(I-D+1}R¥™) -4l + DY) +1
For 1=1, from (1), w?(t+1)=4(*+21+
DR -4+ 12 +1
Therefore, by the induction hypothesis, the lemma is
trueforl =k — 1.
i.e., wilt+ (k-] =4"Y[r + (k- 2)]* +
2[t+ (k—DPR*) — 4k — D[t + (k —
DIEH+1
when | = k, the lemma is proved by replacing k with
k+1 on both sides of the above equation.
Proof of main theorem: From the lemma,
W (t+ D) =4Y[r+(U-DP+2[r+ (-1
+132*) —4l(z+ DY) + 1
Secure summation [ = 1,2,3,...m on the both sides,
Eq.1 look right on,

Mm@+ =Y" 44t + (- D] +2[t +

(-D+ 13" - ZE 4@+ DEH + X2, 1
m 4! constitute a geometric series with
common ratio 4 and first term is 1. So, its summation
leads to 3[4’” —1]. Also the summation ;% 4l
3 -

construct the sum of first m natural numbers.
Accordingly, that summation lead the way to
2m(m + 1).
Finally, by presume A =[t+ (I —1)]and X = 27,
the above equation modified as
For all t>1, " wi(T+1) = [4" -
1NOR, A+ 1D23X2 —42™ - DA+ DX +m.
Hence the proof of main theorem.
Corollary 1: The sums of squares of Cullan number
is,
For all 7>1, T Cul(T+ 1) =3[4m -
1N, A+ 1D23X%2 —4Q2™ - 1DA+ DX —m
whereA=[t+(-1)] X=2°
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Sums of squares of ‘m’ consecutive Woodall
numbers in Matrix form.

Theorem 2: Forallt > 1,and [ = 1,2,3,...m,

W2(z)

E2(B-2)* —(C-8)(B-2) 1]x2
=|E"'B-1)?% —(C-4)B-1) 1||X

EB? —CB 11
whereE = 4!, B=(r+1), and C = (4), and
w?(B —2)
W2(1) = |w?(B — 1)‘.
w?*(B)

Proof: By the definition, w(7) = 2% -1

Also, the square of Woodall number is w?(r) =
227 - 21(2H + 1

In the similar way, w?(7+ 1) = 4(t + 1)?(2%7) —
4+ 1D(2H+1

And w?(t+2) =4%(t+2)?(2*¥") - 8(r +
2)(2Y) + 1.

The above three equations can revise in matrix form
as Wy %(7) = D, (0)Y (1), where

w?(7)
Wi (@) = |w?(x + 1)| D1(7) =
w?(t+2)
72 -2t 1 (229
4(t+1)?% —4(r+1) 1‘ andY(7) = [(21)]
42(t+2)2 -8(r+2) 1 1

Indistinguishable W2 (1) and D,(t)can be acquired
by put back thyt+ 1 in the respective matrix
keeping Y(r) is fixed. In this fashion
W2 (1) and D,_,(r) gets the following matrix
depiction as

Wi—1*(2) = Di_1 (D)Y (v) where W,_,*(¢) =

(w?(t+1-2)
wi(t+1-1)
| w?(t+ D)
D1 (7) =

41727 + (1 - 2))?
41+ 11— 1)2

—4(=2)[t+ (- 2)]
—4(l-D@+1-1)

1
1
1

4 (T +1)? —4l(t+ 1)
(2%7)
andY(z) = [(zf)]
1

By the appropriate substitution for £ = 4!, B =
(r + 1) and C = (41) the matrix representation
reducedto W?2(r) =

E™2(B-2)> —(C-8)(B-2) 1]|rx2

ETY(B-1)? —(C-4)B-1) 1||x

EB? —CB 1/t 1
w?(B —2)

w?(B-1)

where W2(1) = l
w?*(B)

|
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Hence the theorem.

Corollary 2: The matrix form of sums of squares of
Cullan number is,

Cu®(r) =
E72(B-2)> —(C-8)(B-2) —1|x2
ET'(B-1)? —(C-4)B-1) -1||X
EB? —CB -1jL1
cu?(B - 2)
where Cu?(7) = [cu?(B - 1)|, E =4
cu?(B)

and=(t+1) C=(4)
Recursive Matrix form:

Theorem 3: For all m = 1 the recursive coefficient
matrix get hold of the form

F2a11 Faq, ais
W(m) = a21 + G a22 - H a23
asq + 4[G + ZH] Az, — 2H ass
where F=mG=4m—-1)3+m)andH =
4(m —1).
Proof: Consider the foremost coefficient matrix
from D, () of theorem 2 as given below,
1 -2 1
W, =116 -8 1]
144 -24 1
Let this matrix be denoted by
1 -2 1
W, =116 -8 1]
144 -24 1

The components of succeeding order matrix W,
depends on the earlier order components in W;
excluding the components of last column.

