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Introduction 

This paper considers finite simple undirected 

graphs. Under certain conditions, graph labeling 

refers to the assignment of numbers to graph 

elements such as vertices, edges, or both. These 

specifications are described by means of some 

evaluating function values (weights). Chartrand et 

al.1 initially proposed irregular graph labeling as 

follows: Assume 𝐺 =  (𝑉, 𝐸) to be a connected 

graph of order n ≥ 3 with an edge ℎ-labeling 𝛼 ∶
 𝐸 →  {1, 2, . . . , ℎ} and weight of a vertex 𝑣 to be 

defined as 𝑤(𝑣) = ∑ 𝛼(𝑒)𝑣∈𝑒 . When all the vertex 

weights are distinct, this is referred to as irregular 

labeling. The least positive integer ℎ such that 𝐺 

admits an irregular graph labeling is known as 

irregularity strength 𝑠(𝐺). Irregular labeling of a 

graph was modified as the total vertex irregular 

labeling and the total edge irregular labeling by Baca 

et al.2  Let 𝐺 = (𝑉, 𝐸) be a connected graph of order 

𝑛 ≥  3. Let 𝛽 ∶  𝑉 ∪  𝐸 →  {1, 2, . . . , 𝑘} be a 

function and let the weight of the edge 𝑒 =  𝑢𝑣 be 

defined by 𝜔(𝑒)  =  𝛽(𝑢)  + 𝛽(𝑣)  +  𝛽(𝑒). Then 𝛽 

is called a total edge irregular labeling if all the edge 

weights are distinct. The total edge irregularity 

strength 𝑡𝑒𝑠(𝐺) is the smallest positive integer 𝑘 

such that there is a total edge irregular labeling 

 𝛽: 𝑉 ∪  𝐸 →  {1, 2, . . . , 𝑘}. For a polar grid graph, 

Salama3 computed the total edge irregularity 

strength. Susanti Y, et al.4 presented the exact value 

of total edge irregularity strength of staircase graphs, 

double staircase graphs, and mirror-staircase graphs. 

Ratnasari L, et al.5 determined the exact value of the 

total edge irregularity strength of ladder-related 

families of graphs. Muthu Guru Packiam6 introduced 

the concept of (𝑎, 𝑑) −total edge irregularity 

strength of the graph 𝐺 as follows: Consider a simple 

graph 𝐺 =  (𝑉, 𝐸) on 𝑙 vertices and 𝑚 edges 
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together with a total ℎ – labeling 𝜌: 𝑉(𝐺) ∪ 𝐸(𝐺) →
{1, 2, 3, … , ℎ}. Then 𝜌 is called (𝑎, 𝑑)–total edge 

irregular labeling if there exists a one-to-one 

correspondence, say 𝜓: 𝐸(𝐺) → {𝑎, 𝑎 + 𝑑, 𝑎 +
2𝑑, … + 𝑎 + (𝑚 − 1)𝑑} defined by 𝜓(𝑢𝑣) =
𝜌(𝑢) + 𝜌(𝑣) + 𝜌(𝑢𝑣) for all 𝑢𝑣 ∈ 𝐸(𝐺), where 𝑎 ≥
3, 𝑑 ≥ 2. Also, the value 𝜓(𝑢𝑣) is said to be the edge 

weight of 𝑢𝑣. The (𝑎, 𝑑) −total edge irregularity 

strength of the graph 𝐺 is indicated by (𝑎, 𝑑) −
𝑡𝑒𝑠(𝐺) and is the least ℎ for which 𝐺 admits (𝑎, 𝑑) – 

edge irregular ℎ −labeling. Additionally, they 

provided upper and lower bounds for the parameter 

and established the evaluations of (𝑎, 𝑑) − 𝑡𝑒𝑠(𝐺) 

for some families of graphs. The purpose of this 

paper is to focus on the study of (𝑎, 𝑑) −total edge 

irregular graph labeling. 𝑃𝑛 indicates a path 

containing 𝑛 vertices7,8, whereas 𝐶𝑛 represents a 

cycle with 𝑛 vertices9,10,11. The slanting ladder 𝑆𝐿𝑛 is 

a graph constructed by connecting each 𝑢𝑖 with 𝑣𝑖+1, 

1 ≤ 𝑖 ≤ 𝑛 − 1 in two paths 𝑢1, 𝑢2, … , 𝑢𝑛 and 

𝑣1, 𝑣2, … , 𝑣𝑛. A triangular ladder 𝑇𝐿 𝑛, 𝑛 ≥ 2 

is constructed by adding the edges 𝑢𝑖𝑣𝑖+1, 1 ≤  𝑖 ≤

 𝑛 –  1 to ladder. The vertices of 𝑇𝐿 𝑛 are 𝑢𝑖 and 𝑣𝑖. 

