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Abstract:

This paper introduce two types of edge degrees (line degree and near line degree) and total edge
degrees (total line degree and total near line degree) of an edge in a fuzzy semigraph, where a fuzzy
semigraph is defined as (V, o, w, 1) defined on a semigraph G” in which 6 : V — [0, 1], u: VxV — [0, 1] and
n : X — [0, 1] satisfy the conditions that for all the vertices u, v in the vertex set, p(u, v) < o(u) A o(v) and
n(e) = w(ug, Uz) A pu(ug, Us) A ... A W(upg, Uy) < o(ug) A o(uy), if e = (Uy, Uy, ..., uy), n > 2 is an edge in the
semigraph G, in which a semigraph is defined as a pair of sets (V, X) in which the vertex set V is a non -
empty set and edge set X is a set of n — tuples for various n > 2, of distinct elements of V with the properties
that, any two elements in the edge set X has at most one vertex in common and for any two edges (a, ay,...,
an ) and (by, b,,..., by) in the edge set X are equal if, and only if, n = m and either one of the conditions a; =
b; or ;- bnj« occur for j where the value of j lies between 1 and n. In addition to that edge regularities (line
regular and near line regular) and total edge regularities (total line regular and total near line regular) of the
corresponding edge degrees and total edge degrees are studied, their properties are examined and a few
results connecting vertex regularity and edge regularity of a fuzzy semigraph are obtained.

2020 Mathematics Subject Classification: 05C72, 05C07.

Keywords: Fuzzy semigraph, Line degree, Line regular, Near line degree, Semigraph, Total line regular.

Introduction: A partial edge® in a semigraph G is a subedge

The concept of fuzzy graph was pioneered by ~ of an edge in G in which the consecutive vertices in
A. Rosenfeld'. A. Nagoor Gani and K. Radha® the edge is again consecutive in that subedge.
studied a branch of fuzzy graph theory that deals Semigraphs can be of different kinds. A semigraph
with the regularity and total regularity of vertices in ~ in which the cardinality of each edge is same is
fuzzy graphs, while T. Nusantara et al.® explored  called a uniform semigraph®. Integrating the
the idea of edge degree in fuzzy graphs. In order to ~ concepts of fuzzy graph theory and semigraph
improve graph theory and include more scenarios,  theory K. Radha and P. Renganathan® introduced a
E. Sampathkumar introduced the concept of  novel idea called fuzzy semigraph. Let G = (V, X)
semigraph theory® . A semigraph® G with a vertex ~ be a semigraph. Then (V, o, n, m) be the fuzzy
set \V and an edge set X is defined as the pair of sets  semigraph® defined on G” in which 6 : V — [0, 1], p

(V, X) in which V # ¢ and X is a set of n - tuples, : VXV — [0, 1] and n : X — [0, 1] satisfy the

for various n > 2, of distinct elements of V satisfy ~ conditions that

the followings, 1. u(u, v) < o(u) A o(v) for all the vertices u, v in
1. Any two elements in X has atmost one common ,

vertex, 2. n(e) = w(ug, Uy) A p(uy, Us) A ... A W(upg, Up) <

2. Any two edges (as, az,..., a,) and (by, by,..., by)  o(u1) A o(uy), X
are equal if, and only if, n = m and either one of the ~ if € = (U, Up, ..., uy), n > 2 is an edge in G". Note

below conditions occur for j such that 1<j<n that  represents the minimum.
a. aj = The authors introduced various degrees to the
b. aj-bnji vertices of a fuzzy semigraph and communicated

the paper to a journal. That paper discusses, edge
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degree of a vertex u; in a fuzzy semigraph (V, o, y,
1), denoted by de(u;) defined to be Y n(e) where the
addition is taken over all of the edges e with the
vertex u; no matter whether u; is an end vertex or a
middle vertex. Consecutive adjacent degree of a
vertex U, denoted by dc(uy) defined to be > u(u,,
usz) where the addition is taken over all uz in V
which is consecutively adjacent with u, in (V, o, u,
n). By adding ¢ value of a vertex to a particular
kind of degree of the same vertex gives the total
degree of that vertex of the same kind. (V, o, p, 1)
is edge regular (total edge regular) if edge (total
edge) degrees are same for each vertex where as the
edge degree® of an edge e denoted by ed(e) is the
number of edges which share a vertex in common
with e. This work mainly follows® for the
terminologies and preliminaries in graph theory,
for fuzzy set concepts and ' for fuzzy graph
theory.

