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Abstract

Consider asimplegraph G = (V, E) on [ vertices and m edges together with a total h - labeling p: V(G) U
E(G) - {1,2,3,...,h}. Then p is called (a,d)-total edge irregular labeling if there exists a one-to-one
correspondence, say Y:E(G) - {a,a+d,a+2d,..+a+ (m—1)d} defined by yp(uv) =pu) +
p(v) + p(uv) for all uv € E(G), where a > 3,d > 2. Also, the value ¥(uv) is said to be the edge weight
of uv. The (a, d) —total edge irregularity strength of the graph G is indicated by (a, d) — tes(G) and is the
least h for which G admits (a,d) - edge irregular h-labeling. In this article, (a,d) — tes(G) for some
common graph families are examined. In addition, an open problem (3,2)- tes(K_(m,n) ),m,n > 21is

solved affirmatively.

Keywords: (a, d) - Irregular labeling, Edge irregular labeling, Irregular labeling, Irregularity strength,

Total edge irregular labeling.

Introduction

This paper considers finite simple undirected
graphs. Under certain conditions, graph labeling
refers to the assignment of numbers to graph
elements such as vertices, edges, or both. These
specifications are described by means of some
evaluating function values (weights). Chartrand et
al.! initially proposed irregular graph labeling as
follows: Assume G = (V,E) to be a connected
graph of order n > 3 with an edge h-labeling « :
E - {1,2,...,h}and weight of a vertex v to be
defined as w(v) = Y,c. a(e). When all the vertex
weights are distinct, this is referred to as irregular
labeling. The least positive integer h such that G
admits an irregular graph labeling is known as
irregularity strength s(G). Irregular labeling of a
graph was modified as the total vertex irregular
labeling and the total edge irregular labeling by Baca
etal.?2 Let G = (V,E) be a connected graph of order

n=>3 Let f:VUE - {1,2,....k} be a
function and let the weight of the edge e = uv be
defined by w(e) = B(u) + B(v) + B(e). Then B
is called a total edge irregular labeling if all the edge
weights are distinct. The total edge irregularity
strength tes(G) is the smallest positive integer k
such that there is a total edge irregular labeling
B:V UE - {1,2,...,k}. For a polar grid graph,
Salama® computed the total edge irregularity
strength. Susanti Y, et al.* presented the exact value
of total edge irregularity strength of staircase graphs,
double staircase graphs, and mirror-staircase graphs.
Ratnasari L, et al.® determined the exact value of the
total edge irregularity strength of ladder-related
families of graphs. Muthu Guru Packiam® introduced
the concept of (a,d) —total edge irregularity
strength of the graph G as follows: Consider a simple
graph ¢ = (V,E)on [ vertices and m edges

Page | 2498


https://dx.doi.org/10.21123/bsj.2023.8545
https://creativecommons.org/licenses/by/4.0/
https://www.worldscientific.com/doi/abs/10.1142/S1793557120500722
https://orcid.org/0000-0002-4627-0749
mailto:gurupackiam@yahoo.com
https://orcid.org/0000-0002-3556-7803
mailto:pandiaraj0@gmail.com
https://orcid.org/0000-0002-3554-6818
mailto:sahama2010@gmail.com
https://orcid.org/0000-0002-5691-9337
mailto:selvam08mm11@gmail.com

2023, 20(6 Suppl.): 2498-2507
https://dx.doi.org/10.21123/bsj.2023.8545
P-ISSN: 2078-8665 - E-ISSN: 2411-7986

g

Baghdad Science Journal

together with a total h — labeling p: V(G) U E(G) -
{1,2,3,...,h}. Then p is called (a,d)-total edge
irregular labeling if there exists a one-to-one
correspondence, say Y:E(G)—>{a,a+d,a+
2d,..+a+ (m—1)d} defined by y(uv)=
p) + p(v) + p(uv) forall uv € E(G), where a >
3,d = 2. Also, the value ¥ (uv) is said to be the edge
weight of uv. The (a,d) —total edge irregularity
strength of the graph G is indicated by (a,d) —
tes(G) and is the least h for which G admits (a, d) —
edge irregular h —labeling. Additionally, they
provided upper and lower bounds for the parameter
and established the evaluations of (a,d) — tes(G)
for some families of graphs. The purpose of this
paper is to focus on the study of (a,d) —total edge
irregular graph labeling. P, indicates a path
containing n vertices’®, whereas C,, represents a
cycle with n vertices®!%!!, The slanting ladder SLn is
a graph constructed by connecting each u; with v; 1,
1<i<n—-1 in two paths wuq,uy,..,u,and

Results and Discussion

Theoreml: If SL, is a slanting ladder with 2n
vertices, then (3,2)- tes(SL,) = 2n—1 for any
n=2.

