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Abstract: 
The paper aims at initiating and exploring the concept of extended metric known as the Strong Altering JS-

metric, a stronger version of the Altering JS-metric. The interrelation of Strong Altering JS-metric with the 

b-metric and dislocated metric has been analyzed and some examples have been provided. Certain theorems 

on fixed points for expansive self-mappings in the setting of complete Strong Altering JS-metric space have 

also been discussed.  
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Introduction: 
Theory of fixed points is a significant branch of 

analysis which plays a key role in the non-linear 

analysis. Fixed point theorems has immense 

applications in various areas of mathematics like 

differential equations, integral equations, numerical 

analysis, mathematical economics, game theory etc. 

A fixed point of a self-map 𝑇 is a point that remains 

unaltered by 𝑇. The contraction mapping emerged 

when the lipschitz constant is restricted to atmost 1. 

These maps possess a unique fixed point under 

complete metric space. Contractive and expansive 

maps have been studied over the years and fixed 

point theorems for such functions are determined. 

Several concepts of metric spaces have been 

playing significant roles in various disciplines of 

science and social science. Most importantly it 

plays a key role in fixed point theory.  Wang et al.
1
 

examined the fixed-point results using Expansive 

type mappings in their paper in 1984 which 

motivated several researchers to study the expansive 

mappings
2-5

 in various extensions of metric spaces. 

Dislocated metric space explored by Hitzler and 

Seda
6
 in 2000 and the b-metric space initiated by 

Bhaktin
7
 and Czerwik

8
 independently are some 

notable generalized metric spaces available in the 

literature. Many more results on fixed points in 

some generalized metric spaces have been studied 

in recent years
9-12

. Khan
13

 utilized the altering 

distance function in proving theorems of fixed 

points in complete metric spaces. These functions 

are initiated in the aim of altering the distances 

between any two points. Many researchers
14-16

 have 

worked using these functions in various contractive 

and expansive conditions. 

 

Definition. 1: Let 𝜂 be a non-negative function 

from ℝ+ to itself where, ℝ+ is the set of non-

negative reals then 𝜙 is an altering distance function 

if  

(1) 𝜂 is continuous and monotonically non-

decreasing, 

(2) 𝜂(𝑝) = 0 ⇔ 𝑝 = 0, 

(3) ℎ. 𝑝𝑟 ≤ 𝜂(𝑝) for all 𝑝 > 0 and ℎ, 𝑟 > 0 are 

constants. 

The collection of altering distance functions is 

denoted by Σ. 

 

Example. 1: 

(1) The trivial example, 𝜂:ℝ+ → ℝ+ defined by 

η(p)=p, the identity function is an altering distance 

function.  

(2) Let, 𝜂:ℝ+ → ℝ+ given by 𝜂(𝑝) = 2𝑝, is an 

altering distance function. 
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The following is the definition of Altering JS-metric 

space which is an extended metric utilizing the 

altering distance function.  

 

Consider a set 𝑆 and a mapping 𝐽𝜙: 𝑆 × 𝑆 → [0,∞]. 

For every 𝑗 ∈ 𝑆, let the set 𝐶(𝐽𝜙, 𝑆, 𝑗) be defined as 

follows.  

𝐶(𝐽𝜙, 𝑆, 𝑗) = {{𝑗𝑛} ⊂ 𝑆: 𝑙𝑖𝑚
𝑛→∞

 𝐽𝜙(𝑗𝑛, 𝑗) = 0} 

Definition. 2: Let 𝑆 be a non-void set and the map 

𝐽𝜙: 𝑆 × 𝑆 → [0,∞] be given. Then 𝐽𝜙 is an Altering 

JS-metric on 𝑆 if it satisfies the axioms for all 

𝑗, 𝑝 ∈ 𝑆: 

(A1) 𝐽𝜙 (𝑗, 𝑝) = 0 ⇒ 𝑗 = 𝑝, 

(A2) 𝐽𝜙(𝑗, 𝑝) = 𝐽𝜙(𝑝, 𝑗), 

(A3) there exists 𝜙 ∈ 𝛴 and 𝑘 > 0 such that 

𝑗, 𝑝 ∈ 𝑆, {𝑗𝑛} ∈ 𝐶(𝐽𝜙, 𝑆, 𝑗) ⇒ 𝜙(𝐽𝜙(𝑗, 𝑝))

≤ 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

 [𝜙(𝑘. 𝐽𝜙(𝑗𝑛, 𝑝))] 

The pair (𝑆, 𝐽𝜙) is an Altering JS-metric space.  