Results:

Two types of edge degrees, namely line
degrees and near line degrees in a fuzzy semigraph
are defined.

Definition 1: Consider a fuzzy semigraph G = (V,
o, W, n) and an edge E = (uy, Uy, ..., up) with
cardinality m in G. Then the line degree of E,
denoted by d,(E) is the total membership values of
the edges which are adjacent to E.

The addition of membership value of the edge
E to the line degree of E defines the total line
degree of the edge E, denoted by dy(E).

The total membership values of the partial
edges of cardinality 2 which are consecutively
adjacent to the edge E is interpreted as the near line
degree of the edge E, denoted by d,,(E).

The addition of membership value of the
partial edges of cardinality 2 of E to the near line
degree of E defines the total near line degree of the
edge E, denoted by di(E).

(L;;([).45)

ag(0.7)

Gi
Figure 2. Fuzzy semigraphs G; and G,

Example 1: Consider the edge E = (uy, Uy, Us, Ug) in
the fuzzy semigraph G given in Fig. 1. Note that the
edges which are adjacent to the edge E are (uy, Us,
Ug), (Uy, U7) and (ug, Us, Ug) With membership values
0.3, 0.4 and 0.4 respectively and the partial edges of
cardinality 2 which are consecutively adjacent to
the edge E are (uy, Us), (Ua, Us), (U3, Ug) and (us, Ug)
with membership values 0.3, 0.4, 0.4 and 0.5
respectively. The line degree and near line degree of
the edge E are,

d(E)=03+04+04=11 and dyuE) =03+
04+04+05=16

The total line degree and total near line degree of
the edge E are,
dy(E)=11+02=13 and dyn(E)=16+(0.2+
03+04)=25
us(0.6)

0.4
u1(0.4) u2(0.5) u3(0.5
b 3(0.5) @ u.(0.4)

0.2 0.3 0.4
0.3 0.4 0.5
u5(0.5)

u(0.5) uy(0.6)

0.5

ug(0.6)
Figure 1. A fuzzy semigraph G

Definition 2: Consider a fuzzy semigraph G = (V,
o, W, n). If the line degree (near line degree) of each
edge in G is same then G is called a line regular
(near line regular) fuzzy semigraph.

Similarly if the total line degree (total near
line degree) of each edge in G is same, then G is
called a total line regular (total near line regular)
fuzzy semigraph.

Example 2: Consider the Fig. 2. Here G; is line
regular and total line regular with regularity 0.8 and
1 respectively in which n value of each edge is 0.2.
The fuzzy semigraph G, in Fig. 2 is line regular and

near line regular with  regularity 0.4
a1(0.5)  as(0.6) a3(0.9)  as(0.8)
) )
04 = 05 7 04
ar(0.6) a5(0.7)
0.4 0.4
ag(0.4) a(0.5)
Ga
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Observation 1: Consider an edge E = (ug, U,, ...,
um) of cardinality m in a fuzzy semigraph G = (V, o,
w, n) with G = (V, X) as the underlying semigraph.
Then

1. di(E) = Yvek (de(V) — m(E)), where de(Vv) represents
the edge degree of the vertex v in G.

2. 0ni(E) = Yvee dea(V) — 257 w(Ui, Uiss), Where dea(V)
represents the consecutive adjacent degree of the
vertexvin G, 1 <i<m-1.

3. du(E) = di(E) +n(E).

4. dtnI(E) = an(E) + Zi l-l(uia Ui+1), 1 <i<m-1.

5. dwi(E) = dni(E) + (M-1)n(E).

6. It follows from the definitions that there does not
exist any general relation among the different types
of vertex regularity, line regularity, total vertex
regularity and total line regularity of a fuzzy
semigraph.

7. Yeex Ai(E) = Yeex ed(E) n(E).

8. Y kex Gu(E) = Ygex di(E) +S(G).

Theorem 1: Consider a line regular fuzzy
semigraph G with regularity k where the underlying
semigraph of G is G" = (V, X). Then
ZESX (ZVGE de(v)) = ZVGV de(v) + |X|k

Proof: Since G is a line regular fuzzy semigraph
with regularity k, d(E) = k for each edge E in G.
Thus

ZVGE (de(V) - ﬂ(E)) = k
This implies Y. de(v) = k + Y n(E). Taking
summation over all the edges E in G,

ZEE‘,X ZVE‘,E dE‘(V) = ZEGX k + ZEEX ZVGE T](E)

Ykex 2vek Ge(V) = X[k + Ypex [EM(E).

