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Introduction 

Consider a nonempty set A and a monoid S. Let µ: 

A × S ⟶A be defined as µ(a, s) = (a, s) ⟼ as, such 

that (as)t = a(st). This leads to a = a . 1, where s, t ∈  
S, and a ∈ A. AS being a right act1-3. Moving 

forward, let us examine a Hilbert space H over a 

field F (where F can be either real or complex), and 

let T be a bounded linear operator on H. The 

exponential operator eT is  𝑒𝑇= ∑
𝑇𝑛

𝑛 !

∞

𝑛=0
, where T0 

= I, the identity operator on H. The exponential 

operator is well-defined, the sum exists4. Flowing5, 

consider a polynomial ring R = F[x] with 

coefficients in F. Define the function Ø: R × V⟶V 

such that p(T)v = p . v = Ø(p, v), where T is a linear 

operator. Here, Ø transforms V into a left R-

module, denoted as VT. When a bounded operator T 

on a Banach-space act as V over a field F, and 𝑆 =
{𝑒𝑥: 𝑥 ∈ 𝑅} represents the semi-group, the function 

µ ∶ 𝑆 × 𝑉 → 𝑉 is  𝑒𝑇(𝑣)  =  µ(𝑒𝑥 , 𝑣), which 

establishes V as a left act over the monoid S, 

denoted as 𝑉𝑇
5. In the context of an act AS , if for 

any x, y, the equation xc = yc implies x = y for any 

right cancellable element c ∈ S, then AS is torsion-

free. Moreover, if S satisfies the ascending chain 
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(T)i

i !

n

i=0
+ ∑

(−T)i

i !

n

i=0
) ∑ aj vj

j∈˄
=    lim

𝑛→∞
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condition for right ideals, it is equivalent to being 

Noetherian. This condition translates to the 

existence of every ascending chain 𝔙1 ⊆ 𝔙2 ⊆
𝔙3 ⊆…⊆ 𝔙n ⊆ 𝔙n+1 ⊆…, of its right sub acts, 

there exists n ϵ N such that 𝔙n=𝔙n+1=…1. Recall 

that an operator T is considered nilpotent if T n = 0 
for some integer2. 

Results and Discussion 

Definition 1: Let T be a bounded operator on a 

Banach-space V over a field F, and consider the 

semigroup 𝑆 = {𝑠𝑖𝑛𝑠ℎ𝑥 ∶ 𝑥 ∈ 𝑅}. Define the 

function µ  from S × V into V as µ(sinsh 𝑥 , 𝑣)  =
sinsh 𝑇 (𝑣), then V is called a left act over S, 

denoted as 𝑉𝑠𝑖𝑛𝑠ℎ𝑇. 

Put pn(T) =  ∑
(T)i

i !

n

i=0
  = I + (T) + 

(T)2

2!
+

(T)3

3!
+

⋯ +
(T)n

n!
 and   pn(−T) =  ∑

(−T)i

i !

n

i=0
  = I +

(−T) +  
(−T)2

2!
+

(−T)3

3!
+ ⋯ +

(−T)n

n!
. 

Proposition 1: If a basis K = {vj, j ∈ ⋀} for V, then 

every element w of 𝑉𝑠𝑖𝑛𝑠ℎ𝑇 can be composed as 

w = lim
n→∞

(∑
(T)i

i !

n

i=0
+

 ∑
(−T)i

i !

n

i=0
) ∑ aj vj

j∈˄
=    lim

𝑛→∞
(pn (T) + pn(−T)). 

v, for some v in V. 

Proof: Define µ: S×V →V, by µ (sinsh x, v) = 

sinshT (v) = 
1

2
(𝑒𝑇 − 𝑒−𝑇)(v) = 

1

2
(∑

(𝑇)𝑖

𝑖 !

∞

𝑖=0
− ∑

(−𝑇)𝑖

𝑖 !

∞

𝑖=0
)  (v). For w ∈

𝑉sinh 𝑇 , then w =  
1

2
(∑

(𝑇)𝑖

𝑖 !

∞

𝑖=0
− ∑

(−𝑇)𝑖

𝑖 !

∞

𝑖=0
) (v) = 

1

2
[I + (T) + 

(T)2

2!
+

(T)3

3!
+ ⋯ +

(T)n

n!
− [I + (−T) +

 
(−T)2

2!
+

(−T)3

3!
+ ⋯ +

(−T)n

n!
]] (v). 

Since   K = {v j, j ∈ ˄} is a basis for V then   

𝑤 =  
1

2
((∑

(𝑇)𝑖

𝑖 !