𝑢𝑖 and 𝑣𝑖  are the two paths in the graph 𝑇𝐿 𝑛 where 

𝑖 =  {1, 2, … , 𝑛}. A complete bipartite graph is a 

graph with bipartition (𝑈, 𝑉) in which every vertex 

of 𝑈 is connected with every vertex of 𝑉. If |𝑈| =
𝑎 and |𝑉|=  𝑏, then the complete bipartite graph is 

denoted by 𝐾𝑎,𝑏. If either |𝑈| = 1 𝑜𝑟 |𝑉| = 1, then 

𝐾1,𝑏 𝑜𝑟 𝐾𝑎,1 is known as star graph. 

 

Proposition 1:4 Suppose 𝐺 be a graph having 𝑝 

vertices and 𝑞 edges. For integers 𝑎 ≥ 3 and 𝑑 ≥ 2, 

⌈
𝑎+(𝑞−1)𝑑

3
⌉ ≤ (𝑎, 𝑑) − 𝑡𝑒𝑠(𝐺) ≤ 𝑎 − 2 + (𝑞 − 1)𝑑. 

Proposition 2:4 If 𝑃 𝑛 is a path of order 𝑛, then 

(3, 2)–  𝑡𝑒𝑠(𝑃 𝑛) = ⌈
2𝑛−1

3
⌉. 

Proposition 3:4 Let 𝐾1,𝑛 be a star graph. Then 

(3, 2) − 𝑡𝑒𝑠(𝐾1,𝑛) =  𝑛, 𝑛 ≥  2. 

Results and Discussion 

Theorem1: If  𝑆𝐿𝑛 is a slanting ladder with 2𝑛 

vertices, then (3, 2)–  𝑡𝑒𝑠(𝑆𝐿 𝑛) = 2𝑛 − 1 for any 

𝑛 ≥ 2. 

Proof: Let the vertex set of 𝑆𝐿 𝑛 = 𝑉1 ∪ 𝑉2 where 

𝑉1 = {𝑢1, 𝑢2, … , 𝑢𝑛}, and 𝑉2 = {𝑣1, 𝑣2, … , 𝑣𝑛}, and 

𝐸(𝑆𝐿 𝑛) = {𝑢𝑖𝑢𝑖+1/ 1 ≤ 𝑖 ≤ 𝑛 −  1} ∪ {𝑣𝑖𝑣𝑖+1/

 1 ≤ 𝑖 ≤ 𝑛 − 1 } ∪ {𝑢𝑖𝑣𝑖+1/ 1 ≤ 𝑖 ≤ 𝑛 − 1 }.  

Define total labeling 𝜌: 𝑉(𝑆𝐿 𝑛) ∪ 𝐸(𝑆𝐿 𝑛) →

{1, 2, … ,2𝑛 − 1} as follows: 

𝜌(𝑢1) = 1,  𝜌(𝑢2) = 1,   𝜌(𝑢𝑖) = 2𝑖 − 1,    3 ≤ 𝑖 ≤

𝑛, 

𝜌(𝑣1) = 3,  𝜌(𝑣2) = 3,    𝜌(𝑣𝑖) = 2𝑖 − 1,    3 ≤ 𝑖 ≤

𝑛, 

𝜌(𝑢1𝑢2) = 1, 𝜌(𝑢2𝑢3) = 3, 𝜌(𝑢3𝑢4)

= 3, 𝜌(𝑢𝑖𝑢𝑖+1) = 2𝑖 − 3,    4 ≤ 𝑖

≤ 𝑛 − 1, 

𝜌(𝑣1𝑣2) = 1, 𝜌(𝑣𝑖𝑣𝑖+1) = 2𝑖 + 1,    2 ≤ 𝑖

≤ 𝑛 − 1, 

𝜌(𝑢1𝑣2) = 1, 𝜌(𝑢2𝑣3) = 5,

𝜌(𝑢𝑖𝑣𝑖+1) = 2𝑖 − 1,    3 ≤ 𝑖

≤ 𝑛 − 1, 

induced edge weight function  𝜓: 𝐸(𝑆𝐿 𝑛) →

{3, 5, 7, … ,6𝑛 − 5}  is given by  

𝜓(𝑢𝑖𝑢𝑖+1) = 6𝑖 − 3,    1 ≤ 𝑖 ≤ 𝑛 − 1, 

𝜓(𝑣𝑖𝑣𝑖+1) = 6𝑖 + 1,    1 ≤ 𝑖 ≤ 𝑛 − 1, 

𝜓(𝑢𝑖𝑣𝑖+1) = 6𝑖 − 1,    1 ≤ 𝑖 ≤ 𝑛 − 1. 

therefore, the induced edge weights of 𝑆𝐿 𝑛 generates 

an arithmetic progression and it differs by 2 and 

hence(3, 2)–  𝑡𝑒𝑠(𝑆𝐿 𝑛) ≤ 2𝑛 − 1.  