4 —4 1
W, = [36 —-12 1]
256 —-32 1

22@11 2a4; a3

=] ay; +20 a, — 4 ass

aszq + 112 Az, — 2(4) ass3
In this way the components of next order matrix W5
can be rewritten as follows,

9 -6 1
W; = [64 —16 1]
400 —40 1

32f111 3ai; as

=|ay; +48 a,; —2(4) ays

az1 +256 az; —4(4) ass
Finally, in general, the m™" order recursive coefficient
matrix of sums of m consecutive Woodall numbers
takes the form,

Win
m2a4 maj; a3
=la;+4(m—-1)B+m) ay;—4(m—-1) ay;
az; +16(m—-1)(G5+m) az;; —8(m—1) azz

By the suitable substitution like F = m,G = 4(m —
1)(3 + m) and H = 4(m — 1) theorem concludes.
Hence, W(m) =
F?aq,
a1 +G
az1 + 4[G + 2H]

Faq, ais
A, —H ay;
az, —2H as3

Corollary 3: The recursive matrix form of sums of

squares of Cullan numbers is,

F?ay, Fay, —a13
Cu(m) = a, +G a, —H —ay;
az1 +4[G + 2H] a3z, —2H —as3
Where F=m,G=4(m—-1)3+m)and H =
4(m—1)
Applications:

Sums of squares of two Woodall numbers in
terms of some other special numbers

Theorem 4:

w?(T+ 1)+ w?(t+2)
= [4(carol), + 8(Fer),
—4][(Hex); + H(6,7)] + (t
+ 1)[64(Fer)? — 140(Fer),
+76]

Proof: By the definition of Woodall number,
wi(t+ 1)+ w?(t+2)
=227[20(z% + 2t + 1) + 32(z
+1)+16] —27[127 + 12] + 2
w?(t+ 1)+ w?(t+2)
= 4(2?2")[572 + 187 + 17]
—12Q2)[t+ 1] + 2
= 4(X?)[(Hex), + H(6,7)] + (64X>
—12X)[t+ 1] +2

Where X = 27
= 4(X?)[(Hex), + H(6,7)] + (64X?
—12X)[t+ 1] + 2
= 4(X*)[(Hex), + H(6,7)]
+ [64(Fer)? — 140(Fer),
+76](r + 1) + 2
Hence,
wi(t+ 1)+ w?(t+2)
= [4(carol), + 8(Fer),
—4][(Hex); + H(6,7)] + (z
+ 1)[64(Fer)? — 140(Fer),
+76]
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Sums of squares of three Woodall numbers in
terms of some other special numbers

Theorem 5:
w?(1) + w?(t+ 1) + w?(r + 2)
= [8C(5,7) + 25(Gno),
+ 2(Tri); + (z
+ 85)][(Mer), + 1]?
— [7(Gno); + 19][(Mer), + 1]
+3

Proof: From Theorem 4,
wi(t+ 1)+ w?(t+2)
=2%27[20(z% + 2t + 1) + 32(7
+1)+16] —27[127 + 12] + 2
wi(t+ 1)+ w?(t+2)
=4(229)[(5t% + 57+ 2) + (137
+15)]—-122H[t+ 1]+ 2
=8(X?)C(5,1) + 4X?[6(Gno), + (1 + 1) +
20] —12(X)(t+ 1) + 2
2
where X = 27
Adding the first term in the LHS of Eq.2,
0?(™) + wi (T + 1)+ wi(r+2)
= [8C(5,71) + 25(Gno),
+ 2(Tri); + (t + 85)]X?
— [7(Gno), + 191X + 3
It is easy to prove that, X = [(Mer), + 1],
Therefore, the above equation modified as follows,
w?(0) +wi(t+1) +w?(t+2)
= [8C(5,1) + 25(Gno),
+ 2(Tri); + (¢
+ 85)][(Mer), + 1]?
— [7(Gno), + 19][(Mer), + 1]
+ 3
Hence the proof of the theorem.

Conclusions:

In this paper, authors have observed the
sums of squares of Woodall Numbers and their
matrix representation, which are exactly the Woodall
Numbers and other specialization numbers. And it is
interesting to see that the researcher can also proceed
for further results in the problems. A similar study
can be extended for other special numbers also.
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