∞

𝑖=0
 − ∑

(−𝑇)𝑖

𝑖 !

∞

𝑖=0
)) (∑ ajj ∈ ˄ vj)   

     =
1

2
[I + (T) +  

(T)2

2!
+

(T)3

3!
+ ⋯ +

(T)n

n!
 + ⋯ −

[I + (−T) + 
(−T)2

2!
+

(−T)3

3!
+ ⋯ +

(−T)n

n!
… ]] (∑ ajj∈ ˄ vj)            =

1

2
 [ I + (T) + 

(T)2

2!
+

(T)3

3!
+ ⋯ +

(T)n

n!
 + ⋯ − I − (−T) −  

(−T)2

2!
−

(−T)3

3!
−

⋯ −
(−T)n

n!
− ⋯ ]] (∑ ajj ∈ ˄ vj) 

     =
1

2
[I + (T) + 

(T)2

2!
+

(T)3

3!
+ ⋯ +

(T)n

n!
 + ⋯ −

I + (T) − 
(T)2

2!
+

(T)3

3!
− ⋯ −

(−T)n

n!
−

⋯ ]] (∑ ajj ∈ ˄ vj)    = 
1

2
[2T +  2

(T)3

3!
+ 2

(T)5

5!
+ ⋯ +

2
(T)2n+1

(2n+1)!
](∑ ajj ∈ ˄ vj)  

     =T(∑ ajj ∈ ˄ vj) +  
(T)3

3!
(∑ ajj ∈ ˄ vj) +

(T)5

5!
(∑ ajj ∈ ˄ vj) + ⋯ +

(T)2n+1

(2n+1)!
(∑ ajj ∈ ˄ vj) + 

     = ∑
(T)2i+1

(2i+1)!

∞

i=0
(∑ ajj ∈ ˄ vj)  

But when T ∈ B(H) the series∑
Ti

i !

∞

i=0
 converges in 

B(H)2. Therefore, ∑
(T)2i+1

(2i+1) !

∞

i=0
 is converge. Thus 

 w = lim
n→∞

∑
(T)2i+1

(2i+1) !

n

i=0
(∑ ajj ∈ ˄ vj) =

 lim
n→∞

(  pn(T) −  pn(−T)). V, where B(H) is the set 

of all bounded operator on H 

Lemma 1: 𝑉𝑠𝑖𝑛𝑠ℎ𝑇 is act over S if and only if 

 𝑉𝑠𝑖𝑛𝑠ℎ𝑇 is a module where T is a nilpotent operator. 

Proof: This follows the same method as the proof 
of Lemma 2.4 6. 

Proposition 2: If 𝑇 and 𝑆 are similar bounded 

operators, then VsinshS and VsinshT are isomorphic. 

Proof: This follows the same method as the proof 

of Proposition 2.5 6. 

Proposition 3: VsinshT is a faithful act over S, 

where T is any bounded linear operator. 

https://doi.org/10.21123/bsj.2024.9116
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Proof: To show that any bounded operator VsinshT 

is faithful, consider sinsh x1 . sinshT(v) =
sinshx2 . sinshT(v). As sinshT is an operator, thus, 

sinshT is linear transformation, and 

sinsh T(sinsh x1 . v) = sinshT(sinsh x2 . v). But 

sinshT is one-to-one 2. So that sinsh x1 . v =
sinsh x2 . v, this implies that sinsh x1 =
sinsh x2, ∀𝑥1, 𝑥2 ≠ 0. Therefore VsinshT is faithful 
act over S. 

Proposition 4: If T is an onto operator and VsinshT 

is finitely generated (f . g), then V is finite 
dimensional. 

 Proof: This follows the same method as the proof 

of Proposition 2.8 6. 

Proposition 5: For any bounded operator T, then, 

1- If T is any bounded operator, then  VsinshT is 

separated,  

2.  If, VsinshT is separated act over S, Then T is 

injective. 

Proof: (1) Let p ≠ q in VsinshT.  To prove that 

VsinshT is separated, it must be shown that there is 

m, n ∈ S, m≠  n, with n as the identity element, 

such that ma ≠  mb. Suppose ma = mb, n ≠ m ϵ S, 

such that m = sinsh x, n is the identity element,  p, 

q 𝜖 𝑉𝑠𝑖𝑛𝑠ℎ𝑇, this gives 𝑠𝑖𝑛𝑠ℎ 𝑥 .  sinshT(v1)  =
 𝑠𝑖𝑛𝑠ℎ 𝑥 . sinshT(v2) ∋  v1, v2 ∈  𝑉, 𝑥 ∈  𝑅, as 

sinshT is an operator, sinshT is linear 

transformation, this give 𝑠𝑖𝑛𝑠ℎ 𝑥 . sinshT(v1)  =
 𝑠𝑖𝑛𝑠ℎ 𝑥. sinshT(v2)s, thus sinshT(sinsh x .  v1) = 

sinsh T(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2), but sinshT is one to one 2. 