Suppose the set 𝐶(𝐽𝜙, 𝑆, 𝑗) is empty for every 

element of 𝑆, then (𝑆, 𝐽𝜙) it is enough to check the 

axioms (A1) and (A2). 

 

Definition. 3:
7,8

 A b-metric on a non-void set 𝑆 is a 

fuction 𝐽𝜙: 𝑆 × 𝑆 → [0,∞) satisfying the conditions, 

for all 𝑗, 𝑝, 𝑟 ∈ 𝑆: 

(i) 𝐽𝜙(𝑗, 𝑝) = 0 ⇒ 𝑗 = 𝑝,  

(ii) 𝐽𝜙(𝑗, 𝑝) = 𝐽𝜙(𝑝, 𝑗), 

(iii) There exists 𝑏 ≥ 1, such that, 𝐽𝜙(𝑗, 𝑝) ≤

𝑏[𝐽𝜙(𝑗, 𝑟) + 𝐽𝜙(𝑟, 𝑝)]. 

Then (𝑆, 𝐽𝜙) is the b-metric space. 

 

Example. 2: For the set 𝑆 = ℝ, the function 

𝐽𝜙: 𝑆 × 𝑆 → [0,∞) defined by 𝐽𝜙(𝑗, 𝑝) = (𝑗 − 𝑝)
2 

forms a b-metric space for 𝑏 = 2. 

 

Definition. 4:
 6

 Consider a non-void set S. The 

function 𝐽𝜙: 𝑆 × 𝑆 → [0,∞) is a dislocated metric if 

it satisfies the conditions, for 𝑗, 𝑝, 𝑟 ∈ 𝑆: 

(i) 𝐽𝜙(𝑗, 𝑝) = 0 ⇒ 𝑗 = 𝑝,  

(ii) 𝐽𝜙(𝑗, 𝑝) = 𝐽𝜙(𝑝, 𝑗), 

(iii) 𝐽𝜙(𝑗, 𝑝) ≤ 𝐽𝜙(𝑗, 𝑟) + 𝐽𝜙(𝑟, 𝑝). 

The ordered pair (𝑆, 𝐽𝜙) is known as dislocated 

metric space. 

 

Example. 3: The function 𝐽𝜙: 𝑆 × 𝑆 → [0,∞) on a 

non-void ordered set given by 𝐽𝜙(𝑗, 𝑝) = max{𝑗, 𝑝} 

is a dislocated metric.    

Now, what happens when the Altering JS-metric is 

compressed? This question motivated to develop the 

idea of stronger version of this generalized metric. 

In this work, the Strong Altering JS-metric space 

has been elucidated which is a compressed version 

of Altering JS-metric space. Some properties of this 

generalized metric space have been given and have 

also showed some Fixed point theorems for 

Expansive mappings in the setting of complete 

Strong Altering JS-metric space. 

 

Strong Altering JS-metric space: 

This section deals with the Strong Altering JS-

metric space and some fundamental results on this 

generalized space.  

Definition. 5: Let 𝑆 be a non-void set and 𝐽𝜙: 𝑆 ×

𝑆 → [0,∞] be a given mapping. The map 𝐽𝜙 is a 

Strong Altering JS-metric on 𝑆 if it satisfies the 

following axioms, for all 𝑗, 𝑝 ∈ 𝑆: 

(S1) 𝐽𝜙(𝑗, 𝑝) = 0 ⇒ 𝑗 = 𝑝, 

(S2) 𝐽𝜙(𝑗, 𝑝) = 𝐽𝜙(𝑝, 𝑗), 

(S3) there exists 0 < 𝑘 ≤ 1 and 𝜙 ∈ Σ such that 

𝑗, 𝑝 ∈ 𝑆, {𝑗𝑛} ∈ 𝐶(𝐽𝜙, 𝑆, 𝑗) 

⇒ 𝜙(𝐽𝜙(𝑗, 𝑝)) ≤ 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

 [𝜙(𝑘. 𝐽𝜙(𝑗𝑛, 𝑝))] 

The pair (𝑆, 𝐽𝜙) is a Strong Altering JS-metric 

space.  

Suppose the set 𝐶(𝐽𝜙, 𝑆, 𝑗) is empty for every 

element of 𝑆 and if the the axioms (S1) and (S2) are 

satisfied, then both Altering JS-metric and Strong 

Altering JS-metric are one and the same. 

 

Example. 4: Let S = ℝ+ and Jϕ: S × S → [0,∞] be 

defined by Jϕ(j, p) = |j
2 − p2|.  

Let ϕ(t) = 𝑡. |j2 − p2| = 0 ⇒ j2 − p2 = 0 ⇒ j =
p.  

