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Introduction 

The Banach1 fixed point theorem, also known as the 

Banach contraction theorem or the Banach 

contraction principle theorem, was first introduced in 

1922. Banach’s fixed point theorem guarantees that 

there is a unique fixed point of the mapping in a 

metric space and provides a method that can be used 

to obtain this fixed point. The theorem became the 

basis for the development of the fixed-point theory 

by several scientists, such as Kannan2, Chatterjea3, 

and Reich4. In 1989, the theory of b-metric spaces 

which is an extension of the metric spaces was 

introduced by Bakhtin5 and popularized and 

developed by Czerwik6 in 1993.  

Debnath and Srivastava have presented a new 

existence of the Kannan and Reich fixed point 

theorem using Wardowski’s technique7 and some of 

the best proximity point results for Kannan 

contractive mapping pairs8. Debnath et al 9 presents 

some results of the fixed-point theorem for the 

Kannan, Reich, and Chatterjea contraction functions 

that only use metric spaces.  

The main aim of this paper is to propose and prove 

fixed point theorems of functions using generalized 

Kannan, Reich, and Chatterjea contractions in b-

metric spaces. 

Materials and Methods 

Definition 110: Let X be a non-empty set and d: X ×
X → ℝ+ is a real-valued function satisfying: 

d1) d(v, w) = 0 if and only if v = w; 

d2) d(v, w) = d(w, v); 

d3) d(v, w) ≤ d(v, u) + d(u, w) for all u, v, w ∈ X. 

Then d is called a metric in X, and (X, d) is called a 

metric space. 
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Definition 211: Let X be a non-empty set and let k >
1 be a given real number. Let q: X × X → ℝ+ is a 

real-valued function satisfying: 

q1) q(v, w) = 0 if and only if v = w; 

q2) q(v, w) = q(w, v); 

q3) q(v, w) ≤ k[q(v, u) + q(u, w)] for all u, v, w ∈
X.  

Then q is called a metric in X, and (X, q) is called b-

metric space. 

Example 112: Let X = [0,1] then q(v, w) = (v −
w)2 is a b-metric on R with k = 2. 

Definition 313: Let {vn} be a sequence in the metric 

space (X, d). 

1. A sequence {vn} is called convergent if there is 

v ∈ X such that d(vn, v) → 0 when n → +∞, or 

in other words for every ε > 0 there is n0 ∈ ℕ 

such that n ≥ n0 implies that d(vn, v) < ε. 

2. A sequence {vn} is called convergent if there is 

v ∈ X such that d(vn, vm) → 0 when n, m → +∞, 

or in other words for every ε > 0 there is n0 ∈ ℕ 

such that n ≥ n0 implies that d(vn, vm) < ε. 

Definition 413: Metric space (X, d) is said to be 

complete if and only if each Cauchy sequence in X is 

convergent in X. 

Definition 314: Let {vn} be a sequence in b-metric 

space (X, q). 

1. A sequence {vn} is called convergent if there is 

v ∈ X such that q(vn, v) → 0 when n → +∞, or 

in other words for every ε > 0 there is n0 ∈ ℕ 

such that n ≥ n0 implies that q(vn, v) < ε. 

2. A sequence {vn} is called convergent if there is 

v ∈ X such that q(vn, vm) → 0 when n, m → +∞, 

or in other words for every ε > 0 there is n0 ∈ ℕ 

such that n ≥ n0 implies that q(vn, vm) < ε. 

Definition 414: b-metric space (X, q) is said to be 

complete if and only if each Cauchy sequence in X is 

convergent in X. 

Lemma 115: Let (X, q) be a complete b-metric space 

with k ≥ 1 and {vn} ⊂ X be a sequence in b-metric 

space satisfying the following equation 

q(vn, vn+1) ≤ αq(vn−1, vn), 

For n ∈ ℕ and α <
1

k
 then {vn} is a Cauchy sequence 

in X. 

Fixed Point Theorems of Kannan, Reich, and 

Chatterjea in Metric Space 

Theorem 12: Let (X, d) be a complete metric space, 

T: X → X be a self-map. Suppose there exists γ ∈

[0,
1

2
) such that 

d(Tv, Tw) ≤ γ[d(v, Tv) + d(w, Tw)], 

for all u, v ∈ X with v ≠ w. Then T has a unique 

fixed point in X. 

Theorem 23: Let (X, d) be a complete metric space, 

T: X → X be a self-map. Suppose there exists γ ∈

[0,
1

2
) such that 

d(Tv, Tw) ≤ γ[d(v, Tw) + d(w, Tv)], 

for all u, v ∈ X with v ≠ w. Then T has a unique 

fixed point in X. 

Theorem 34: Let (𝑋, 𝑑) be a complete metric space, 

𝑇: 𝑋 → 𝑋 be a self-map. Suppose there exists non-

negative constants 𝑎, 𝑏, 𝑐 satisfying 𝑎 + 𝑏 + 𝑐 < 1 

such that 

𝑑(𝑇𝑣, 𝑇𝑤) ≤ 𝛼𝑑(𝑣, 𝑇𝑣) + 𝛽𝑑(𝑤, 𝑇𝑤) + 𝛾𝑑(𝑣, 𝑤), 

for all 𝑢, 𝑣 ∈ 𝑋 with 𝑣 ≠ 𝑤. Then 𝑇 has a unique 

fixed point in 𝑋. 