Proposition1 shows that (3, 2)–  𝑡𝑒𝑠(𝑆𝐿 𝑛) ≥ 2𝑛 −

1, this concludes the proof.                       ∎ 

Example 1:(3, 2) total edge irregular labeling of 

𝑆𝐿 10 is given in Fig 1. 

 
Figure 1. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑺𝑳 𝟏𝟎) = 𝟏𝟗. 
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Theorem 2: If 𝐶 𝑛is a cycle having 𝑛 vertices, 

then (3, 2)–  𝑡𝑒𝑠(𝐶 𝑛) = ⌈
2𝑛+1

3
⌉, 𝑛 ≥ 6. 

Proof: Let 𝐶 𝑛 be a cycle with n vertices. 

Let 𝑉(𝐶 𝑛) = {𝑣1, 𝑣2, … , 𝑣𝑛} and 𝐸(𝐶 𝑛) = {𝑒𝑖 =

𝑣𝑖𝑣𝑖+1/1 ≤ 𝑖 ≤ 𝑛}. 

Define total labeling 𝜌: 𝑉(𝐶 𝑛) ∪ 𝐸(𝐶 𝑛) →

{1, 2, … , ⌈
2𝑛+1

3
⌉} as follows. 

Case i     If   𝑛 ≡ 0 (𝑚𝑜𝑑 3) 

𝜌(𝑣1) = 1,    𝜌(𝑣2) = 1,    𝜌(𝑣𝑛) = 3, 

𝜌(𝑣3𝑖) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌊
𝑛

6
⌋, 

𝜌(𝑣3𝑖+1) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌊
𝑛

6
⌋, 

𝜌(𝑣3𝑖+2) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌈
𝑛

6
⌉ − 1, 

𝜌(𝑣𝑛−3𝑖)) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌈
𝑛

6
⌉ − 1, 

𝜌(𝑣𝑛−(3𝑖+1)) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌈
𝑛

6
⌉ − 1,  

𝜌(𝑣𝑛−(3𝑖+2)) = 4𝑖 + 5,     0 ≤ 𝑖 ≤ ⌊
𝑛

6
⌋ − 1, 

𝜌(𝑒𝑛) = 1, 

𝜌(𝑒3𝑖+1) = 4𝑖 + 1,     0 ≤ 𝑖 ≤ ⌊
𝑛

6
⌋, 

𝜌(𝑒3𝑖+2) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌈
𝑛

6
⌉ − 1, 

𝜌(𝑒3𝑖) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌊
𝑛

6
⌋, 

𝜌(𝑒𝑛−(3𝑖−2)) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌊
𝑛

6
⌋, 

𝜌(𝑒𝑛−(3𝑖−1)) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌈
𝑛

6
⌉ − 1, 

𝜌(𝑒𝑛−3𝑖)) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌈
𝑛

6
⌉ − 1.  

Case ii     If   𝑛 ≡ 1 (𝑚𝑜𝑑 3) 

𝜌(𝑣1) = 1,    𝜌(𝑣2) = 1, 

𝜌(𝑣3𝑖) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌈
𝑛 − 1

6
⌉, 

𝜌(𝑣3𝑖+1) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌊
𝑛 − 1

6
⌋, 

𝜌(𝑣3𝑖+2) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌈
𝑛 − 1

6
⌉ − 1,  

𝜌(𝑣𝑛−3𝑖)) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌈
𝑛 − 1

6
⌉ − 1, 

𝜌(𝑣𝑛−(3𝑖+1)) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌊
𝑛 − 1

6
⌋ − 1,  

𝜌(𝑣𝑛−(3𝑖+2)) = 4𝑖 + 5,     0 ≤ 𝑖 ≤ ⌊
𝑛 − 1

6
⌋ − 1, 

𝜌(𝑒𝑛) = 1, 

𝜌(𝑒3𝑖+1) = 4𝑖 + 1,     0 ≤ 𝑖 ≤ ⌊
𝑛 − 1

6
⌋, 

𝜌(𝑒3𝑖+2) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌈
𝑛 − 1

6
⌉ − 1, 

𝜌(𝑒3𝑖) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌈
𝑛 − 1

6
⌉, 

𝜌(𝑒𝑛−(3𝑖−2)) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌈
𝑛 − 1

6
⌉, 

𝜌(𝑒𝑛−(3𝑖−1)) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌈
𝑛 − 1

6
⌉, 

𝜌(𝑒𝑛−3𝑖)) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌊
𝑛 − 1

6
⌋. 