Therefore, 𝑠𝑖𝑛𝑠ℎ 𝑥 . v1 =   𝑠𝑖𝑛𝑠ℎ 𝑥 . v2, thus  (v1 −
v2)𝑠𝑖𝑛𝑠ℎ𝑥 = 0, since 𝑠𝑖𝑛𝑠ℎ 𝑥 ≠ 0. Thus v2 =
v1 , thus either sinshT(v1)  ≠  sinshT(v2) or 

sinshT(v1)  =  sinshT(v2), but if sinshT(v1)  ≠
 sinshT(v2), this give v1 ≠ v2  this  contradcts with 

v1 = v2, then sinshT(v1)  =  sinshT(v2), means p 

= q which is in contradiction, then VsinshT is 
separated act. 

(2) Assume that VsinshT is separated, to prove the 

operator T is 1-1. Put v1 ≠ v2  , must show that 

T(v1)  ≠  T(v2  ). Because v1 ≠ v2  , thus either 

sinshT(v2)  ≠  sinshT(v1  ) or sinshT(v2) = 

sinshT(v1). If sinshT(v2) = sinshT(v1),
this  contradicts with v2 ≠ v1(because sinshT is 1-

12), hence sinshT(v1) ≠ sinshT(v2  ), but VsinshT is 

separated act over S then ∃ e ≠ s, s = sinsh x ∈  𝑆 

such that, 𝑠𝑖𝑛𝑠ℎ 𝑥 . sinsh T(v1)  ≠
 𝑠𝑖𝑛𝑠ℎ 𝑥 . sinshT(v2), because sinshT is an 

operator, then sinshT is linear transformation, thus 

sinshT(sinsh x . v1)   ≠  sinshT(𝑠𝑖𝑛𝑠ℎ 𝑥 .  v2), 

thus, 

 (I + (T) + 
(T)2

2!
+

(T)3

3!
+ ⋯ − [I + (−T) + 

(−T)2

2!
+

(−T)3

3!
+ ⋯ ]) (𝑠𝑖𝑛𝑠ℎ 𝑥 .  v1)≠ (I + (T) +  

(T)2

2!
+

(T)3

3!
+ ⋯ − [I + (−T) + 

(−T)2

2!
+

(−T)3

3!
+

⋯ ]) (𝑠𝑖𝑛𝑠ℎ 𝑥 . v2), i.e., T(𝑠𝑖𝑛𝑠ℎ 𝑥 . v1) +

(T)3

3!
(𝑠𝑖𝑛𝑠ℎ 𝑥 . v1) +

(T)5

4!
(𝑠𝑖𝑛𝑠ℎ 𝑥 . v1) +

⋯ ≠ 𝑇(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2) +
(T)3

3!
(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2) +

(T)4

4!
(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2) + ⋯ , hence T(𝑠𝑖𝑛𝑠ℎ 𝑥 . v1)  ≠

 T(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2), thus v2 ≠ v1 

and 
(T)3

3!
(𝑠𝑖𝑛𝑠ℎ 𝑥 . v1)  ≠  

(T)3

3!
(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2), 

implies that 
T

3!
(𝑇2(𝑠𝑖𝑛𝑠ℎ 𝑥 . v1)  ≠

 
T

3!
(𝑇2(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2)), thus (T( T(sinsh x . v1) ) ≠

T(T(sinsh x . v2)). 

Proof: Put sinsh x sinshT(v1)  =
 sinsh x sinsh T(v2),  for all cancellable element in 

S, sinsh  𝑥, thus sinsh T(𝑠𝑖𝑛𝑠ℎ 𝑥 . v1) 

= sinsh T(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2), (because sinshT is 1-1). 

Therefore, 𝑠𝑖𝑛𝑠ℎ 𝑥. v1 =  𝑠𝑖𝑛𝑠ℎ 𝑥 . v2, then v1 = v2. 

Hence, either sinsh T(v1)  =  sinshT(v2) 

or sinshT(v1)  ≠  sinshT(v2), if sinshT(v1)  ≠
 sinshT(v2), this contradiction with v1= v2, then 

 sinshT(v1)  =  sinshT(v2), thus VsinshTis torsion 

free. (T(sinsh x. v2))  ≠  (T(sinsh x. v1)), by the 

same argument, hence T(v2)  ≠  T(v1). Therefore, 

T is one to one. 