Also Jϕ is symmetric. Hence axioms (S1) and (S2) 

are satisfied. If {jn} ∈ C(Jϕ, S, j) then lim
n→∞

Jϕ(jn, j) =

0. 

Now,  

 |𝑗2 − 𝑝2 | ≤ |𝑗2 − 𝑗𝑛
2 + 𝑗𝑛

2 − 𝑝2 |  
                   ≤ |𝑗2 − 𝑗𝑛

2 | + |𝑗𝑛
2 − 𝑝2 |  

      2|𝑗2 − 𝑝2| ≤ 2|𝑗2 − 𝑗𝑛
2 | + 2|𝑗𝑛

2 − 𝑝2| 
 

        𝜙(|𝑗2 − 𝑝2|) ≤ 𝜙(|𝑠2 − 𝑗𝑛
2|) + 𝜙(|𝑗𝑛

2 − 𝑡2|) 
 

           𝜙(𝐽𝜙(𝑗, 𝑝)) ≤ 𝜙(𝐽𝜙(𝑗, 𝑗𝑛)) + 𝜙(𝐽𝜙(𝑗𝑛, 𝑝)) 

By letting 𝑛 → ∞ the inequality becomes,  

 𝜙(𝐽𝜙(𝑗, 𝑝)) ≤ 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

 𝜙((𝐽𝜙(𝑗𝑛, 𝑝)) 

Axiom (S3) is satisfied for 𝑘 = 1.  

Thus, the pair (𝑆, 𝐽𝜙) is a Strong Altering JS-metric 

space.  

 

The example with the function 𝐽𝜙 given by 

𝐽𝜙(𝑗, 𝑝) = max{𝑗, 𝑝}, satisfies the axioms (S1) – 

(S3) and hence is a Strong Altering JS-metric space. 

In general, it can be noted that a dislocated metric is 
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a Strong Altering JS-metric and is proved via the 

following proposition.  

 

Proposition. 1: A dislocated metric space is always 

a Strong Altering JS-metric space. 

Proof: Suppose that (𝑆, 𝐽𝜙) is a dislocated metric 

space. The axioms (S1) and (S2) are trivially true. 

Now, let there be a sequence {𝑗𝑛} ∈ 𝐶(𝐽𝜙, 𝑆, 𝑗) 

where 𝑠 ∈ 𝑆. Since (𝑆, 𝐽𝜙) is a dislocated metric 

space, so by the triangle inequality, 

𝐽𝜙(𝑗, 𝑝) ≤ 𝐽𝜙(𝑗, 𝑗𝑛) + 𝐽𝜙(𝑗𝑛, 𝑝) 

Letting 𝑛 → ∞,  𝐽𝜙(𝑗, 𝑝) ≤ limsup
𝑛→∞

[𝐽𝜙(𝑗, 𝑗𝑛) +

𝐽𝜙(𝑗𝑛, 𝑝)] 

                                         ≤ limsup
𝑛→∞

[𝐽𝜙(𝑗, 𝑗𝑛)] +

limsup
𝑛→∞

[𝐽𝜙(𝑗𝑛, 𝑝)]  

                                         = limsup
𝑛→∞

[𝐽𝜙(𝑗𝑛, 𝑝)] 

For any 𝜙 ∈ 𝛴, the inequality becomes, 

𝜙 (𝐽𝜙(𝑗, 𝑝)) ≤ 𝜙 (limsup
𝑛→∞

𝐽𝜙(𝑗𝑛, 𝑝)) 

Since 𝜙 is continuous and monotonically non-

decreasing, thus 

𝜙 (𝐽𝜙(𝑗, 𝑝)) ≤ limsup
𝑛→∞

𝜙[𝐽𝜙(𝑗𝑛 , 𝑝)]. 

Hence, (𝑆, 𝐽𝜙) is a Strong Altering JS-metric space 

with 𝑘 = 1.  

 

Proposition. 2: Any metric space is a Strong 

Altering JS-metric space.  

Proof: The proof is identical to the above 

proposition.  

 

Remark. 1: It is obvious that a Strong Altering JS-

metric is an Altering JS-metric where the constant 

𝑘 ≤ 1, but the converse is not necessarily true. It 

has been proved
12

 that every b-metric is an Altering 

JS-metric. But a b-metric is not necessarily a Strong 

Altering JS-metric. The function defined by 

𝐽𝜙(𝑗, 𝑝) = (𝑗 − 𝑝)
2, is a b-metric and also an 

Altering JS-metric but not a Strong Altering JS-

metric. It is observed that the Strong Altering JS-

metric compresses the distance whereas a b-metric 

magnifies it. Thus a b-metric becomes a Strong 

Altering JS-metric in the case where the constant 

𝑏 = 1. 