Case iii     If   𝑛 ≡ 2 (𝑚𝑜𝑑 3) 

𝜌(𝑣1) = 1,    𝜌(𝑣2) = 1,    

If 𝑛 is odd, (𝑣
⌊

𝑛

2
⌋+1

) =
2𝑛+2

3
 , 

If 𝑛 is even, (𝑣
(

𝑛

2
)+1

) =
2𝑛+2

3
 , 

𝜌(𝑣3𝑖) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌊
𝑛 − 2

6
⌋, 

𝜌(𝑣3𝑖+1) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌊
𝑛 − 2

6
⌋, 

𝜌(𝑣3𝑖+2) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌊
𝑛 − 2

6
⌋ − 1,  

𝜌(𝑣𝑛−3𝑖)) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌈
𝑛 − 2

6
⌉ − 1, 

𝜌(𝑣𝑛−(3𝑖+1)) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌈
𝑛 − 2

6
⌉ − 1,  

𝜌(𝑣𝑛−(3𝑖+2)) = 4𝑖 + 5,     0 ≤ 𝑖 ≤ ⌊
𝑛 − 2

6
⌋ − 1, 

𝜌(𝑒𝑛) = 1, 

If 𝑛 is odd, (𝑒𝑛−1

2

) =
2𝑛−4

3
 , 𝜌 (𝑒𝑛+1

2

) =
2𝑛+2

3
 , 

If 𝑛 is even, (𝑒𝑛

2
) =

2𝑛−4

3
 , 𝜌 (𝑒𝑛

2
+1) =

2𝑛+2

3
 , 

𝜌(𝑒3𝑖+1) = 4𝑖 + 1,     0 ≤ 𝑖 ≤ ⌈
𝑛 − 2

6
⌉ − 1, 

𝜌(𝑒3𝑖+2) = 4𝑖 + 3,     0 ≤ 𝑖 ≤ ⌊
𝑛 − 2

6
⌋ − 1, 

𝜌(𝑒3𝑖) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌊
𝑛 − 2

6
⌋, 

𝜌(𝑒𝑛−(3𝑖−2)) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌈
𝑛 − 2

6
⌉, 

𝜌(𝑒𝑛−(3𝑖−1)) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌊
𝑛 − 2

6
⌋, 

𝜌(𝑒𝑛−3𝑖)) = 4𝑖 + 1,     1 ≤ 𝑖 ≤ ⌈
𝑛 − 2

6
⌉ − 1.  

induced edge weight function  𝜓: 𝐸(𝐶𝑛) →

{3, 5, 7, … ,2𝑛 + 1}  is given as  

https://dx.doi.org/10.21123/bsj.2023.8545
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𝜓(𝑒𝑖) = 4𝑖 − 1,     1 ≤ 𝑖 ≤ ⌈
𝑛

2
⌉, , 

𝜓(𝑒𝑛) = 5, 

𝜓(𝑒𝑛−𝑖) = 4𝑖 + 5,    1 ≤ 𝑖 ≤ ⌈
𝑛+1

2
⌉ − 2.  

therefore, the induced edge weights of 𝐶 𝑛 ,  generates 

an arithmetic progression and it differs by 2 and 

hence(3, 2)–  𝑡𝑒𝑠(𝐶 𝑛) ≤ ⌈
2𝑛+1

3
⌉. 

Proposition 1 shows that (3, 2)–  𝑡𝑒𝑠(𝐶 𝑛) ≥ ⌈
2𝑛+1

3
⌉, 

this concludes the proof.                          ∎ 

 

Example 2:(3, 2) total edge irregular labeling of 𝐶10 

is given in Fig 2. 

 

 
Figure 2. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑪𝟏𝟎) = 𝟕. 

Remark 1: 

For 𝑛 = 3, 4, 5, (3, 2)–  𝑡𝑒𝑠(𝐶 𝑛) ≤ ⌈
2𝑛+1

3
⌉, 

total edge irregular labeling for 𝐶 𝑛 is shown as 

follows in Figs 3-5. 

 
Figure 3. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑪𝟑) = 𝟑. 

 

 

Figure 4. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑪𝟒) = 𝟑. 

 
Figure 5. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑪𝟓) = 𝟒. 

 

Theorem 3: (3, 2)–  𝑡𝑒𝑠(𝑇𝐿 𝑛) = ⌈
8𝑛

3
⌉ − 2  for 𝑛 ≥

2. 

Proof: Let the vertex set of 𝑇𝐿 𝑛 = 𝑉1 ∪ 𝑉2 where 

𝑉1 = {𝑢1, 𝑢2, … , 𝑢𝑛}, and  𝑉2 = {𝑣1, 𝑣2, … , 𝑣𝑛} and 

𝐸(𝑇𝐿 𝑛) = {𝑢𝑖𝑢𝑖+1/ 1 ≤ 𝑖 ≤ 𝑛 − 1 } ∪ {𝑣𝑖𝑣𝑖+1/

 1 ≤ 𝑖 ≤ 𝑛 − 1 } ∪ {𝑢𝑖𝑣𝑖/ 1 ≤ 𝑖 ≤ 𝑛 } ∪ {𝑢𝑖𝑣𝑖+1/

 1 ≤ 𝑖 ≤ 𝑛 − 1 }.  

