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Introduction 

Throughout this paper Z means a topological space 

(Z,𝜏) without separation axioms, unless it is 

explicitly referenced. The nature of this work is to 

explore and extract a specific new genre, the 

generalized separation axioms have been constructed 

by several authors1-4. A pre-open was studied in 1982 

by Mashhour, Abd El – Monsef   and El- Deeb5, a 

subset 𝑀 is a pre-open set if 𝑀 ⊆ int(Cl(𝑀)), where 

the Cl(𝑀) and the int(𝑀) are the closure and the 

interior operators of a set 𝑀 respectively6. (𝑍 − 𝑀) 

is labeled a pre-closed, where 𝑀 is a pre-open. If 𝑀 

is a subset of a space Z, then the pre-closure of 𝑀 

means the intersect𝔦on of all pre-closed sets in Z that 

contain 𝑀 which is denoted by 𝐶𝑙𝑝(𝑀)  for 

instance7,8.  

In this paper, our goal is to generalize the concept of 

regularity of spaces by using the pre-open sets9,10. 

Many results were proven and illustrated by 

examples. Further many properties of such spaces 

have been investigated. The assortment of pre-open 

(resp. pre-closed) of Z will be denoted by P.O(Z) 

(resp. P.C(Z)) and say that a set H in a space Z is pre-

closed neighborhood 11-13 of a point c if H is pre-

closed and contains a pre-open set to which c 

belongs. For each pair of topological spaces Z and Y 

a function f: Z→Y is called pre-irresolute14,15 if  𝑓−1 
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(H)∈P.O(Z) for each H∈P.O(Y) and f is termed M-

pre-closed (resp. Mpre-open) if f(K)∈P.C(Y)  (resp. 

f(K)∈P.O(Y)) for all K∈P.C(Z)  (resp. 

K∈P.O(Z))16,17. 

The pre - regular spaces 

In the beginning of this section, a definition of pre-

regular spaces is provided by: 

Definition 1: A space Z is called pre-regular space 

and shortly 𝑅𝑝- space if for each c ∈ 𝑍 and for every 

closed set 𝑊 in 𝑍  such that  c ∉ 𝑊, there exist 

𝐺, 𝐻 ∈ 𝑃. 𝑂(𝑍), such that c ∈ 𝐺 and 𝑊 ⊆ 𝐻 and 𝐺 ∩

𝐻 = ∅.  

Note: It is easy to see that every regular space is pre-

regular. The following example shows that the 

convers in general is not true. 

Example1: Let Z = {c1, c2, c3}, 𝜏 =

{Z, ∅, {c1, c2}}  Then PO(Z) = {Z, ∅, 

{c1}, {c2}, {c1, c2}, {c1, c3}, {c2, c3}}. It is clear that 

(Z, 𝜏) is 𝑅𝑝- space while it is not regular. The 

following theorem gives a characterization of a space 

to be 𝑅𝑝- space.  

Theorem 1: A space Z is 𝑅𝑝- space ⬄ for every c ∈

Z and for every open subset 𝐺, there is a pre-open 

subset 𝐿,whereas   c ∈ 𝐿 ⊆ 𝐶𝑙𝑝(𝐿)  ⊆ 𝐺. 

Proof: Necessity; Since c ∉ 𝐺c and 𝐺c is closed, so 

by pre-regularity of  Z there are two disjoint 𝐿, 𝑊 ∈

𝑃. 𝑂(𝑍) where c ∈ 𝐿 and 𝐺c ⊆ 𝑊, but 𝑊c is pre-

closed and 𝐿 ⊆ 𝑊c, this mean that 𝐶𝑙𝑝(𝑊c) = 𝑊c 

and since 𝐶𝑙𝑝(𝐿) ⊆ 𝐶𝑙𝑝(𝑊c), hence 𝐿 ⊆ 𝐶𝑙𝑝(𝐿) ⊆

𝑊c ⊆ 𝐺, therefore c ∈ 𝐿 ⊆ 𝐶𝑙𝑝(𝐿) ⊆ 𝐺.  

Sufficient; Let E be a closed and c ∉ E, so c ∈ Ec and 

Ec is open implies that there exist pre-open set 𝐾  

whereas  c ∈ 𝐾 ⊆ 𝐶𝑙𝑝(𝐾) ⊆ Ec. Now E ⊆

(𝐶𝑙𝑝(𝐾))c, and since 𝐶𝑙𝑝(𝐾) is pre-closed and 𝐾 ∩

(𝐶𝑙𝑝(𝐾))c = ∅, therefore c ∈ 𝐾 and E ⊆ (𝐶𝑙𝑝(𝐾))c 

implies Z is 𝑅𝑝- space. 

Corollary 1: A space Z is 𝑅𝑝- space if for every c ∈

Z and for every pre-open subset 𝐻 includes c there 

exists a pre-open subset 𝑊 containing c and 

𝐶𝑙𝑝(𝑊) ⊆ 𝐻. 

Proof: Obvious since every closed set is pre-closed 

set18. 

Theorem 2: A space Z is 𝑅𝑝−𝑠𝑝𝑎𝑐𝑒 ⇔ For each 𝑐 

∈𝑍, the set of pre-closed contained in each 

neighbourhood of c form a base for that 

neighbourhood.  