 

Proposition. 3: If 𝐽𝜙 is a Strong Altering JS-metric 

space then so is 𝑛. 𝐽𝜙 for positive finite 𝑛.  

Proof: Let 𝑛. 𝐽𝜙(𝑠, 𝑡) = 0 which implies 𝐽𝜙(𝑠, 𝑡) =

0 ⇒ 𝑠 = 𝑡. Hence, the axiom (S1) is true. 

Also, 𝐽𝜙(𝑠, 𝑡) = 𝐽𝜙(𝑡, 𝑠) ⇒ 𝑛. 𝐽𝜙(𝑠, 𝑡) = 𝑛. 𝐽𝜙(𝑡, 𝑠). 

Thus, (S2) is true. 

From axiom (S3),  

 𝜙 (𝐽𝜙(𝑠, 𝑡)) ≤ 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝜙 (𝑘. 𝐽𝜙(𝑠𝑛, 𝑡))] 

Multiplying both sides by 𝑛 where 𝑛 ∈ (0,∞), 

                              𝑛. 𝜙 (𝐽𝜙(𝑠, 𝑡)) ≤

𝑛. 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝜙 (𝑘. 𝐽𝜙(𝑠𝑛, 𝑡))] 

By continuity and monotonicity of 𝜙,  

                                       𝜙 (𝑛. 𝐽𝜙(𝑠, 𝑡)) ≤

𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝜙 (𝑘. 𝑛. 𝐽𝜙(𝑠𝑛, 𝑡))] 

Hence, 𝑛. 𝐽𝜙 is an Altering JS-metric.  

Similarly, the following proposition can be proved.  

Proposition. 4: If 𝐽𝜙 is a Strong Altering JS-metric 

space then so is √𝐽𝜙
𝑛  for positive finite 𝑛. 

 

The following definition gives the fundamental 

topological concepts of the convergence of a 

sequence and Cauchy sequence in Strong Altering 

JS-metric space.  

 

Definition. 6: A sequence {jn} in a Strong Altering 

JS-metric space (𝑆, 𝐽𝜙) is: 

(i) 𝐽𝜙-convergent to 𝑗 ∈ 𝑆 if lim
𝑛→∞

𝐽𝜙(𝑗𝑛, 𝑗) =

0  i. e. {𝑗𝑛} ∈ 𝐶(𝐽𝜙, 𝑆, 𝑗), 

(ii) (ii) 𝐽𝜙-Cauchy if for given 𝜀 > 0, ∃ 𝑠 ∈ 𝑁 such 

that 𝐽𝜙(𝑗𝑛, 𝑗𝑚) < 𝜀 for all 𝑚, 𝑛 ≥ 𝑠.  

i.e. lim
𝑛,𝑚→∞

𝐽𝜙(𝑗𝑛, 𝑗𝑚) = 0 

The Strong Altering JS-metric space (𝑆, 𝐽𝜙) is 𝐽𝜙-

complete if every 𝐽𝜙-Cauchy sequence in 𝑆 is 𝐽𝜙-

convergent.    

 

For the space (S, Jϕ), with 𝑆 = ℝ and 𝐽𝜙(𝑗, 𝑝) =

max{𝑗, 𝑝}, the set 𝐶(𝐽𝜙, 𝑆, 𝑗) is non-void only for 

the point 0 which is the only point that is not 

dislocated in the space. Thus all the sequences 

converging to zero are the 𝐽𝜙-convergent sequences.    

 

Expansive mappings in Strong Altering JS-

metric space: 
This section presents the Exapansive mappings and 

fixed point results for such mappings in complete 

Strong Altering JS-metric space. These results are 

not always true in an Altering JS-metric space but 

they hold for the Strong Altering JS-metric space. 

The compression in the space aids the fixed point of 

the exapansive mapping.  

 

Definition. 7: Let (𝑆, 𝐽𝜙) be a Strong Altering JS-

metric space and a self-map on 𝑆 be 𝑇. Then 𝑇 is a 

α-Kannan expansion if for every 𝑗, 𝑝 ∈ 𝑆, there 

exists 𝛼 ≥ 1/2 such that  

𝐽𝜙(𝑇𝑗, 𝑇𝑝) ≥ 𝛼[𝐽𝜙 (𝑗, 𝑇𝑗) + 𝐽𝜙 (𝑝, 𝑇𝑝)] 
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Theorem. 1: Suppose T be a α-Kannan expansion 

on a Complete Strong Altering JS-metric space 

(𝑆, 𝐽𝜙)with α ≥ 1 then it has a fixed point in S. 