Define total labeling 𝜌: 𝑉(𝑇𝐿 𝑛) ∪ 𝐸(𝑇𝐿 𝑛) →

{1, 2, … , ⌈
8𝑛

3
⌉ − 2} as follows: 

Case i     If   𝑛 ≡ 0 (𝑚𝑜𝑑 3) 

𝜌(𝑢3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖−1) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛

3
 ,  

𝜌(𝑣3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛

3
 , 
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𝜌(𝑢3𝑖−2𝑢3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖−1𝑢3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖𝑢3𝑖+1) = 8𝑖 + 1,    1 ≤ 𝑖 ≤
𝑛 − 3

3
 , 

𝜌(𝑣3𝑖−2𝑣3𝑖−1) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑣3𝑖−1𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑣3𝑖𝑣3𝑖+1) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 3

3
 , 

𝜌(𝑢3𝑖−2𝑣3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖−1𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖𝑣3𝑖) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖−2𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖−1𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛

3
 , 

𝜌(𝑢3𝑖𝑣3𝑖+1) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 3

3
 . 

Case ii     If   𝑛 ≡ 1 (𝑚𝑜𝑑 3) 

𝜌(𝑢3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 + 2

3
 , 

𝜌(𝑢3𝑖−1) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑣3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 + 2

3
 , 

𝜌(𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖−2𝑢3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖−1𝑢3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖𝑢3𝑖+1) = 8𝑖 + 1,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑣3𝑖−2𝑣3𝑖−1) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑣3𝑖−1𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑣3𝑖𝑣3𝑖+1) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖−2𝑣3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 + 2

3
 , 

𝜌(𝑢3𝑖−1𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖𝑣3𝑖) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖−2𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖−1𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 1

3
 , 

𝜌(𝑢3𝑖𝑣3𝑖+1) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛−1

3
. 

Case iii     If   𝑛 ≡ 2 (𝑚𝑜𝑑 3) 

𝜌(𝑢𝑛) =
8(𝑛−2)

3
+ 4, 𝜌(𝑣𝑛) =

8(𝑛−2)

3
+ 3,  

𝜌(𝑢𝑛𝑣𝑛) =
8(𝑛−2)

3
+ 4, 𝜌(𝑢𝑛−1𝑢𝑛) =

8(𝑛−2)

3
+ 3 

𝜌(𝑢3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 + 1

3
 , 

𝜌(𝑢3𝑖−1) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑣3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 + 1

3
 , 

𝜌(𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖−2𝑢3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖−1𝑢3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖𝑢3𝑖+1) = 8𝑖 + 1,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑣3𝑖−2𝑣3𝑖−1) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 + 1

3
 , 

𝜌(𝑣3𝑖−1𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑣3𝑖𝑣3𝑖+1) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖−2𝑣3𝑖−2) = 8𝑖 − 7,    1 ≤ 𝑖 ≤
𝑛 + 1

3
 , 

𝜌(𝑢3𝑖−1𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖𝑣3𝑖) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖−2𝑣3𝑖−1) = 8𝑖 − 5,    1 ≤ 𝑖 ≤
𝑛 + 1

3
 , 

𝜌(𝑢3𝑖−1𝑣3𝑖) = 8𝑖 − 3,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 

𝜌(𝑢3𝑖𝑣3𝑖+1) = 8𝑖 − 1,    1 ≤ 𝑖 ≤
𝑛 − 2

3
 , 
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induced edge weight function  𝜓: 𝐸(𝑇𝐿 𝑛) →

{3, 5, 7, … ,8𝑛 − 5}  is given by  

𝜓(𝑢𝑖𝑢𝑖+1) = 8𝑖 + 1,    1 ≤ 𝑖 ≤ 𝑛 − 1, 

𝜓(𝑣𝑖𝑣𝑖+1) = 8𝑖 − 3,    1 ≤ 𝑖 ≤ 𝑛 − 1, 

𝜓(𝑢𝑖𝑣𝑖) = 8𝑖 − 5,    1 ≤ 𝑖 ≤ 𝑛, 

𝜓(𝑢𝑖𝑣𝑖+1) = 8𝑖 − 1,    1 ≤ 𝑖 ≤ 𝑛 − 1. 

therefore, the induced edge weights of 𝑇𝐿 𝑛 generates 

an arithmetic progression and it differs by 2 and 

hence (3, 2)–  𝑡𝑒𝑠(𝑇𝐿 𝑛) ≤ ⌈
8𝑛

3
⌉ − 2.  

Proposition 1 shows that (3, 2)–  𝑡𝑒𝑠(𝑇𝐿 𝑛) ≥

⌈
8𝑛

3
⌉ − 2, this concludes the proof.                                    ∎ 

 

Example 3:(3, 2) total edge irregular labeling of  

𝑇𝐿 10  is given in Fig 6.

 

Figure 6. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑻𝑳𝟏𝟎) = 𝟐𝟓. 

 

Theorem 4: If  

𝐾𝑚,𝑛 is a complete bipartite graph on (𝑚 +

𝑛) vertices, then  

(3, 2)–  𝑡𝑒𝑠(𝐾𝑚,𝑛)

= {
𝑛(𝑚 − 1) + 1 ,                    3 ≤ 𝑚 ≤ 𝑛

⌊
4𝑛

3
⌋ + 1 ,           𝑚 = 2, for any  𝑛 ≥ 2.