Proof: Let the vertex set of SL, = V; UV, where
Vi ={uq,uy, ..., uy}, and V, = {vy,v,,...,v,}, and
E(SLy) = {wui/1<i<n— 1}3U{vwy,./
1<i<n—-1}u{yv/1<i<n-1}
Define  total  labeling p: V(SL,) UE(SL,) —
{1,2,...,2n — 1} as follows:

p(u) =1, puy) =1, p(y)=2i—1, 3<i<
n,
p(w) =3, p(vy) =3, p(v)=2i—-1, 3<i<

n,
puuy) =1, p(uzusz) = 3, p(usuy)
=3,p(uuj41) =2i—3, 4<i

<n-—1,

Vi,Vy, .., Vy. A triangular ladder TL,,n =2
is constructed by adding the edges w;v;14,1 < i <
n - 1 to ladder. The vertices of TL,, are u; and v;.
u; and v; are the two paths in the graph TL,, where
i = {1,2,..,n}. A complete bipartite graph is a
graph with bipartition (U, V) in which every vertex
of U is connected with every vertex of V. If |U| =
aand |V|= b, then the complete bipartite graph is
denoted by K, . If either |[U| = 1or [V| =1, then
K, or K, 4 is known as star graph.

Proposition 1:* Suppose G be a graph having p
vertices and g edges. For integers a = 3 and d = 2,
[@] <(a,d)—tes(G)<a—2+(q—1)d.
Proposition 2:* If P, is a path of order n, then

(3,2)- tes(Py) = ||

Proposition 3:* Let K;, be a star graph. Then
(3,2) —tes(Kyn) = n, n = 2.

p(vivy) =1, p(iviy) =20+1, 2<i
<n-—1,

p(uvy) =1, p(uzv3) =5,
p(uvip1) =2i—1, 3<i
<n-1,

induced edge weight function
{3,5,7,...,6n — 5} is given by
Y(uuip) =6i—3, 1<i<n-1,
Yivip) =6i+1, 1<i<n-—1,
Y(uviz) =6i—1, 1<i<n-1
therefore, the induced edge weights of SL ,, generates
an arithmetic progression and it differs by 2 and
hence(3,2)- tes(SL,,) < 2n— 1.

Propositionl shows that (3,2)- tes(SL,) = 2n —
1, this concludes the proof. ]
Example 1:(3,2) total edge irregular labeling of
SL 1 is givenin Fig 1.

Y:E(SL,) =

: 7 9 11 13 15 17 19
3 1 3 5 5 g4 9 11 13 15 17 19
&
1 5 5 7 9 11 13 15 7
17 .
R 3 5 3 7 35 9 T ¢4 9 1 15 B g7 B9

Figure 1. (3,2)- tes(SL 1) = 19.
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Theorem 2: If C,is a cycle having n vertices,

then (3,2)- tes(C,)) = [, n > 6.
Proof: Let C,, be a cycle with n vertices.

Let V(C,) ={v, v, ..,v,} andE(C,) ={e; =

Viviy /1< i <nk

Define total

{1, 2., [Zn;l]} as follows.

Casei If n=0(mod3)

p(v) =1, p(wy) =1, p(v,) =3,
. . n

plvg)=4i—1, 1<i< lEJ

n
p(3i41) = 4i + 1, 1stskL

n
p(Vagp) =4i+1, 1<i SH—L

n
p(vn-3p) =4i+3, 0<i< [g] -1,
n
p(Vn-@isny) =4i+3, 0<i< [E] -1,
, . n
p(Vn-@irn) =4i+5, 0<i< [gJ -1,
p(en) =1,
plesip1) =4i+1, 0<i<
plesizz) =4i+3, 0<i<
— A . n
ples))=4i—1, 1<i< lg
n
plen-ion) =4—-1, 1<i<|7|
n
plen-i-n) =4i+1, 1<i< [g] -1,
n
plen_sp)=4i+1, 1<i< [E] ~1.