Proof: Let 𝑗𝑛 = 𝑇𝑗𝑛+1 be a sequence in 𝑆. If 

𝑗𝑛 = 𝑗𝑛+1, then the result becomes obvious. Let 

𝑗𝑛 ≠ 𝑗𝑛+1. Now consider,  

        𝐽𝜙(𝑗𝑛−1, 𝑗𝑛) = 𝐽𝜙 (𝑇𝑗𝑛, 𝑇𝑗𝑛+1)  

               ≥ 𝛼[𝐽𝜙 (𝑗𝑛, 𝑇𝑗𝑛) + 𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1)] 

                         = 𝛼[𝐽𝜙 (𝑗𝑛, 𝑗𝑛−1) + 𝐽𝜙 (𝑗𝑛+1, 𝑗𝑛)] 

                                    ⇒ (
1−𝛼

𝛼
) 𝐽𝜙 (𝑗𝑛, 𝑗𝑛−1) ≥

𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) 

          ⇒ 𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) ≤ (
1−𝛼

𝛼
) 𝐽𝜙(𝑗𝑛, 𝑗𝑛−1)         1 

Now,  

𝐽𝜙(𝑗𝑛−2, 𝑗𝑛−1) = 𝐽𝜙(𝑇𝑗𝑛−1, 𝑇𝑗𝑛) 

                                                                ≥
𝛼[𝐽𝜙 (𝑗𝑛−1, 𝑇𝑗𝑛−1) + 𝐽𝜙(𝑗𝑛, 𝑇𝑗𝑛)] 

                                                        

= 𝛼[𝐽𝜙 (𝑗𝑛−1, 𝑗𝑛−2) + 𝐽𝜙(𝑗𝑛, 𝑗𝑛−1)] 

                                                   

⇒ (
1−𝛼

𝛼
) 𝐽𝜙 (𝑗𝑛−1, 𝑗𝑛−2) ≥ 𝐽𝜙(𝑗𝑛, 𝑗𝑛−1) 

        ⇒ 𝐽𝜙(𝑗𝑛, 𝑗𝑛−1) ≤ (
1−𝛼

𝛼
) 𝐽𝜙(𝑗𝑛−1, 𝑗𝑛−2)        2 

From Eq.1 and Eq.2,  

𝐽𝜙 (𝑗𝑛+1, 𝑗𝑛) ≤ (
1−𝛼

𝛼
)
2
𝐽𝜙(𝑗𝑛−1, 𝑗𝑛−2)                  3 

 

Consider,  

𝐽𝜙(𝑗𝑛−3, 𝑗𝑛−2) = 𝐽𝜙(𝑇𝑗𝑛−2, 𝑇𝑗𝑛−1) 

                                                                 ≥
𝛼[𝐽𝜙(𝑗𝑛−2, 𝑇𝑗𝑛−2) + 𝐽𝜙(𝑗𝑛−1, 𝑇𝑗𝑛−1)] 

                                                                 ≥
𝛼[𝐽𝜙(𝑗𝑛−2, 𝑗𝑛−3) + 𝐽𝜙(𝑗𝑛−1, 𝑗𝑛−2)] 

    (
1−𝛼

𝛼
) 𝐽𝜙(𝑗𝑛−3, 𝑗𝑛−2) ≥ 𝐽𝜙(𝑗𝑛−1, 𝑗𝑛−2) 

                                                                  

 𝐽𝜙(𝑗𝑛−1, 𝑗𝑛−2) ≤ (
1−𝛼

𝛼
) 𝐽𝜙(𝑗𝑛−3, 𝑗𝑛−2) 

Thus Eq.3 becomes,  

𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) ≤ (
1 − 𝛼

𝛼
)
3

𝐽𝜙(𝑗𝑛−3, 𝑗𝑛−2) 

Continuing this way, 

𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) ≤ (
1 − 𝛼

𝛼
)
𝑛

𝐽𝜙(𝑗0, 𝑗1) 

As 𝑛 → ∞, 𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) → 0. Now to prove {𝑗𝑛} is a 

Cauchy sequence, consider,  

𝐽𝜙(𝑗𝑛, 𝑗𝑚) = 𝐽𝜙(𝑇𝑗𝑛+1, 𝑇𝑗𝑚+1) 

     ≥ 𝛼[𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1) + 𝐽𝜙(𝑗𝑚+1, 𝑇𝑗𝑚+1)] 

     = 𝛼[𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) + 𝐽𝜙(𝑗𝑚+1, 𝑗𝑚)]  

      −𝐽𝜙(𝑗𝑛, 𝑗𝑚) ≤ −𝛼[𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) + 𝐽𝜙(𝑗𝑚+1, 𝑗𝑚)] 

As 𝑛,𝑚 → ∞, 𝐽𝜙(𝑗𝑛, 𝑗𝑚) → 0. Hence {𝑗𝑛} is a 

Cauchy sequence. By the completeness of (𝑆, 𝐽𝜙), 

𝑗𝑛
𝐽𝜙
→ 𝑗, where 𝑗 ∈ 𝑆. 