 

Proof: Let 

𝐾𝑚,𝑛 be a complete bipartite graph on (𝑚 +

𝑛) vertices with the vertex set,  𝑉(𝐾𝑚,𝑛) = 𝑉1 ∪ 𝑉2 

where  𝑉1 = {𝑢1, 𝑢2, … , 𝑢𝑚}  and  𝑉2 =

{𝑣1, 𝑣2, … , 𝑣𝑛} and 𝐸(𝐾𝑚,𝑛) = {𝑢𝑖𝑣𝑗/ 1 ≤ 𝑖 ≤

𝑚 , 1 ≤ 𝑗 ≤ 𝑛}.  

Case i      Suppose 3 ≤ 𝑚 ≤ 𝑛. 

Define the total labeling 𝜌: 𝑉(𝐾𝑚,𝑛) ∪ 𝐸(𝐾𝑚,𝑛) →

{1, 2, … , 𝑛(𝑚 − 1) + 1} as 

𝜌(𝑢1) = 1,     

𝜌(𝑢𝑖) = 𝑛𝑖 − 𝑛 + 1,    2 ≤ 𝑖 ≤ 𝑚,  

𝜌(𝑣𝑗) = 2𝑗 − 1,    1 ≤ 𝑗 ≤ 𝑛, 

𝜌(𝑢1𝑣𝑗) = 1,    1 ≤ 𝑗 ≤ 𝑛, 

For 2 ≤ 𝑖 ≤ 𝑚, 

𝜌(𝑢𝑖𝑣𝑗) = 𝑛𝑖 − 𝑛 + 1,    1 ≤ 𝑗 ≤ 𝑛. 

induced edge weight function  𝜓: 𝐸(𝐾𝑚,𝑛) →

{3, 5, 7, … ,2𝑚𝑛 + 1} is given as 

𝜓(𝑢𝑖𝑣𝑗) = 2(𝑖 − 1)𝑛 + 2𝑗 + 1,   1 ≤ 𝑖 ≤ 𝑚, 1 ≤

𝑗 ≤ 𝑛. 

From the above labeling, it is easy to verify that 

(3, 2)–  𝑡𝑒𝑠(𝐾𝑚,𝑛) ≤ 𝑛(𝑚 − 1) + 1. Further, it is 

not possible to obtain (3, 2)–  total edge irregular 

labeling by assigning labels fewer than 𝑚𝑛 − 𝑛 + 1, 

hence (3, 2)–  𝑡𝑒𝑠(𝐾𝑚,𝑛) = 𝑛(𝑚 − 1) + 1. 

Case ii      Suppose  𝑚 = 2, for any  𝑛 > 2 

Then 𝑉(𝐾2,𝑛) = 𝑉1 ∪ 𝑉2 where  𝑉1 = {𝑢1, 𝑢2},  𝑉2 =

{𝑣1, 𝑣2, … , 𝑣𝑛} and      

𝐸(𝐾2,𝑛) = {𝑢𝑖𝑣𝑗/ 1 ≤ 𝑖 ≤ 2, 1 ≤ 𝑗 ≤ 𝑛}.   

Define the total labeling 𝜌: 𝑉(𝐾2,𝑛) ∪ 𝐸(𝐾2,𝑛) →

{1, 2, … , ⌊
4𝑛

3
⌋ + 1} as follows: 

Subcase i If  𝑛 ≡ 1 (𝑚𝑜𝑑 3) 

𝜌(𝑢1) = 1,    𝜌(𝑢2) =
4𝑛+2

3
,   

𝜌(𝑣𝑗) = {
2𝑗 − 1,                                1 ≤ 𝑗 ≤

𝑛+5

3
 

2𝑛+10

3
+ (𝑗 − (

𝑛+8

3
)),          

𝑛+8

3
≤ 𝑗 ≤ 𝑛

  

𝜌(𝑢1𝑣𝑗) =

 {
1,                                            1 ≤ 𝑗 ≤

𝑛+5

3

2 + (𝑗 − (
𝑛+8

3
)),                

𝑛+8

3
≤ 𝑗 ≤ 𝑛

  

𝜌(𝑢2𝑣𝑗) =  {

2𝑛+4

3
,                           1 ≤ 𝑗 ≤

𝑛+5

3

2𝑛+7

3
+ (𝑗 − (

𝑛+8

3
)),         

𝑛+8

3
≤ 𝑗 ≤ 𝑛

  

Subcase ii If 𝑛 ≡ 2 (𝑚𝑜𝑑 3) 

𝜌(𝑢1) = 1,    𝜌(𝑢2) =
4𝑛+1

3
,   
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𝜌(𝑣𝑗) = {
2𝑗 − 1,                                   1 ≤ 𝑗 ≤

𝑛+4

3

2𝑛+8

3
+ (𝑗 − (

𝑛+7

3
)),         

𝑛+7

3
≤ 𝑗 ≤ 𝑛

  