Caseii If n=1(mod3)
,0(171) = 1! P(Vz) = 1!

p(vay) = 4i —1, 1Sis[

6
n_
p(v3i41) =4i+1, 1<i< l—

n—ll

n—1

p(V3i42) =4i+1, 1<i< [T 1,
. . n—1

p(vn_3l-)) =4i+3, 0<i< [TI_L

n—1
pP(Vn-@isny) =4i+3, 0<i< [TJ -1,

. . n—1
p(vn_(3l-+2)) =4i+5 0<i< [ c J -1,
plen) =1,

labeling p: V(C,) UE(C,) -

n—lJ

6 )
n

p(esizz) = 4i+3, 0<l<[T _1,

p(e3i+1) =4i 4+ 1, 0 < i < l

n—1]
6 )

p(en_(3i_2)) =4i— 1, 1<i< [

pes;) = 4i—1, 1Si$[

n—1
plen-@i-n) =4i+1, 1<i< [ ]

plen—zpn)=4i+1, 1<i< [
Caseiii If n=2(mod3)
p(vl) = 11 p(UZ) = 1’

2n+2

If n is odd, (UEJH) =z
If nis even, (v(§)+1) ==
n—2
p(vy) =4i—1, 1 _[6],
) ) n—2
p(v3i41) = 4i+ 1, 1SlSl 6 J
p(V3i42) =4i+1, 1<l<l——1

IA
A

, . n—2
p(Vn-spy) =4i+3, 0<is< [T] -1,
. . n—2
P(Un—(3i+1)) =4i+3, 0<5i< [T] -1,
. . n—2
p(vn—(3i+2)) =4i+5 0<i< l—6 J 1,

p(en) = 11
P isodd, (enma) = 22 (em) _ma

- 2n—4 2n+2
If nis even, (en> =—,p (en ) = ,
2 3 2t 3

n—2
plesip1)=4i+1, 0<i< [T]_l’

n—2
plesip) =4i+3, 0<i< lTJ_l’

n—ZJ
6 )

. . _n—2
p(en_(3i_2)) =4 — 1, 1<i< [ 6 ],
n—ZJ
6 7

p(en 31)) 4i +1, 1<l<[— -1

ples) =4i—1, ISiSl

plen—@i-n) =4i+1, 1<i< l

induced edge weight function : E(C,) —
{3,5,7,...,2n+ 1} is given as
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Ple)=4i-1, 1<i<[4,
ll)(en) =5,
Plen) = 4i+5, 1<i<[ZH-2

therefore, the induced edge weights of C,, , generates

an arithmetic progression and it differs by 2 and
hence(3,2)- tes(C,) < [2113_+1]

Proposition 1 shows that (3, 2)- tes(C,,) = [
this concludes the proof. |

2n+1
3 ’

Example 2:(3, 2) total edge irregular labeling of C;,
is given in Fig 2.

7 5
5 = 5

[ X5

Figure 2. (3,2)- tes(Cqp) = 7.
Remark 1:
For n=3,45 (3,2)- tes(C,) <[],
total edge irregular labeling for C,, is shown as
follows in Figs 3-5.

1
Figure 3. (3,2)- tes(C3) = 3.

N @1

3 1
2} ® 3
3 3

Figure 4. (3,2)- tes(C4) = 3.
1

3 4 4
Figure 5. (3,2)- tes(Cs) = 4.

Theorem 3: (3,2)- tes(TL,) = [g?n] —2 forn=
2.

Proof: Let the vertex set of TL, =V; UV, where
Vy = {uy, uy, ..., uy}, and V, = {vy,v,,...,v,} and
E(TLy) = {wiuis1/1<i<n—1}U{vviq/
1<i<n—-1}u{yv/1<i<n}uU{uvi,/
1<i<n-1}

Define  total labeling p: V(TL,) UE(TL,) -
{1, 2, ..., [8?"] - 2} as follows:

Casei If n=0(mod3)

pluzip) =8i—7, 1<i<?Z,
pluzi) =8i—3, 1<i<Z,
plus) =8i—1, 1<i<Z,
p(vsi_g) = 8i—7, 1stsg,
p(v3;_1) = 8i —5, 1Sl£§,