Fixed Point Theorems of Kannan, Reich, and 

Chatterjea in Metric Space 

Theorem 49: Let (𝑋, 𝑑) be a complete metric space, 

𝑇1, 𝑇2: 𝑋 → 𝑋 be a pair of self-maps. Suppose there 

exists 𝛾 ∈ (0,
1

2
) such that 

𝑑(𝑇1𝑣, 𝑇2𝑤) ≤ 𝛾[𝑑(𝑣, 𝑇1𝑣) + 𝑑(𝑤, 𝑇2𝑤)], 
for all 𝑢, 𝑣 ∈ 𝑋 with 𝑣 ≠ 𝑤. Then 𝑇1 and 𝑇2 have a 

unique common fixed point in 𝑋. 

 

Theorem 59: Let (𝑋, 𝑑) be a complete metric space, 

𝑇1, 𝑇2: 𝑋 → 𝑋 be a pair of self-maps. Suppose there 

exists 𝛾 ∈ (0,
1

2
) such that 

𝑑(𝑇1𝑣, 𝑇2𝑤) ≤ 𝛾[𝑑(𝑣, 𝑇2𝑤) + 𝑑(𝑤, 𝑇1𝑣)], 
for all 𝑢, 𝑣 ∈ 𝑋 with 𝑣 ≠ 𝑤. Then 𝑇1 and 𝑇2 have a 

unique common fixed point in 𝑋. 

 

Theorem 69: Let (𝑋, 𝑑) be a complete metric space, 

𝑇1, 𝑇2: 𝑋 → 𝑋 be a pair of self-maps. Suppose there 

exists 𝛾 ∈ (0,
1

3
) such that 

𝑑(𝑇1𝑣, 𝑇2𝑤) ≤ 𝛾[𝑑(𝑣, 𝑇𝑣) + 𝑑(𝑤, 𝑇𝑤) + 𝑑(𝑣, 𝑤)], 
for all 𝑢, 𝑣 ∈ 𝑋 with 𝑣 ≠ 𝑤. Then 𝑇1 and 𝑇2 have a 

unique common fixed point in 𝑋. 
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Results and Discussion 

Theorem 7 uses a generalization of the Kannan 

contraction function (if 𝛽 = 𝛼, then Eq 1 becomes 

the Kannan contraction function). 

 

Theorem 7: Let (𝑋, 𝑞) be a complete b-metric space 

with 𝑘 > 1 be a given real number and 𝑇1, 𝑇2: 𝑋 → 𝑋 

be a pair of self-maps, such that 

𝑞(𝑇1𝑣, 𝑇2𝑤) ≤ 𝛼𝑞(𝑣, 𝑇1𝑣) + 𝛽𝑞(𝑤, 𝑇2𝑤),  

1  

for all 𝑢, 𝑣 ∈ 𝑋 where 0 < 𝛼 + 𝛽 < 1 , 𝑘𝛼 + 𝛽 <

1  and 0 < 𝛼, 𝛽 <
1

𝑘
. Then 𝑇1 and 𝑇2 have a unique 

common fixed point in 𝑋. 

 

Proof. Since 𝑋 is nonempty, let 𝑣0 ∈ 𝑋 and define a 

sequence {𝑣𝑛} in 𝑋 inductively by putting 𝑣2𝑛+1 =
𝑇1𝑣2𝑛 and 𝑣2𝑛+2 = 𝑇2𝑣2𝑛+1 for 𝑛 = 0,1,2,3, …. Will 

be shown 𝑣𝑛 ≠ 𝑣𝑛+1. Suppose that 𝑣𝑛0
 =  𝑣𝑛0+1 for 

some 𝑛0 ∈ ℕ. From Eq 1, obtained  

𝑞(𝑣𝑛0+1, 𝑣𝑛0+2) = 𝑞(𝑇1𝑣𝑛0
, 𝑇2𝑣𝑛0+1) 

 ≤ 𝛼𝑞(𝑣𝑛0
, 𝑇1𝑣𝑛0

)

+ 𝛽𝑞(𝑣𝑛0+1, 𝑇2𝑣𝑛0+1) 

 = 𝛼𝑞(𝑣𝑛0
, 𝑣𝑛0+1)

+ 𝛽𝑞(𝑣𝑛0+1, 𝑣𝑛0+2) 

 = 𝛼𝑞(𝑣𝑛0+1, 𝑣𝑛0+1) +

𝛽𝑞(𝑣𝑛0+1, 𝑣𝑛0+2)  

 = 𝛽𝑞(𝑣𝑛0+1, 𝑣𝑛0+2). 

a contradiction, since 0 < 𝛽 <
1

𝑘
< 1. Thus, it is 

permissible to assume that 𝑣𝑛 ≠ 𝑣𝑛+1 for all 𝑛 ∈ ℕ. 

For 𝑛 ∈ ℕ, the following cases are investigated. 

 

Case 1: 𝑛 is even. Here 𝑛 = 2𝑖 for some 𝑖 ∈
{0,1,2,3 … }. From Eq 1, obtained  

 

 

 

 

 

𝑞(𝑣2𝑖, 𝑣2𝑖+1) = 𝑞(𝑇1𝑣2𝑖−1, 𝑇2𝑣2𝑖)  

 ≤ 𝛼𝑞(𝑣2𝑖−1, 𝑇1𝑣2𝑖−1)
+ 𝛽𝑞(𝑣2𝑖, 𝑇2𝑣2𝑖) 

 

 = 𝛼𝑞(𝑣2𝑖−1,, 𝑣2𝑖)

+ 𝛽𝑞(𝑣2𝑖, 𝑣2𝑖+1) 
 

 
≤ 

𝛼

1 − 𝛽
 𝑞(𝑣2𝑖−1, 𝑣2𝑖).  