By Axiom (S3) of Strong Altering JS-metric, there 

exists 𝜙 ∈ 𝛴 and 0 < 𝑘 ≤ 1 such that  

𝜙(𝐽𝜙(𝑗, 𝑇𝑗)) ≤ limsup
𝑛→∞

[𝜙 (𝑘. 𝐽𝜙(𝑗𝑛, 𝑇𝑠))] 

                                                                            

= 𝜙 [limsup
𝑛→∞

(𝑘. 𝐽𝜙(𝑗𝑛, 𝑇𝑗))] 

Since 𝜙 is monotonically non decreasing,  

𝐽𝜙(𝑗, 𝑇𝑗) ≤ limsup
𝑛→∞

[𝑘. 𝐽𝜙(𝑗𝑛, 𝑇𝑗)] 

  = limsup
𝑛→∞

[𝑘. 𝐽𝜙(𝑇𝑗𝑛+1, 𝑇𝑗)] 

         −(𝐽𝜙(𝑗, 𝑇𝑗)) ≥ −limsup
𝑛→∞

[𝑘. 𝐽𝜙(𝑇𝑗𝑛+1, 𝑇𝑗)]      

     ≥ −𝑘. limsup
𝑛→∞

[𝛼 (𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1) + 𝐽𝜙(𝑗, 𝑇𝑗))] 

     = −𝑘. 𝛼limsup
𝑛→∞

[𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) + 𝐽𝜙(𝑗, 𝑇𝑗)] 

  = 𝑘. 𝛼liminf
𝑛→∞

[(−𝐽𝜙(𝑗𝑛+1, 𝑗𝑛)) + (−𝐽𝜙(𝑗, 𝑇𝑗))] 

Since 𝛼 ≥ 1,  

−(𝐽𝜙(𝑗, 𝑇𝑗)) ≥ 𝑘. 𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

[(−𝐽𝜙(𝑗𝑛+1, 𝑗𝑛))

+ (−𝐽𝜙(𝑗, 𝑇𝑗))] 

                                     −(𝐽𝜙(𝑗, 𝑇𝑗)) ≥

𝑘. [𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

(−𝐽𝜙(𝑗𝑛+1, 𝑗𝑛)) + 𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

(−𝐽𝜙(𝑗, 𝑇𝑗))] 

Since 𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) → 0,  

𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

(𝐽𝜙(𝑗𝑛+1, 𝑗𝑛)) = 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

(𝐽𝜙(𝑗𝑛+1, 𝑗𝑛))

= 𝑙𝑖𝑚
𝑛→∞

(𝐽𝜙(𝑗𝑛+1, 𝑗𝑛)) = 0 

   ⇒ −(𝐽𝜙(𝑗, 𝑇𝑗)) ≥ −𝑘. (𝐽𝜙(𝑗, 𝑇𝑗)) 

   ⇒ (𝐽𝜙(𝑗, 𝑇𝑗)) ≤ 𝑘. (𝐽𝜙(𝑗, 𝑇𝑗)) 

Since 𝑘 < 1, this inequality is possible only if 

𝐽𝜙(𝑗, 𝑇𝑗) = 0  

⇒ 𝐽𝜙(𝑗, 𝑇𝑗) = 0 ⇒ 𝑗 = 𝑇𝑗  

The expansive mapping 𝑇 has fixed point in the 

Strong Altering JS-metric space S.  

 

Theorem. 2: Let T be an expansive map on a 

complete Strong Altering JS-metric space (𝑆, 𝐽𝜙) 

satisfying  

𝐽𝜙(𝑇𝑗, 𝑇𝑝) ≥ 𝛿 [𝐽𝜙(𝑗, 𝑇𝑗) + 𝐽𝜙(𝑝, 𝑇𝑝)

+ 𝜙[𝐽𝜙(𝑗, 𝑝)]] 

for all 𝑗, 𝑝 ∈ 𝑆 where 𝜙 ∈ 𝛴 and 𝛿 ≥ 1. Then it has 

a fixed point in 𝑆.  