Proposition 6: Let T be a bounded linear operator, 

then VsinshT is torsion free act over monoid. 

Proof: Put sinsh x sinshT(v1)  =
 sinsh x sinsh T(v2),  for all cancellable element in 

S, sinsh 𝑥, thus sinsh T(𝑠𝑖𝑛𝑠ℎ 𝑥. v1) 

= sinsh T(𝑠𝑖𝑛𝑠ℎ 𝑥 . v2), (because sinshT is 1-1)2, 

therefore 𝑠𝑖𝑛𝑠ℎ 𝑥 . v1 =  𝑠𝑖𝑛𝑠ℎ 𝑥 . v2, then v1 = v2. 

Hence, either sinshT(v1)  =  sinshT(v2) 

or sinshT(v1)  ≠  sinshT(v2), if sinshT(v1)  ≠
 sinshT(v2), this contradicts with v1= v2, then 

 sinshT(v1)  =  sinshT(v2). Therefore, VsinshT is 

torsion free. 

https://doi.org/10.21123/bsj.2024.9116
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If A is f . g act and S is Noetherian, then A is 

Noetherian act over S 7-10. 

Proposition 7: Put T as similar to any operator 𝔇 

from 𝔑 to 𝔑, and V as a finite dimensional normed 

space, then VsinshT is Noetherian act over S if S is 
Noetherian. 

Proof: Since V is finite dimension, it is a f . g act 

over S2, and S is Noetherian, then it is Noetherian 

S-act. Put any ascending sequence ideals of S 

as 𝔙1 ⊆  𝔙2 ⊆ 𝔙3 ⊆…⊆ 𝔙n ⊆ 𝔙n+1 ⊆…, thus it 

is a sequence of sub-acts of SS denoted by S 𝔇, for 

any operator 𝔇 from 𝔑 to 𝔑, because T is similar to 

𝔇. Therefore, by Proposition 2, VsinshT is 

isomorphic Ssinsh𝔇, making Ssinsh𝔇 as Noetherian 
act over S, thus S is Noetherian. 

 

Conclusion 

In this work, we have introduced and established 

the concept of associated act over the monoid S of 

sinshT.  The following relationships are proven: If 

𝑇 and 𝑆 are similar bounded operators. Then 

VsinshS and VsinshT are isomorphic. When operator 

T is similar to any operator 𝔇 from 𝔑 to 𝔑, and V is 

a F.D.N.S, then VsinshT is Noetherian act over S if 

and only if S is Noetherian. The S-act VsinshT is 
separated, where T is any bounded linear operator. 
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 المقيدة المؤثراتو بعض النتائج حول الآثار

 1منى جاسم محمد علي ، 2 عهود سعدي الحسنى ،1نادية محمد جواد ابراهيم

  .العراق، بغداد ،بغدادجامعة  ،كلية العلوم للبنات، قسم الرياضيات ، 1
 . العراق، بغداد ،بغدادجامعة  ،كلية العلوم  قسم علوم الحاسوب، 2

 

 ةالخلاص

ولد تالمنتهى ال الاثردراسة علاقة الأثر المخلص و و خواصه قد تم دراسته في هذا البحث حيث تم sinshTبالنسبة إلى    Vلأثر ا 

ثر المنصل  وربهها بالمثثرات المتباينة حيث تم بهنة العلاقات التالية ا  الاثر ااا وفط  ااا مطا  في حالة كو  المثثر هو عديم الاو

الطوة وكذلك في حالة كو  المثثر شام  فا  الاثر هو منتهي التولد اي ا  الغضاء هو منتهي التولد وايضا تم برهن ا  الاثر مخلص 

لك قد تم التحطق من انه لاي مثثر مطيد فا  الاثر منصل  وفي حالة كو  الاثر منصل  فا  المثثر سوف يكو  \كلك  مثثر مطيد و

متباين وايضا تم برهنة انه في حالة كو  الصضاء يمتلك قاعدة فا  الاثر سوف يكو  ك  عنلر فيه يمكن كتابته كتركيبة خهية ومن 
 .ااا كا  المثثر مشابه لمثثر اخر فا  الاثر سوف يكو  نوثيرين بوجد شرط على الصضاء  العلاقات المهمة التي قد تم برهانها انه 

 .، المثثرات المصيدة، الأثر المخلص، المثثر المتباينات، الأثر المنصل  sinshTبالنسبة إلى Vأثر  الكلمات المفتاحية: 
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