2  

 

Case 2: 𝑛 is odd. Here 𝑛 = 2𝑖 + 1 for some 𝑖 ∈
{0,1,2,3 … }. Using similar arguments as those given 

in Case 1,  

𝑞(𝑣2𝑖+1, 𝑣2𝑖+2) ≤
𝛼

1 − 𝛽
 𝑞(𝑣2𝑖, 𝑣2𝑖+1).  

3  

Combining Eq 2 and Eq 3 together, obtained 

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤
𝛼

1 − 𝛽
𝑞(𝑣𝑛−1, 𝑣𝑛). 

So,  

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜆𝑞(𝑣𝑛−1, 𝑣𝑛), 

with 𝜆 =
𝛼

1−𝛽
,  

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜆𝑛𝑞(𝑣0, 𝑣1).  

4  

Since +𝛽 < 1 , so we have 

𝑘𝛼 + 𝛽 < 1 

𝑘𝛼 < 1 − 𝛽 
𝑘𝛼

1 − 𝛽
 < 1 

𝛼

1 − 𝛽
 < 

1

𝑘
,  

there exist 0 < 𝜆 < 1. 
 

By using Lemma 1, thus {𝑣𝑛} is Cauchy in the 

complete b-metric space (𝑋, 𝑞). So there exists ℎ ∈
 𝑋 such that 

𝑞(𝑣𝑛, ℎ) → 0 as 𝑛 → ∞.  

5  

 

Now, shown that ℎ is the common fixed point of 𝑇1 

and 𝑇2. So, by using triangular inequality and (1), 

obtained 

 

𝑞(ℎ, 𝑇1ℎ) ≤ 𝑘[𝑞(ℎ, 𝑣2𝑛+2) + 𝑞(𝑣2𝑛+2, 𝑇1ℎ)] 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘𝑞(𝑣2𝑛+2, 𝑇1ℎ) 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘𝑞(𝑇2𝑣2𝑛+1, 𝑇1ℎ) 
 ≤ 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘[𝛼𝑞(ℎ, 𝑇1ℎ) + 𝛽𝑞(𝑣2𝑛+1, 𝑇2𝑣2𝑛+1)] 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘[𝛼𝑞(ℎ, 𝑇1ℎ) + 𝛽𝑞(𝑣2𝑛+1, 𝑣2𝑛+2)] 
 

≤ 
𝑘

1 − 𝑘𝛼
[𝑞(ℎ, 𝑣2𝑛+2) + 𝛽𝑞(𝑣2𝑛+1, 𝑣2𝑛+2)]. 
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Since 0 < 𝛼 <
1

𝑘
 then 1 − 𝑘𝛼 > 0. Taking the limit 

of Eq 4 and Eq 5 as 𝑛 → ∞, obtained 

𝑞(ℎ, 𝑇1ℎ) = 0. 
So, ℎ = 0. Hence ℎ = 𝑇1ℎ. Similarly, it can easily be 

proved that ℎ = 𝑇2ℎ. Therefore, ℎ is the common 

fixed point of 𝑇1 and 𝑇2. 

 

Now, the uniqueness of a common fixed point. 

Suppose 𝑓 ∈ 𝑋 is another common fixed point of 𝑇1 

and 𝑇2, then 𝑇1𝑓 = T2𝑓 = 𝑓 and 𝑞(𝑓, ℎ) > 0,  
𝑞(𝑓, ℎ)

= 𝑞(𝑇1𝑓, 𝑇2ℎ) 
≤ 

𝛼𝑞(𝑓, 𝑇1𝑓)
+ 𝛽𝑞(ℎ, 𝑇2ℎ) 

 = 𝛼𝑞(𝑓, 𝑓) + 𝛽𝑞(ℎ, ℎ) 

 = 0. 
Which is a contradiction, since 𝑞(𝑓, ℎ) > 0, thus 

𝑓 =  ℎ. Hence, the common fixed point of 𝑇1 and 𝑇2 

is unique. 

 

Example 2: Let (𝑋, 𝑞) be a complete b-metric space 

with 𝑘 = 2 and define 𝑞(𝑣, 𝑤) = (𝑣 − 𝑤)2. Let 𝑋 =
[0,1] ⊂ ℝ and define 

𝑇1𝑣 = {

𝑣

3
, 𝑓𝑜𝑟 𝑣 ∈ [0,

1

2
)

𝑣

5
, 𝑓𝑜𝑟 𝑣 ∈ [

1

2
, 1]

,  

and 

𝑇2𝑣 = {

𝑣

4
, 𝑓𝑜𝑟 𝑣 ∈ [0,

1

3
)

𝑣

6
, 𝑓𝑜𝑟 𝑣 ∈ [

1

3
, 1]

,  

Then the condition 𝑞(𝑇1𝑣, 𝑇2𝑤) ≤ 𝛼𝑞(𝑣, 𝑇1𝑣) +
𝛽𝑞(𝑤, 𝑇2𝑤) is satisfied for all 𝑣, 𝑤 ∈ 𝑋 if taking 𝛼 =

𝛽 =
1

4
. Thus, by Theorem 7, 𝑇1 and 𝑇2 have a unique 

common fixed point. 

 

Theorem 8 uses a generalization of the Chatterjea 

contraction function (if 𝛽 =  𝛼, then Eq 6 becomes 

the Chatterjea contraction function). 