Proof: Let {𝑗𝑛} ∈ 𝑆 be a sequence defined by 

𝑗𝑛 = 𝑇𝑗𝑛+1.  
Now,  

𝐽𝜙(𝑇𝑗1, 𝑇𝑗2) ≥ 𝛿 [𝐽𝜙(𝑗1, 𝑇𝑗1) + 𝐽𝜙(𝑗2, 𝑇𝑗2)

+ 𝜙[𝐽𝜙(𝑗1, 𝑗2)]] 
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  ⇒ 𝐽𝜙(𝑗0, 𝑗1) ≥ 𝛿 [𝐽𝜙(𝑗1, 𝑗0) + 𝐽𝜙(𝑗2, 𝑗1) +

𝜙[𝐽𝜙(𝑗1, 𝑗2)]] 

  ⇒ (1 − 𝛿)𝐽𝜙(𝑗0, 𝑗1) ≥ 𝛿{𝐽𝜙(𝑗2, 𝑗1) +

𝜙[𝐽𝜙(𝑗1, 𝑗2)]} 

    ≥ 𝛿{𝐽𝜙(𝑗2, 𝑗1) + 𝐽𝜙(𝑗2, 𝑗1)} 

            = 2𝛿{𝐽𝜙(𝑗2, 𝑗1)} 

   ⇒ (
1−𝛿

2𝛿
) 𝐽𝜙(𝑗0, 𝑗1) ≥ 𝐽𝜙(𝑗1, 𝑗2) 

   ⇒ 𝐽𝜙(𝑗1, 𝑗2) ≤ (
1−𝛿

2𝛿
) 𝐽𝜙(𝑗0, 𝑗1)                         4 

    𝐽𝜙(𝑇𝑗2, 𝑇𝑗3) ≥ 𝛿 [𝐽𝜙(𝑗2, 𝑇𝑗2) + 𝐽𝜙(𝑗3, 𝑇𝑗3) +

𝜙[𝐽𝜙(𝑗2, 𝑗3)]] 

⇒ 𝐽𝜙(𝑗1, 𝑗2) ≥ 𝛿 [𝐽𝜙(𝑗2, 𝑗1) + 𝐽𝜙(𝑗3, 𝑗2) +

𝜙[𝐽𝜙(𝑗2, 𝑗3)]]  

⇒ (1 − 𝛿)𝐽𝜙(𝑗1, 𝑗2) ≥ 𝛿{𝐽𝜙(𝑗3, 𝑗2) + 𝜙[𝐽𝜙(𝑗2, 𝑗3)]}  

   ≥ 𝛿{𝐽𝜙(𝑗3, 𝑗2) + 𝐽𝜙(𝑗3, 𝑗2)}  

  = 2𝛿{𝐽𝜙(𝑗3, 𝑗2)}   

  ⇒ (
1−𝛿

2𝛿
) 𝐽𝜙(𝑗1, 𝑗2) ≥ 𝐽𝜙(𝑗2, 𝑗3) 

  ⇒ 𝐽𝜙(𝑗2, 𝑗3) ≤ (
1−𝛿

2𝛿
) 𝐽𝜙(𝑗1, 𝑗2)                          5 

From Eq.4 and Eq.5,  

𝐽𝜙(𝑗2, 𝑗3) ≤ (
1 − 𝛿

2𝛿
)
2

𝐽𝜙(𝑗0, 𝑗1) 

So in general,  

𝐽𝜙(𝑗𝑛, 𝑗𝑛+1) ≤ (
1 − 𝛿

2𝛿
)
𝑛

𝐽𝜙(𝑗0, 𝑗1) 

Letting 𝑛 → ∞, 𝐽𝜙(𝑗𝑛, 𝑗𝑛+1) → 0 To prove {𝑗𝑛} is a 

Cauchy sequence, consider,  

   𝐽𝜙(𝑗𝑛, 𝑗𝑚) = 𝐽𝜙(𝑇𝑗𝑛+1, 𝑇𝑗𝑚+1)  

  ≥ 𝛿 [𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1) + 𝐽𝜙(𝑗𝑚+1, 𝑇𝑗𝑚+1) +

𝜙[𝐽𝜙(𝑗𝑛+1, 𝑗𝑚+1)]]  

= 𝛿 [𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) + 𝐽𝜙(𝑗𝑚+1, 𝑗𝑚)

+ 𝜙[𝐽𝜙(𝑗𝑛+1, 𝑗𝑚+1)]] 

   ≥ 𝛿[𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) + 𝐽𝜙(𝑗𝑚+1, 𝑗𝑚)]  

⇒ −𝐽𝜙(𝑗𝑛, 𝑗𝑚) ≤ −𝛿[𝐽𝜙(𝑗𝑛+1, 𝑗𝑛) + 𝐽𝜙(𝑗𝑚+1, 𝑗𝑚)]  

As 𝑛,𝑚 → ∞, 𝐽𝜙(𝑗𝑛, 𝑗𝑚) → 0. Since the Strong 

Altering JS-metric space (𝑆, 𝐽𝜙) is a complete, there 

exists 𝑗 ∈ 𝑆 such that   𝑗𝑛
𝐽𝜙
→ 𝑗. Axiom (A3) is used 

to ensure that fixed point exists. 