p(v3;)) =8i—3, 1<i<

w| 3
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, . _n n-—
p(uzi_ouzi_1) =8i—5 1<i< 3 p(usj_qv3;_1) =8i—5 1<i< =
(ag_qus) =8i—3, 1<i<— n—1
plUzi—1lUzi) =6l =3, 1=1=3, p(usivy;) =8i—1, 1<i< —3
n—23
—_— 1 r n J—
p(usiiziry) =8i+1, 1<i<——, p(usi—2v3i1) =8i =5, 1<i<——,
n
o Usi)=8i—7, 1<i<=, _  n—1
p(V3i—2V3i-1) = 8i L N 3 p(uzi—qv3;) =8i—3, 1<i< 3
p(v3i—qv3) =8i—3, 1<i< 3 p(UsiVajeg) =8i—1, 1<i< nT_l
p(Uavaies) = 8i—1, 1<i< n; 3, Caseiii If n =2 (mod3)
: )iy 1ei<” pluy) =22 14, p(v,) =222 4 3,
plUzj_2V3j—2) =0l —/, lsl=7, 8(n—2 8(n-2
731 p(upvy) = (n3 )+ 4, p(Up_q1Uy) = (n3 )+ 3
p(uzi—1v3i-1) =8i—5, 1<i< 3 _ o on+1
n p(uszi—,)=8i—7, 1<i< 3
p(usivg;) = 8i — 1, 1Si£§, n—2
n p(u3i_1):8i_3, ISI—S—,
p(u3i_2v3i_1) =8i — 5, 1 < i < §; n— g
n plus;)=8i—1, 1<ic< ,
plusi1vs) =8i—3, 1<i<z, * 3
n
n—3 p(v3;_,)=8i—7, 1<i<——,
p(ugiv3i+1) = 8l - 1, 1 < i < 2 3
n—
Caseii If n=1(mod?3) p(vsi-g) =8i—5, 1<is<——,
. . _n+2 n—2
plusip) =8i—7, 1<is<——, pvs) =8i—3, 1<i<——,
, . _n—1 n—2
p(u3i—1) = Sl - 3' 1 S l S T' p(ugi_zugi_l) = 8l - 5, 1 S l S T,
] . on—1 n—2
pluz) =8i—1, 1<is—, plusioquz) = 8i—3, 1<i<——,
. . _n+2 n—2
pvsip) =8i=7, 1Si<——, plusitiziys) =8i+1, 1<i<——,
] . .n—1 n+1
p(v3i—1) =8i— 5' 1<i< 3 ) p(U3i_2U3i_1) = 8i — 7, 1<i< T,
. o _n—1 n—2
p(v3i):81_3’ 1S1ST' p(vgi_lvgi)=8i_3, 1S1ST,
, . _n— n-—
p(uzi_pusi-1) =8i—5 1<i< 3 p(V3iv3i41) =8i—1, 1<i< =3
. . _n—1 n+1
p(u3i—1u’3i) =8i — 3: 1<i< 3 ) p(U,3i_2'U3i_2) = 8i — 7, 1<i< T,
. o _n—1 n—2
plusitizipy) =8i+1, 1<i<——, p(uzio1vsi1) = 8i =5, 1<i<——,
. ., _n— n-—
p(W3i_2V3i-1) =8i—7, 1<i< — plugivs) =8i—1, 1<i< —5
. o _n—1 n+1
p(v3i_1v3) =8i—3, 1<i< 3 p(usj_,v3;_1) =8i—5 1<i< 3
. o _n—1 n—2
p(v3iv3i+1) = 81’ - 1' 1 S l S T' p(uSi_1U3i) = 81 - 3, 1 S l S T:
. . _n+2 n—2
p(usiaV3ig) =8i=7, 1<is——, puivsiy) =8i—1, 1<i<——,
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induced edge weight function
{3,5,7,...,8n — 5} is given by
Y(uuip1) =8i+1, 1<i<n-1,
Y(vip1)=8i—3, 1<i<n-—1,
Y(uv;)) =8i—5 1<i<n,
Y(uvi) =8i—1, 1<i<n-—-1
therefore, the induced edge weights of TL ,, generates
an arithmetic progression and it differs by 2 and

hence (3,2)- tes(TL,) < [S?n] - 2.

1 3 5 s 7 9 9 11 13

Y:E(TLy) -

shows that (3,2)- tes(TL,) =

[S?n] — 2, this concludes the proof. [

Proposition 1

Example 3:(3,2) total edge irregular labeling of
TL 4, isgivenin Fig 6.

7 9 9 11

Theorem 4: If
Ky n is a complete bipartite graph on (m +
n) vertices, then

(3,2)- tes(Kmn)

nm-1)+1, 3<m<n
={14n

{l?l+1, m = 2,forany n = 2.
Proof: Let

K be a complete bipartite graph on (m +

n) vertices with the vertex set, V(Kp,,) =V, UV,
where Vi = {uq, Uy, oo, Uy} and v, =
{(v1,V5, ., U} and E (K ) = {uvj/1<i <
m,1<j<n}

Casei Suppose3 <m <n.