 

Theorem 8: Let (𝑋, 𝑞) be a complete b-metric space 

with 𝑘 > 1 be a given real number and 𝑇1, 𝑇2: 𝑋 → 𝑋 

is a pair of self-maps, such that 

𝑞(𝑇1𝑣, 𝑇2𝑤) ≤ 𝛼𝑞(𝑣, 𝑇2𝑤) + 𝛽𝑞(𝑤, 𝑇1𝑣),  

6  

for all 𝑢, 𝑣 ∈ 𝑋 where 𝛼𝑘(𝑘 + 1) < 1 and 𝛼 + 𝛽 <

1 with  𝛼, 𝛽 <
1

𝑘2. Then 𝑇1 and 𝑇2 have a unique 

common fixed point in 𝑋. 

 

Proof: Since 𝑋 is nonempty, let 𝑣0 ∈ 𝑋 and define a 

sequence {𝑣𝑛} in 𝑋 inductively by putting 𝑣2𝑛+1 =
𝑇1𝑣2𝑛 and 𝑣2𝑛+2 = 𝑇2𝑣2𝑛+1 for 𝑛 = 0,1,2,3, …. Will 

be shown 𝑣𝑛 ≠ 𝑣𝑛+1. Suppose that 𝑣𝑛0
 =  𝑣𝑛0+1 for 

some 𝑛0 ∈ ℕ. From Eq 6, obtained  

𝑞(𝑣𝑛0+1, 𝑣𝑛0+2) = 𝑞(𝑇1𝑣𝑛0
, 𝑇2𝑣𝑛0+1) 

 ≤ 𝛼𝑞(𝑣𝑛0
, 𝑇2𝑣𝑛0+1)

+ 𝛽𝑞(𝑣𝑛0+1, 𝑇1𝑣𝑛0
) 

 = 𝛼𝑞(𝑣𝑛0
, 𝑣𝑛0+2)

+ 𝛽𝑞(𝑣𝑛0+1, 𝑣𝑛0+1) 

 = 𝛼𝑞(𝑣𝑛0+1, 𝑣𝑛0+2), 

a contradiction, since 0 < 𝛼 <
1

𝑘2 < 1. Thus, it is 

permissible to assume that 𝑣𝑛 ≠ 𝑣𝑛+1 for all 𝑛 ∈ ℕ. 

For 𝑛 ∈ ℕ, the following cases are investigated. 

 

Case 1: 𝑛 is even. Here 𝑛 = 2𝑖 for some 𝑖 ∈
{0,1,2,3 … }. From Eq 6, obtained 

𝑞(𝑣2𝑖, 𝑣2𝑖+1) = 𝑞(𝑇1𝑣2𝑖−1, 𝑇2𝑣2𝑖)  

 ≤ 𝛼𝑞(𝑣2𝑖−1, 𝑇2𝑣2𝑖)
+ 𝛽𝑞(𝑣2𝑖, 𝑇1𝑣2𝑖−1) 

 

 = 𝛼𝑞(𝑣2𝑖−1, 𝑣2𝑖+1)
+ 𝛽𝑞(𝑣2𝑖, 𝑣2𝑖) 

 

 = 𝛼𝑞(𝑣2𝑖−1, 𝑣2𝑖+1)  

 ≤ 𝛼𝑘[𝑞(𝑣2𝑖−1, 𝑣2𝑖)
+ 𝑞(𝑣2𝑖, 𝑣2𝑖+1), 

 

 
≤ 

𝛼𝑘

1 − 𝛼𝑘
 𝑞(𝑣2𝑖−1, 𝑣2𝑖). 

 

7  

 

Case 2: 𝑛 is odd. Here 𝑛 = 2𝑖 + 1 for some 𝑖 ∈
{0,1,2,3 … }. Using similar arguments as those given 

in Case 1,  

𝑞(𝑣2𝑖+1, 𝑣2𝑖+2) ≤
𝛼𝑘

1 − 𝛼𝑘
 𝑞(𝑣2𝑖, 𝑣2𝑖+1). 

 

8  

Combining Eq 7 and Eq 8 together, obtained 

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤
𝛼𝑘

1 − 𝛼𝑘
𝑞(𝑣𝑛−1, 𝑣𝑛). 

So,  

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜆𝑞(𝑣𝑛−1, 𝑣𝑛), 

with 𝜆 =
𝛼𝑘

1−𝛼𝑘
,  

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜆𝑛𝑞(𝑣0, 𝑣1),   

9  

Since (𝑘 + 1) < 1 , so we have  

𝛼𝑘2 + 𝛼𝑘 < 1 

𝛼𝑘2 < 1 − 𝛼𝑘 

𝛼𝑘2

1 − 𝛼𝑘
 < 1 

𝛼𝑘

1 − 𝛼𝑘
 < 

1

𝑘
, 

there exist 0 < 𝜆 < 1. 
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By using Lemma 1, thus {𝑣𝑛} is Cauchy in the 

complete b-metric space (𝑋, 𝑞). So there exists ℎ ∈
 𝑋 such that 

𝑞(𝑣𝑛, ℎ) → 0 as 𝑛 → ∞.  