𝜙(𝐽𝜙(𝑗, 𝑇𝑗)) ≤ limsup
𝑛→∞

[𝜙(𝑘. 𝐽𝜙(𝑗𝑛, 𝑇𝑗))] 

Since 𝜙 is a continuous monotonically non-

decreasing map,  

𝐽𝜙(𝑗, 𝑇𝑗) ≤ 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝑘. 𝐽𝜙(𝑗𝑛, 𝑇𝑗)] 

= 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝑘. 𝐽𝜙(𝑇𝑗𝑛+1, 𝑇𝑗)] 

 −(𝐽𝜙(𝑗, 𝑇𝑗)) ≥ −𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝑘. 𝐽𝜙(𝑇𝑗𝑛+1, 𝑇𝑗)] 

                        ≥ −𝑘. 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝛿 [𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1) +

𝐽𝜙(𝑗, 𝑇𝑗) + 𝜙[𝐽𝜙(𝑗𝑛+1, 𝑗)]] 

                        = −𝑘. 𝛿 𝑙𝑖𝑚𝑠𝑢𝑝
𝑛→∞

[𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1) +

𝐽𝜙(𝑗, 𝑇𝑗) + 𝜙[𝐽𝜙(𝑗𝑛+1, 𝑗)] 

                        

= 𝑘. 𝛿 𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

 [(−𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1)) +

(−𝐽𝜙(𝑗, 𝑇𝑗)) + (−𝜙[𝐽𝜙(𝑗𝑛+1, 𝑗)]) 

                        ≥ 𝑘. 𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

 [(−𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1)) +

(−𝐽𝜙(𝑗, 𝑇𝑗)) + (−𝜙[𝐽𝜙(𝑗𝑛+1, 𝑗)]) 

−𝐽𝜙(𝑗, 𝑇𝑗) ≥ 𝑘. [𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

 (−𝐽𝜙(𝑗𝑛+1, 𝑇𝑗𝑛+1))

+ 𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

(−𝐽𝜙(𝑗, 𝑇𝑗))

+ 𝑙𝑖𝑚𝑖𝑛𝑓
𝑛→∞

(−𝜙[𝐽𝜙(𝑗𝑛+1, 𝑗)])] 

Since 𝑗𝑛
𝐽𝜙
→ 𝑗 and 𝜙(0) = 0,  

⇒ −𝐽𝜙(𝑗, 𝑇𝑗) ≥ −𝑘. 𝐽𝜙(𝑗, 𝑇𝑗) 

 
⇒ 𝐽𝜙(𝑗, 𝑇𝑗) ≤ 𝑘. 𝐽𝜙(𝑗, 𝑇𝑗) ⇒ 𝐽𝜙(𝑗, 𝑇𝑗) = 0 ⇒ 𝑗

= 𝑇𝑗. 
Thus a fixed point 𝑗 is obtained.  

 

Conclusion:  
In this work, the study of Strong Altering JS-metric 

has been initiated and its relation with b-metric, 

dislocated metric has been discussed. Theorems on 

fixed points for expansive maps in the complete 

Strong Altering JS-metric space have been 

analyzed. It was observed that the compression of 

the space helped to obtain the fixed point in an 

expansive map. Theorems on fixed points for 

contractive type maps in this space will be 

presented in future works.  
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  أناندا بريا  .ب                *شاندرا جي .ب       جيفين فارونيا .ام .اكس
   

 التابعة لجامعة مادوراي كاماراج سيفاكاسي، تاميل نادو ،الهند. مركز البحوث والدراسات العليا في الرياضيات، كلية آية نادر جناكي أمل،

 

 :الخلاصة
 تهدف الورقة ألى بدء واستكشاف مفهوم مقياس موسع معروف بمقياس جي اس البديل القوي، نسخة اقوى من مقياس جي اس البديل. 

والمقياس المخلوع وقدمت بعض الامثلة.  وتمت أيضا مناقشة بعض النظريات حول النقاط ثابتة للتحويلات  لقد ناقشنا العلاقة مع مقياس "ب"

 مقياس جي اس البديل.الذاتية في انشاء 

 

التحويلات الموسعة، النقاط الثابتة، جي اس المتري البديل ، المسافة البديلة، فضاء بي المتري، الفضاء المتري المخلوع :الكلمات المفتاحية

القوي.
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