Thus

Trex Tves Qe(V) = IXIK + Toev defV).

Hence the result.

Theorem 2: Consider a fuzzy semigraph G = (V, o,
i, m) in which the function n is constant and the
underlying semigraph is uniform. Suppose G is
edge regular fuzzy semigraph then G is both line
regular and total line regular.

Proof: Consider G be a k - edge regular fuzzy
semigraph whose underlying semigraph is an r -
uniform. Let n(E) = ¢ for any edge E in G where ¢
is a constant need not be an integer. Let E = (uy, Uy,
..., u;) be an edge in G. Then

d|(E) = d|(U1, U, ...
c).

P ur) = ZveE (de(V) - TI(E)) = I'(k -

Thus, for any edge E in G the line degree is
r(k — c). Hence G is a line regular fuzzy semigraph.
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Since n is constant and G is line regular, the total
line degree is r(k - c) + c for any edge in G. Thus G
is a total line regular fuzzy semigraph. Hence the
result.

The conditions in Theorem 2 is not a
sufficient condition for a total edge regular fuzzy
semigraph to be line regular or total line regular
fuzzy semigraph.

For, consider a 2 - uniform semigraph (a
semigraph in which each edge is a 2 - tuple) G =
(V, X) with V = {Xy, X5, X3, X, X5} and X = {(X1, X»),
(X1, X3), (X2, Xa), (X3, Xa), (X3, X5), (X4, X5)} @S In Fig.
3. Now define o(x;) = 0.4 = o(X2) = 6(X5), 6(X4) =
0.2 = o(x3) and membership value, n of each edge is
0.2. Here the 2 — uniform fuzzy semigraph (a fuzzy
semigraph in which each edge is a 2 - tuple) is total
edge regular with regularity 0.8 but neither line
regular nor total line regular.

Xi(0.4) 5 X2(0.4)

0.2 0.2

X3(0.2) X, (0.2)

X (0.4)

Figure 3. 2 — Uniform fuzzy semigraph

Corollary 1: Consider a fuzzy semigraph G = (V,
o, W, m) which is both edge regular and total edge
regular in which each of its edges are effective and
the underlying semigraph is uniform. Then G is line
regular as well as total line regular.

Proof: Since G is an edge regular and a total edge
regular fuzzy semigraph, the function ¢ is constant.
That is G is an effective fuzzy semigraph with a
constant ¢ function. Hence the function n is also
constant. Then by Theorem 2 the fuzzy semigraph
G is line regular as well as total line regular fuzzy
semigraph.

Corollary 2: Consider a fuzzy semigraph G = (V,
o, w, ) in which G™ = (V, X) is the underlying
semigraph. In addition G™ is an edge regular
uniform semigraph. Then G is both line regular and
edge regular fuzzy semigraph if, and only if, the
function 7 is constant.

Proof: Assume that n is a constant function. Since
G" is an edge regular semigraph, G also an edge
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regular fuzzy semigraph. Then by Theorem 2 the
fuzzy semigraph G is line regular.

Conversely assume that G is a k; - line
regular and k, - edge regular fuzzy semigraph. Then
for any edge E; in G,
dI(Ei) = ZveEi (de(v) - T](E,)) = kl

Yveei (Ko —m(Ey)) = ki

Assume that G” is an r - uniform semigraph. Then
rke —r n(Ei) = ki
N(E) =k — (ko/r).

Here ki, k, and r are fixed for any edge in G. Thus,
7 is a constant function in G.

Theorem 3: Consider a fuzzy semigraph G = (V, o,
i, ). Then the following condition are analogous,

1. Gisaline regular fuzzy semigraph

2. Gis a total line regular fuzzy semigraph
if, and only if, n is a constant function.
Proof: Assume that 1 is a constant function. Let
N(E) = ¢ for an edge E in G where c is a constant
need not be an integer. Assume G is line regular.
Thus, for any edges E; and E; in G, di(Ei) = di(E)).
Consequently d|(E.) + T](E,) = d|(EJ) + T](EJ) That is
du(E;) = du(E;) for any edges E; and E; Hence G is a
total line regular fuzzy semigraph. Next assume G
is total line regular. Hence for any edges E; and E;,
du(Ei) = du(E;), which implies d\(E;) = di(E;). That is
G is a line regular fuzzy semigraph.