10  

Now, shown that ℎ is the common fixed point of 𝑇1 

and 𝑇2. So, by using triangular inequality and Eq 6, 

obtained 

𝑞(ℎ, 𝑇1ℎ) ≤ 𝑘[𝑞(ℎ, 𝑣2𝑛+2) + 𝑞(𝑣2𝑛+2, 𝑇1ℎ)] 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘𝑞(𝑣2𝑛+2, 𝑇1ℎ) 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2)

+ 𝑘𝑞(𝑇2𝑣2𝑛+1, 𝑇1ℎ) 
 ≤ 𝑘𝑞(ℎ, 𝑣2𝑛+2)

+ 𝑘[𝛼𝑞(ℎ, 𝑇2𝑣2𝑛+1)
+ 𝛽𝑞(𝑣2𝑛+1, 𝑇1ℎ)] 

 = 𝑘𝑞(ℎ, 𝑣2𝑛+2)
+ 𝑘[𝛼𝑞(ℎ, 𝑣2𝑛+2)
+ 𝛽𝑞(𝑣2𝑛+1, 𝑇1ℎ)] 

 ≤ 𝑘[(1 + 𝛼)𝑞(ℎ, 𝑣2𝑛+2)
+ 𝛽𝑘{𝑞(𝑣2𝑛+1, ℎ) + 𝑞(ℎ, 𝑇1ℎ)}] 

 

≤ 

𝑘

1 − 𝛽𝑘2
[(1 + 𝛼)𝑞(ℎ, 𝑣2𝑛+2)

+ 𝛽𝑘𝑞(𝑣2𝑛+1, ℎ)]. 
 

Since 0 < 𝛽 <
1

𝑘2 then 1 − 𝛽𝑘2 > 0. Taking the 

limit of Eq 10 as 𝑛 → ∞,  
𝑞(ℎ, 𝑇1ℎ) = 0. 

 

So, ℎ = 0. Hence ℎ = 𝑇1ℎ. Similarly, it can easily be 

proved that ℎ = 𝑇2ℎ. Using the same argument,  

𝑞(ℎ, 𝑇2ℎ) ≤
𝑘

1 − 𝛼𝑘2
[(1 + 𝛽)𝑞(ℎ, 𝑣2𝑛+1)

+ 𝛼𝑘𝑞(𝑣2𝑛, ℎ)] . 
 

Since 0 < 𝛼 <
1

𝑘2 then 1 − 𝛼𝑘2 > 0. Taking the 

limit of Eq 10 as 𝑛 → ∞,  
𝑞(ℎ, 𝑇2ℎ) = 0. 

Therefore, ℎ is the common fixed point of 𝑇1 and 𝑇2. 

 

Now, the uniqueness of a common fixed point. 

Suppose 𝑓 ∈ 𝑋 is another common fixed point of 𝑇1 

and 𝑇2, then 𝑇1𝑓 = T2𝑓 = 𝑓, and 𝑞(𝑓, ℎ) > 0,  
𝑞(𝑓, ℎ)

= 𝑞(𝑇1𝑓, 𝑇2ℎ) 
≤ 

𝛼𝑞(𝑓, 𝑇2ℎ)
+ 𝛽𝑞(ℎ, 𝑇1𝑓) 

 = 𝛼𝑞(𝑓, ℎ) + 𝛽𝑞(ℎ, 𝑓) 

 ≤ (𝛼 + 𝛽)𝑞(𝑓, ℎ). 
Which is a contradiction, since 𝛼 + 𝛽 < 1 and 

𝑞(𝑓, ℎ) > 0, thus 𝑓 =  ℎ. Hence, the common fixed 

point of 𝑇1 and 𝑇2 is unique. 

 

The next theorem uses a generalization of the Reich 

contraction function. 

Theorem 9: Let (𝑋, 𝑞) be a complete b-metric space 

with 𝑘 > 1 be a given real number and 𝑇1, 𝑇2: 𝑋 → 𝑋 

be a pair of self-maps, such that 

 

𝑞(𝑇1𝑣, 𝑇2𝑤) ≤ 𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑇1𝑣)
+ 𝛾𝑞(𝑤, 𝑇2𝑤)
+ 𝜃𝑞(𝑤, 𝑇1𝑣), 

 

11  

for all 𝑢, 𝑣 ∈ 𝑋 where 𝛼, 𝛽, 𝛾, 𝜃 > 0, 𝑘(𝛼 + 𝛽) +

𝛾 < 1 and 𝛽 + 𝑘𝜃 <
1

𝑘
, 𝛾 <

1

𝑘
 with  𝛼 + 𝜃 < 1. Then 

𝑇1 and 𝑇2 have a unique common fixed point in 𝑋. 

 

Proof: Since 𝑋 is nonempty, let 𝑣0 ∈ 𝑋 and define a 

sequence {𝑣𝑛} in 𝑋 inductively by putting 𝑣2𝑛+1 =
𝑇1𝑣2𝑛 and 𝑣2𝑛+2 = 𝑇2𝑣2𝑛+1 for 𝑛 = 0,1,2,3, …. Will 

be shown 𝑣𝑛 ≠ 𝑣𝑛+1. Suppose that 𝑣𝑛0
 =  𝑣𝑛0+1 for 

some 𝑛0 ∈ ℕ. From Eq 11, obtained 

𝑞(𝑣𝑛0+1, 𝑣𝑛0+2) = 𝑞(𝑇1𝑣𝑛0
, 𝑇2𝑣𝑛0+1) 

 ≤ 𝛼𝑞(𝑣𝑛0
, 𝑣𝑛0+1)

+ 𝛽𝑞(𝑣𝑛0
, 𝑇1𝑣𝑛0

)

+ 𝛾𝑞(𝑣𝑛0+1, 𝑇2𝑣𝑛0+1)

+ 𝜃𝑞(𝑣2𝑖+1, 𝑇1𝑣2𝑖) 

 = 𝛼𝑞(𝑣𝑛0
, 𝑣𝑛0+1)

+ 𝛽𝑞(𝑣𝑛0
, 𝑣𝑛0+1)

+ 𝛾𝑞(𝑣𝑛0+1, 𝑣𝑛0+2)

+ 𝜃𝑞(𝑣𝑛0+1, 𝑣𝑛0+1) 

 = 𝛼𝑞(𝑣𝑛0+1, 𝑣𝑛0+1)

+ 𝛽𝑞(𝑣𝑛0+1, 𝑣𝑛0+1)

+ 𝛾𝑞(𝑣𝑛0+1, 𝑣𝑛0+2)

+ 𝜃𝑞(𝑣𝑛0+1, 𝑣𝑛0+1) 

 = 𝛾𝑞(𝑣𝑛0+1, 𝑣𝑛0+2). 

a contradiction, since 0 < 𝛾 <
1

𝑘
< 1. Thus, it is 

permissible to assume that 𝑣𝑛 ≠ 𝑣𝑛+1 for all 𝑛 ∈ ℕ. 