𝜌(𝑢1𝑣𝑗) =  {
1,                                            1 ≤ 𝑗 ≤

𝑛+4

3

2 + (𝑗 − (
𝑛+7

3
)),         

𝑛+7

3
≤ 𝑗 ≤ 𝑛

  

𝜌(𝑢2𝑣𝑗) =

 {

2𝑛+5

3
,                                            1 ≤ 𝑗 ≤

𝑛+4

3

2𝑛+8

3
+ (𝑗 − (

𝑛+7

3
)),         

𝑛+7

3
≤ 𝑗 ≤ 𝑛

  

Subcase iii If  𝑛 ≡ 0 (𝑚𝑜𝑑 3) 

𝜌(𝑢1) = 1,    𝜌(𝑢2) =
4𝑛

3
,   

𝜌(𝑣𝑗) =

{
2𝑗 − 1,                                      1 ≤ 𝑗 ≤

𝑛+6

3

2𝑛+12

3
+ (𝑗 − (

𝑛+9

3
)),              

𝑛+9

3
≤ 𝑗 ≤ 𝑛

  

𝜌(𝑢1𝑣𝑗) =  {
1,                                         1 ≤ 𝑗 ≤

𝑛+6

3

2 + (𝑗 − (
𝑛+9

3
)),             

𝑛+9

3
≤ 𝑗 ≤ 𝑛

  

𝜌(𝑢2𝑣𝑗) =

 {

2𝑛+6

3
,                                        1 ≤ 𝑗 ≤

𝑛+6

3

2𝑛+9

3
+ (𝑗 − (

𝑛+9

3
)),        

𝑛+9

3
≤ 𝑗 ≤ 𝑛.

  

induced edge weight function  𝜓: 𝐸(𝐾2,𝑛) →

{3, 5, 7, … ,4𝑛 + 1}  is given by  

𝜓(𝑢1𝑣𝑗) = 2𝑗 + 1,      1 ≤ 𝑗 ≤ 𝑛, 

𝜓(𝑢2𝑣𝑗) = 2𝑛 + 2𝑗 + 1,      1 ≤ 𝑗 ≤ 𝑛. 

therefore, the induced edge weights of 𝐾2,𝑛( 𝑛 ≥ 3) 

generates an arithmetic progression and it differs by 

2 and hence(3, 2)–  𝑡𝑒𝑠(𝐾2,𝑛) ≤ ⌊
4𝑛

3
⌋ + 1. 

Proposition 1 shows that (3, 2)–  𝑡𝑒𝑠(𝐾2,𝑛) ≥ ⌊
4𝑛

3
⌋ +

1, this concludes the proof.                                          ∎ 

Remark 2: 

If 𝑚 = 𝑛 = 1, then 𝐾1,1 ≅ 𝑃2 and hence it follows 

from Proposition 2. 

If 𝑚 = 1 < 𝑛, then 𝐾1,𝑛 and by proposition 3, the 

result follows.                                                                   

∎ 

In the case of the complete bipartite graph 𝐾𝑚,𝑛 , the 

upper bound of (3, 2)–total edge irregular strength 

given in Proposition 1 is reformed as follows. 

Corollary 1: 

If  𝐾𝑚,𝑛 is a complete bipartite graph on (𝑚 + 𝑛)  

vertices, then 

⌈
𝑎+(𝑞−1)𝑑

3
⌉ ≤ (3, 2)–  𝑡𝑒𝑠(𝐾𝑚,𝑛) ≤ 𝑛(𝑚 − 1) + 1.  

∎ 
 

Example 4:(3, 2) total edge irregular labeling of 

𝐾4,6, 𝐾2,6, 𝐾5,6 and 𝐾3,5 are given in Figs7, 8, 9, and 

10. 

 

 

Figure 7. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑲𝟒,𝟔) = 𝟏𝟗. 
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Figure 8. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑲𝟐,𝟔) = 𝟗. 

 

 

Figure 9. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑲𝟓,𝟔) = 𝟐𝟓. 

 

Figure 10. (𝟑, 𝟐)–  𝒕𝒆𝒔(𝑲𝟑,𝟓) = 𝟏𝟏. 