Define the total labeling p: V(Kpn) U E(Kmn) =
{1,2,..,n(m—1) + 1} as

p(u) =1,

p(u))=ni—n+1, 2<i<m,
p(vj)=2j—1, 1<j<n,
p(ulvj) =1, 1<j<n,
For2<i<m,

p(uivj) =ni—-n+1 1<j<n.
induced edge weight function
{3,5,7,...,2mn + 1} is given as
Y(wv)=2(—Dn+2j+1, 1<i<m, 1<
jsn

YP: E(Km,n) -

13 19 17 17 19 21 5 23
Figure 6. (3,2)- tes(TLqo) = 25.

V)
<t

From the above labeling, it is easy to verify that
(3,2)- tes(Kmn) <n(m—1) + 1. Further, it is
not possible to obtain (3,2)- total edge irregular
labeling by assigning labels fewer than mn —n + 1,
hence (3,2)- tes(Kmy) =n(m—1) + 1.

Caseii  Suppose m = 2, forany n > 2
ThenV(Ky,) = V3 UV, where Vy = {uy,up}, V, =
{vi, vy, ..., v} and

E(Kypn) ={wv;/1<i<2,1<j<n}

Define the total labeling p: V(Ky,) U E(Kyp) =
{1, 2, ., l%"] + 1} as follows:

Subcase i If n =1 (mod 3)

pu) =1, p(uy) = 27,
2j — 1, 1<j<22
Tl o), s
p(uy;) =
1, 1<j<™2
2+ (- (%), "oj<n
2n+4 1Sj$n—+5

p(uzvf) = Y2n+7 . n+8 n+8 ]
3 +(f_(T))' S SJjsn
Subcase ii If n = 2 (mod 3)

4in+1
plu) =1, p(uy) =25,
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2j -1, 1<j<™=
p(vj) = 2n+s . (n+7 n+7 _ .
r(-(9) sisn
1, 1<j<™
p(ulvj)z 24 (i— n+7 n+7< < ’
J (T) » T3 SIsnh
p(uzv;) =
2n+5, 1 S] < n_+4
3 3
2n+8 . n+7 n+7 .
3 +(1_(T))' R
Subcase iii If n = 0 (mod 3)
4
p(ul) = 1' p(uz) = ?n!
p(v;) =
. . n+6
2j—1, 1<j< =
2n+12 . n+9 n+9 .
=2 (- (5) ERta
1, 1<j<™e
p(ulvj) = 2 . n+9 n+9 < i <3
+i-(%) Rt
p(uzvy) =
2n3+6’ 1 S] < n_+6
2n+9 . n+9 n+9 ,
3 +<]_(T))’ ER
induced edge weight function  Y:E(K,,) —

{3,5,7,...,4n + 1} is given by
Y(uv))=2j+1, 1<j<n,

Y(uvj))=2n+2j+1, 1<j<n
therefore, the induced edge weights of K, ,,(n = 3)
generates an arithmetic progression and it differs by

2 and hence(3,2)- tes(K,,) < [%nJ + 1.

Proposition 1 shows that (3, 2)- tes(Ky,) = [%nJ +
1, this concludes the proof. |
Remark 2:

If m=n=1, thenK; ; = P, and hence it follows
from Proposition 2.

If m = 1 <n, then K, ,, and by proposition 3, the
result follows.

[ |

In the case of the complete bipartite graph K, ,, , the
upper bound of (3, 2)-total edge irregular strength
given in Proposition 1 is reformed as follows.
Corollary 1:

If K, isacomplete bipartite graph on (m + n)
vertices, then

[@] < (3,2)- tes(Kpmn) <n(m—1) + 1.
[ |
Example 4:(3,2) total edge irregular labeling of

Ky, K26, K5 6 and K3 5 are given in Figs7, 8, 9, and
10.

Figure 7. (3,2)- tes(K46) = 19.
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Conclusion

This article investigates (3, 2)-total edge irregularity
strength of standard graphs namely:
(3,2)- tes(SL,) =2n—1 for any n = 2 where
SL, is a slanting ladder with 2n vertices,
(3,2)- tes(C,) = [2n3+1], n>6 where C,is a
cycle having n vertices, (3,2)- tes(TL,) = [%n] —
2 for n > 2 where TL,, is a triangular ladder. In
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