For 𝑛 ∈ ℕ, the following cases are investigated. 

 

Case 1: 𝑛 is even. Here 𝑛 = 2𝑖 for some 𝑖 ∈
{0,1,2,3 … }. From Eq 11, obtained 

𝑞(𝑣2𝑖, 𝑣2𝑖+1) = 𝑞(𝑇1𝑣2𝑖−1, 𝑇2𝑣2𝑖)  

 ≤ 𝛼𝑞(𝑣2𝑖−1, 𝑣2𝑖)
+ 𝛽𝑞(𝑣2𝑖−1, 𝑇1𝑣2𝑖−1)
+ 𝛾𝑞(𝑣2𝑖, 𝑇2𝑣2𝑖)
+ 𝜃𝑞(𝑣2𝑖, 𝑇1𝑣2𝑖−1) 

 

 = (𝛼 + 𝛽)𝑞(𝑣2𝑖−1, 𝑣2𝑖)
+ 𝛾𝑞(𝑣2𝑖, 𝑣2𝑖+1) 

 

 
= 

𝛼 + 𝛽

1 − 𝛾
𝑞(𝑣2𝑖−1, 𝑣2𝑖). 

 

12  
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Case 2: 𝑛 is odd. Here 𝑛 = 2𝑖 + 1 for some 𝑖 ∈
{0,1,2,3 … }. Using similar arguments as those given 

in Case 1,  

𝑞(𝑣2𝑖+1, 𝑣2𝑖+2) ≤
𝛼 + 𝛽

1 − 𝛾
 𝑞(𝑣2𝑖, 𝑣2𝑖+1). 

 

13  

Combining Eq 12 and Eq 13 together, obtained 

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤
𝛼 + 𝛽

1 − 𝛾
𝑞(𝑣𝑛−1, 𝑣𝑛). 

So,  

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜆𝑞(𝑣𝑛−1, 𝑣𝑛), 

with 𝜆 =
𝛼+𝛽

1−𝛾
,  

 

 

 

 

 

𝑞(𝑣𝑛, 𝑣𝑛+1) ≤ 𝜆𝑛𝑞(𝑣0, 𝑣1),  

14  

Since 𝑘(𝛼 + 𝛽) + 𝛾 < 1,  then we have 

   
𝛼 + 𝛽

1 − 𝛾
 < 

1

𝑘
, 

there exist 0 < 𝜆 < 1. 
 

By using Lemma 1, thus {𝑣𝑛} is Cauchy in the 

complete b-metric space (𝑋, 𝑞). So there exists ℎ ∈
 𝑋 such that 

𝑞(𝑣𝑛, ℎ) → 0 as 𝑛 → ∞.  

15  

 

Now, shown that ℎ is the common fixed point of 𝑇1 

and 𝑇2. So, by using triangular inequality and Eq 11, 

  

𝑞(ℎ, 𝑇1ℎ) ≤ 𝑘[𝑞(ℎ, 𝑣2𝑛+2) + 𝑞(𝑣2𝑛+2, 𝑇1ℎ)] 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘𝑞(𝑣2𝑛+2, 𝑇1ℎ) 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘𝑞(𝑇2𝑣2𝑛+1, 𝑇1ℎ) 
 ≤ 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘[𝛼𝑞(ℎ, 𝑣2𝑛+1) + 𝛽𝑞(ℎ, 𝑇1ℎ) + 𝛾𝑞(𝑣2𝑛+1, 𝑇2𝑣2𝑛+1)

+ 𝜃𝑞(𝑣2𝑛+1, 𝑇1ℎ] 
 = 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘[𝛼𝑞(ℎ, 𝑣2𝑛+1) + 𝛽𝑞(ℎ, 𝑇1ℎ) + 𝛾𝑞(𝑣2𝑛+1, 𝑣2𝑛+2)

+ 𝜃𝑞(𝑣2𝑛+1, 𝑇1ℎ)] 
 ≤ 𝑘𝑞(ℎ, 𝑣2𝑛+2) + 𝑘[𝛼𝑞(ℎ, 𝑣2𝑛+1) + 𝛽𝑞(ℎ, 𝑇1ℎ) + 𝛾𝑞(𝑣2𝑛+1, 𝑣2𝑛+2)

+ 𝜃𝑘(𝑞(𝑣2𝑛+1, ℎ) + 𝑞(ℎ, 𝑇1ℎ))] 
 ≤

𝑘

1−𝑘(𝛽+𝑘𝜃)
[𝑞(ℎ, 𝑣2𝑛+2) + 𝛼𝑞(ℎ, 𝑣2𝑛+1) + 𝛾𝑞(𝑣2𝑛+1, 𝑣2𝑛+2)].  

 

Since 𝛽 + 𝑘𝜃 <
1

𝑘
 then 1 − 𝑘(𝛽 + 𝑘𝜃) > 0. Taking 

the limit of Eq 14 and Eq 15 as 𝑛 → ∞,  
𝑞(ℎ, 𝑇1ℎ) = 0. 