Conclusion 

This article investigates (3, 2)-total edge irregularity 

strength of standard graphs namely: 

(3, 2)–  𝑡𝑒𝑠(𝑆𝐿 𝑛) = 2𝑛 − 1 for any 𝑛 ≥ 2 where 

𝑆𝐿𝑛 is a slanting ladder with 2𝑛 vertices, 

(3, 2)–  𝑡𝑒𝑠(𝐶 𝑛) = ⌈
2𝑛+1

3
⌉, 𝑛 ≥ 6 where 𝐶 𝑛 is a 

cycle having 𝑛 vertices, (3, 2)–  𝑡𝑒𝑠(𝑇𝐿 𝑛) = ⌈
8𝑛

3
⌉ −

2  for 𝑛 ≥ 2 where 𝑇𝐿 𝑛 is a triangular ladder.  In 

addition, an open problem for complete bipartite 

graph  

(3, 2)–  𝑡𝑒𝑠(𝐾𝑚,𝑛) =

{
𝑛(𝑚 − 1) + 1 ,                    3 ≤ 𝑚 ≤ 𝑛

⌊
4𝑛

3
⌋ + 1 ,           𝑚 = 2, for any  𝑛 ≥ 2

  is solved 

affirmatively. To investigate similar results for other 

families of graphs is an open area of research. 
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 ةإجمالي قوة عدم انتظام الحواف للرسوم البياني -زيد من النتائج حول )أ ، د( الم

 ك.موثجورباكايم*1، بي. بانداراج2،5 ، ر. كورسام 3 ، اي موثوسيلفام 4
 
 .، الهند، تاميل نادو 626125 -يفيلبوتور ، كلية الآداب والعلوم الحكومية ، سرقسم الرياضيات1
 .، تاميل نادو، الهند 625701 -، كلية كاماراج للهندسة والتكنولوجيا ، مادوراي الرياضياتقسم 2
 .، تاميل نادو، الهند 626005 -، كلية الهندسة ميبكو شلينك ، سيفاكاسي قسم الرياضيات3
 .، تاميل نادو، الهند - 626126للبحث والتعليم ،  كالاسانكام ، أكاديميةقسم الرياضيات4
 كلية راجا سيرفوجي الحكومية، جامعة بهاراتيداسان، تيروتشيرابالي، تاميل نادو، الهند.5

 

 ةالخلاص

𝐺ليكن  = (𝑉, 𝐸)  رسمًا بيانياً بسيطًا على رؤوسl  وحوافm  مع إجماليh -   وضع العلامات𝜌: 𝑉 (𝐺) ∪ 𝐸 (𝐺) →

{1,2,3, … , ℎ}   فان .𝜌  )متقابل وليكن تطابق  وجدوسم غير منتظم للحافة الإجمالية إذا  -تسمى )ا,د𝜓: 𝐸(𝐺) →

{𝑎, 𝑎 + 𝑑, 𝑎 + 2𝑑, … , 𝑎 + (𝑚 − 1)𝑑}   معرفة بواسطة𝜓(𝑢𝑣) = 𝜌(𝑢) + 𝜌(𝑣) + 𝜌(𝑢𝑣)   لكل𝑢𝑣 𝜖 𝐸(𝐺)   حيث ,

𝑎 ≥ 3, 𝑑 ≥ ب  Gاجمالي قوة عدم انتظام الحواف للرسم البياني -. يشار الى )ا,د( 𝑢𝑣يقال لها وزن الحافة  𝜓(𝑢𝑣). كذلك قيمة   2

(𝑎, 𝑑) − 𝑡𝑒𝑠𝑡(𝐺)  وهي اقلh  التي يقبلهاG    ا,د( الغير منتظمة للعلامة-للحافة(-h  هذه المقالة تم فحص, . في(𝑎, 𝑑) −

𝑡𝑒𝑠𝑡(𝐺) لبعض عائلات الرسم البياني الشائعة. بالاضافة الى ذلك تم حل المسالة المفتوحة, 𝑚, 𝑛 > 2 (3,2) −

𝑡𝑒𝑠𝑡(𝐾_(𝑚, 𝑛)) .1,2,3} بشكل ايجابي , . . . ℎ ℎ}.  م تسمىρ ( )وسم غير منتظم للحافة الإجمالية إذا كان هناك تطابق واحد  -أ ، د

 ψ (uv) = ρ (u) + ρ (v) + ρ (uv)د{ محدد بواسطة  a  ،a + d  ،a + 2d ،… + a + (m- 1)} → ψ: E (G)لواحد ، قل 

لبنفسجية. يشار إلى قوة عدم انتظام هي وزن حافة الأشعة فوق ا ψ (uv)أيضًا ، يقُال إن القيمة  .a≥3  ،d≥2، حيث  uv∈E (G)لجميع 

غير منتظمة للحافة.  hعلامة  -أ ، د( ) Gالتي يقبلها  hوهي أقل  tes (G)- (a  ،d)بواسطة  Gالحافة الإجمالية )أ ، د( للرسم البياني 

( 3،2يتم حل المشكلة المفتوحة )لبعض عائلات الرسم البياني الشائعة. بالإضافة إلى ذلك ،  tes (G)-في هذه المقالة ، يتم فحص )أ ، د( 

- tes (K_ (m  ،n))  ،m  ،n> 2 .بشكل إيجابي 

وضع العلامات غير المنتظمة، وضع العلامات غير المنتظمة للحافة ، وضع العلامات غير المنتظم ، قوة  -)أ ، د(  الكلمات المفتاحية: 

 المخالفة ، وضع العلامات غير المنتظمة للحافة الكلية.
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