Conversely assume that the given statements
are equivalent. Suppose that n is a non-constant
function. That is one can find atleast a pair of edges
Ei and E; in G such that n(E;) # n(E;). Assume G is
line regular. So that the edges E; and E; satisfies
di(E) = di(E)). But di(Ej) + n(E) # di(E)) + n(E),
which gives G is not a total line regular fuzzy
semigraph. Reached a contradiction. Now assume G
is total line regular. Here the edges E; and E;
satisfies dy(E;) = du(E;), which implies di(E;) + n(Ej)
= d|(EJ) + T](EJ) This hold only if d|(E|) * d|(EJ),
which shows G is not a line regular fuzzy
semigraph, again reached a contradiction. Thus, n
must be a constant function.

Theorem 4: Consider a fuzzy semigraph G = (V, o,
K, Mn). Suppose G is a line regular and a total line
regular fuzzy semigraph then the function n is
constant. Moreover, the constant value is the
difference between regularity and total regularity of
G.

Proof: Consider G be a k; - line regular and k; -
total line regular fuzzy semigraph. Then for any
edges E; and E, in G,
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da(E1) = di(E1) + n(E1) = ky = du(Ey) = di(Er) +
n(Ey).

Also note that di(E;) = k; = di(E>). Thus n(E;)
=n(E,) = ky — ky, where k; and k; are fixed. Thus 1
Is a constant function and the constant value is the
difference between the line regularity and total line
regularity of G.

The converse is not true. For, consider the
fuzzy semigraph G in the Fig. 4 where the function
1, which is the membership value of the edges has a
constant value 0.2. Here G is neither line regular
nor total line regular.

IL?(OQ)
o
0.2
u1(0.4) L u2(03)  _u(0.6) us(0.5)
. 4 !
0.3 0.2 0
0.2 0.3 0.2
[
ug(0.6
u5(0.3) ug(0.4) ug(0.6)

Figure 4. A fuzzy semigraph G

The following corollary is obvious in view of
Theorem 4.

Corollary 3: Consider a fuzzy semigraph G = (V,
o, W, ) in which G is both line regular and total line
regular fuzzy semigraph. Then the underlying
semigraph of G is edge regular if, and only if, the
fuzzy semigraph G itself is edge regular.

Theorem 5: Consider a semigraph G™ = (V, X) and
a fuzzy semigraph G = (V, o, u, 1) defined on G'.
Suppose that G is a k; - line regular and k; - total
line regular fuzzy semigraph. Then size of G is
|X|(k2 — ki), where size of G is S(G) = Y gx n(E).

Proof: Note that dy(E) = d(E) + n(E). Taking
summation on both sides gives the size of G as,

S(G) = Yeex N(E) = Yeex du(E) + Yeex di(E) = [X|k; -
IX|ky = [X]|(kz — Ky).
Hence the result.

With the help of 6. and 7. in the Observation 1, the
below result holds.

Theorem 6: Consider a fuzzy semigraph G = (V, o,
u, n) which is k; line regular and k, total line
regular with the ks; edge regular underlying
semigraph G~ = (V, X). Then
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S(G) = [X|(ki/ks) = [X|(ka/ (ks + 1)).
Proof: Since d\(E) = k, for each edge in G and Y k.x
di(E) = ksS(G), note that Y r.x ki = ksS(G). Thus
S(G) = X|(ki/ks). Also Ygx dy(E) = (k3 +1)S(G).
Hence Yrx k: = (ks +1)S(G). That is S(G) =
|X|(ka/(ks+1)). Hence the result.

The above can be restructured as,
Kl = k2k3/(k3 + 1)

Conclusion:

In this research, the line degree, near line
degree, total line degree, and total near line degree
of a fuzzy semigraph are introduced. Additionally,
relevant regularities and total regularities are
investigated. Despite the fact that the regularities
cannot be generally contrasted, an analysis is
carried out by restricting the properties of the fuzzy
semigraph.
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