 

So, ℎ = 0. Hence ℎ = 𝑇1ℎ. Similarly, it can easily be 

proved that ℎ = 𝑇2ℎ. Using the same argument,  

𝑞(ℎ, 𝑇2ℎ) ≤
𝑘

1 − 𝑘𝛾
[𝑞(ℎ, 𝑣2𝑛+1) + 𝛼𝑞(𝑣2𝑛, ℎ)

+ 𝛽𝑞(𝑣2𝑛, 𝑣2𝑛+1) + 𝜃𝑞(ℎ, 𝑣2𝑛+1)]. 

Since 0 < 𝛾 <
1

𝑘
 then 1 − 𝑘𝛾 > 0. Taking the limit 

of Eq 14 and Eq 15 as 𝑛 → ∞, 
𝑞(ℎ, 𝑇2ℎ) = 0. 

Therefore, ℎ is the common fixed point of 𝑇1 and 𝑇2. 

 

Now, the uniqueness of a common fixed point. 

Suppose 𝑓 ∈ 𝑋 is another common fixed point of 𝑇1 

and 𝑇2 then 𝑇1𝑓 = T2𝑓 = 𝑓, and 𝑞(𝑓, ℎ) > 0,  
 

 

 

𝑞(𝑇1𝑓, 𝑇2ℎ) ≤ 

𝛼𝑞(𝑓, ℎ) + 𝛽𝑞(𝑓, 𝑇1𝑓)
+ 𝛾𝑞(ℎ, 𝑇2ℎ)
+ 𝜃𝑞(ℎ, 𝑇1𝑓) 

 

= 

𝛼𝑞(𝑓, ℎ) + 𝛽𝑞(𝑓, 𝑓)
+ 𝛾𝑞(ℎ, ℎ)
+ 𝜃𝑞(ℎ, 𝑓) 

 = (𝛼 + 𝜃)𝑞(𝑓, ℎ), 
Which is a contradiction, since 0 < 𝛼 + 𝜃 < 1 and 

𝑞(𝑓, ℎ), thus 𝑓 =  ℎ. Hence, the common fixed point 

of 𝑇1 and 𝑇2 is unique. 

 

An Application 

In this section, an application of the main results 

related to Theorem 9 to dynamic programming is 

presented, which is to find the common solution of 

two functional equations. 

Let 𝑍 be a decision space and 𝑌 be a state space. Let 

assume a problem of dynamic programming 

formulated in the form of functional equations as 

follows: 
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𝐴1(𝑡)

= sup
𝑟∈𝑌

{𝐿(𝑡, 𝑟)

+ 𝑏 (𝑡, 𝑟, 𝐴1(𝐾(𝑡, 𝑟)))} , 𝑓𝑜𝑟 𝑡 ∈ 𝑍. 

 

16  

𝐴2(𝑡)

= sup
𝑟∈𝑌

{𝐿(𝑡, 𝑟)

+ 𝑏 (𝑡, 𝑟, 𝐴2(𝐾(𝑡, 𝑟)))} , 𝑓𝑜𝑟 𝑡 ∈ 𝑍. 

 

17  

Let assume that 𝐷 and 𝑃 are Banach Spaces such that 

𝑍 ⊆ 𝐷, 𝑌 ⊆ 𝑃, and 𝐾: 𝑍 × 𝑌 → 𝑍, 𝐿: 𝑍 × 𝑌 → ℝ, 

𝑏: 𝑍 × 𝑌 × ℝ → ℝ. Shown that the functional Eqs 16 

and 17 have a unique common solution. 

 

Let 𝑋(𝑍) be the set of all bounded real-valued 

mappings on 𝑍. For all 𝑣 ∈ 𝑋(𝑍), define 

‖𝑣‖ = max
𝑢∈𝑍

|𝑣(𝑢)|. 

Then  (𝑋(𝑍), ‖. ‖) is a Banach space. 

 

Define a function 𝑞: 𝑋(𝑍) × 𝑋(𝑍) → 𝑅+ as follows:  

𝑞(𝑣, 𝑤) = max
𝑢∈𝑍

(𝑣(𝑢) − 𝑤(𝑢))
2

, 

then 𝑞 is a complete b-metric space in 𝑋(𝑍). 

 

Let the following conditions hold: 

𝐿 and 𝑏𝑖 are bounded for 𝑖 = {1,2}. 
For 𝑢 ∈ 𝑍 and 𝑣, 𝑤 ∈ 𝑋(𝑍) define function 

𝑆1, 𝑆2: 𝑋(𝑍) → 𝑋(𝑍) by 

𝑆1𝑣(𝑢) = sup
𝑟∈𝑌

{𝐿(𝑢, 𝑟) + 𝑏1(𝑢, 𝑟, 𝑣(𝐾(𝑢, 𝑟))}, 

𝑆2𝑤(𝑢) = sup
𝑟∈𝑌

{𝐿(𝑢, 𝑟) + 𝑏2(𝑢, 𝑟, 𝑤(𝐾(𝑢, 𝑟))}. 

Well defined. 

For (𝑢, 𝑟) ∈ 𝑍 × 𝑌, 𝑣, 𝑤 ∈ 𝑋(𝑍) and 𝑥 ∈ 𝑍,  
|𝑏1(𝑢, 𝑟, 𝑣(𝑥) − 𝑏2(𝑢, 𝑟, 𝑤(𝑥)|2

≤ 𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑆1𝑣)
+ 𝛾𝑞(𝑤, 𝑆2𝑤) + 𝜃𝑞(𝑤, 𝑆1𝑣), 

for all 𝑔, ℎ ∈ 𝑋(𝑍) where 𝑘(𝛼 + 𝛽) + 𝛾 < 1 with 

𝛽 + 𝑘𝜃, 𝛾 <
1

𝑘
 and 𝛼 + 𝜃 < 1. 

 

Theorem 10: If conditions 1–3 hold, then Eqs 16 and 

17 have a unique common bounded solution. 

 

Proof. Let 𝑣, 𝑤 ∈ 𝑋(𝑍) and 𝑢 ∈ 𝑍. For any 𝜀 > 0, 

there exist 𝑔1, 𝑔2 ∈ 𝑌 such that 

 

 

 

 

 

𝑆1𝑣(𝑢) < 𝐿(𝑢, 𝑔1)

+ 𝑏1 (𝑢, 𝑔1, 𝑣(𝐾(𝑢, 𝑔1)))

+ 𝜀 

 

18  

𝑆2𝑤(𝑢) < 𝐿(𝑢, 𝑔2)

+ 𝑏2 (𝑢, 𝑔2, 𝑤(𝐾(𝑢, 𝑔2)))

+ 𝜀 

 

19  

𝑆1𝑣(𝑢) ≥ 𝐿(𝑢, 𝑔2)

+ 𝑏1 (𝑢, 𝑔2, 𝑣(𝐾(𝑢, 𝑔2))) 

 

20  

𝑆2𝑤(𝑢) ≥ 𝐿(𝑢, 𝑔1)

+ 𝑏2 (𝑢, 𝑔1, 𝑤(𝐾(𝑢, 𝑔1))) 

 

21  

 

 

Then, using Eq 18 and Eq 21,  

𝑆1𝑣(𝑢)
− 𝑆2𝑤(𝑢) 

≤ 𝑏1 (𝑢, 𝑔1, 𝑣(𝐾(𝑢, 𝑔1))) + 𝜀

− 𝑏2 (𝑢, 𝑔1, 𝑤(𝐾(𝑢, 𝑔1))) 
 

 
≤ |𝑏1 (𝑢, 𝑔1, 𝑣(𝐾(𝑢, 𝑔1)))

− 𝑏2 (𝑢, 𝑔1, 𝑤(𝐾(𝑢, 𝑔1)))| + 𝜀 
 

 

≤ (𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑆1𝑣)

+ 𝛾𝑞(𝑤, 𝑆2𝑤) + 𝜃𝑞(𝑤, 𝑆1𝑣))
1
2  

+ 𝜀 

 

22  

 

Similarly, by Eq 19 and Eq 20,  

𝑆2𝑤(𝑢) − 𝑆1𝑣(𝑢)

≤ (𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑆1𝑣)

+ 𝛾𝑞(𝑤, 𝑆2𝑤)

+ 𝜃𝑞(𝑤, 𝑆1𝑣))
1
2  + 𝜀 

 

23  

 

From Eq 22 and Eq 23,  

|𝑆1𝑣(𝑢) − 𝑆2𝑤(𝑢)|

≤ (𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑆1𝑣)

+ 𝛾𝑞(𝑤, 𝑆2𝑤) + 𝜃𝑞(𝑤, 𝑆1𝑣))
1
2 + 𝜀, 

so,  

(𝑆1𝑣(𝑢) − 𝑆2𝑤(𝑢))
2

≤ 𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑆1𝑣)
+ 𝛾𝑞(𝑤, 𝑆2𝑤) + 𝜃𝑞(𝑤, 𝑆1𝑣) + 𝜀. 

Thus, for all 𝜀 > 0,  

(𝑆1𝑣(𝑢) − 𝑆2𝑤(𝑢))
2

≤ 𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑆1𝑣)
+ 𝛾𝑞(𝑤, 𝑆2𝑤) + 𝜃𝑞(𝑤, 𝑆1𝑣), 

for all 𝑢 ∈ 𝑍. Then  

𝑞(𝑆1𝑣, 𝑆2𝑤) ≤ 𝛼𝑞(𝑣, 𝑤) + 𝛽𝑞(𝑣, 𝑆1𝑣)
+ 𝛾𝑞(𝑤, 𝑆2𝑤) + 𝜃𝑞(𝑤, 𝑆1𝑣). 

Therefore, based on Theorem 9, then the functional 

Eqs 16 and 17 has a unique common solution. 

https://doi.org/10.21123/bsj.2024.9198
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Conclusion 

In the b-metric space of the generalization of the 

contraction function Kannan, Reich, and Chatterjea 

obtain sufficient conditions for the occurrence of a 

single fixed point. A single fixed point in the 

generalization of the Reich contraction function can 

be used to determine the existence of a single 

solution to the system dynamics problem. 
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لتعميم كانان وتاترجيا وتقلص الرايخ في الفضاء المتري مع نظريات النقاط الثابتة الشائعة 

 التطبيق

  نور العلم إسلامية، محمد ذاكر، بودي نورواهيو

 
 قسم الرياضيات، كلية الرياضيات والعلوم، جامعة حسن الدين، ماكاسار، إندونيسيا. 

 

 ةالخلاص

الخرائط الذاتية من نوع كانان، ورايش، وشاترجيا في مساحة ب مترية أثبت هذا البحث وجود وتفرد النقاط الثابتة المشتركة لأزواج 

كاملة. بالإضافة إلى ذلك، تمت مناقشة مثال وتطبيق لوجود وتفرد الحلول المشتركة لنظام المعادلات الوظيفية الناشئة في البرمجة 

 الديناميكية باستخدام نتائجنا.
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