Proof: Necessity; Give c ∈ Z and neighborhood 𝑂 of 

c, so there is an open subset 𝐿 ⊆ Z  whereas  c ∈ 𝐿 ⊆

𝑂 implies c ∉ Z − 𝐿 and (Z − 𝐿) is closed, thus by 

the pre regularity there are 𝐺, 𝐻 ∈ P. O(Z)  such that  

c ∈ 𝐺, (Z − 𝐿) ⊆ 𝐻 and 𝐻 ∩ 𝐺 = ∅. Thus  c ∈ 𝐺 ⊆

Z − 𝐻 ⊆ 𝐿 ⊆ 𝑂, so Z − 𝐻 is pre-closed 

neighborhood of  c  contain in the given 

neighborhood 𝑂.  

Sufficient; Let c ∈ Z and the closed set  𝐸 ⊆ Z − {c}. 

Since Z − 𝐸 is open and contained  c , there is a pre-

closed neighborhood 𝑂 of c  such that  𝑂 ⊆ Z − 𝐸. 

Now let 𝐻 = Z − 𝑂 , then 𝐻 is pre-open and ⊆ 𝐻 . 

But 𝑂 is neighborhood of c , so there is an open set 

𝐺  such that  c ∈ 𝐺 ⊆ 𝑂 . Thus 𝐻 ∩ 𝐺 ⊆ 𝑂 ∩ (Z −

𝑂) = ∅ and since 𝐺 is pre-open18 implies Z is 𝑅𝑝- 

space. 

Proposition 1:  If a space 𝑍 is 𝑅𝑝−𝑠𝑝𝑎𝑐𝑒 then for 

every 𝑐∈𝑍 and every open set H containing c, there 

exists a 𝑁∈𝑃.𝑂(𝑍), whereas 𝑐∈𝑁 and 𝐶𝑙(𝑖𝑛𝑡(𝑁))⊆H.  

Proof: Since c ∉ 𝐻c and 𝐻c is closed, so there exist 

disjoint pre-open sets 𝐺1 and 𝐺2  such that  c ∈ 𝐺1 

and 𝐻c ⊆ 𝐺2. Now 𝐺1 ⊆ (𝐺2)c ⊆ 𝐻 also (𝐺2)c is 

pre-closed, hence 𝐶𝑙(𝑖𝑛𝑡(𝐺1)) ⊆ 𝐶𝑙(𝑖𝑛𝑡((𝐺2)𝑐)) ⊆ 

(𝐺2)𝑐 ⊆ 𝐻 . thus 𝐺1 is the required pre-open set. 

 The following theorem shows that the pre regularity 

is hereditary property. 

Theorem 3: Let (Y, 𝜏Y) be a clopen subspace of 𝑅𝑝- 

space (Z, 𝜏Z), then (Y, 𝜏Y) is preℛ subspace of 

(Z, 𝜏Z). 

Proof: Let c ∈ Y and 𝐾 be a closed set in Y such that  

c ∉  𝐾. Since 𝐾 is closed in Y, so there is a closed set 

Ε in Z such that  𝐾 = E ∩ Y 19. Now c ∉  E and (Z, 𝜏Z) 

is 𝑅𝑝- space implies there exist 𝐺, 𝐻 ∈ P. O(Z)  such 

that  𝑐 ∈ 𝐻, E ⊆ 𝐺 and 𝐻 ∩ 𝐺 = ∅. Y is open, so it is 

pre-open18 and 𝐺 is pre-open, thus Y ∩ 𝐺 ⊆

int𝜏Z
(𝐶𝑙𝜏Z

(Y)) ∩ int𝜏Z
(𝐶𝑙𝜏Z

(𝐺)) =

int𝜏Z
[(𝐶𝑙𝜏Z

(Y)) ∩ (𝐶𝑙𝜏Z
(𝐺))] = int𝜏Z

[Y ∩

(𝐶𝑙𝜏Z
(𝐺))] ⊆ int𝜏Y

[Y ∩ (𝐶𝑙𝜏Z
(𝐺))]20. Now it is 
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sufficient to show that Y ∩ (𝐶𝑙𝜏Z
(𝐺)) = 𝐶𝑙𝜏𝐘

(Y ∩

𝐺), clear that 𝐶𝑙𝜏𝐘
(Y ∩ 𝐺) ⊆ Y ∩ (𝐶𝑙𝜏Z

(𝐺)). To 

show Y ∩ (𝐶𝑙𝜏Z
(𝐺)) ⊆ 𝐶𝑙𝜏𝐘

(Y ∩ 𝐺), let t ∈ Y ∩

(𝐶𝑙𝜏Z
(𝐺)), if t ∉ 𝐶𝑙𝜏𝐘

(Y ∩ 𝐺), then there is an open 

neighborhood 𝑂 of 𝑡 in Y whereas  𝑂 ∩ (Y ∩ 𝐺) =

∅. But Y is open, hence 𝑂 is open in Z 6 which 

contains t and 𝑂 ∩ 𝐺 = ∅ which is imposible since 

t ∈ 𝐶𝑙𝜏Z
(𝐺). Thus Y ∩ 𝐺 is pre-open containing 

𝐾.Similarly Y ∩ 𝐻 is pre-open which contain t, and 

since (Y ∩ 𝐺) ∩ (Y ∩ 𝐻) = Y ∩ (𝐻 ∩ 𝐺) = ∅ which 

complete the proof.  

Definition 2: A space Z is called pre  Hausdorff 

space ⬄ for any elements 𝑐1 ≠ 𝑐2 in Z, there are pre-

open sets 𝐻 and 𝐺 satisfy  𝑐1 ∈ 𝐺, 𝑐2 ∈ 𝐻 and 𝐻 ∩

𝐺 = ∅.  

The following example shows that the quotient 

topology of 𝑅𝑝- space is preHausdorff.  

Example 2: Let Z be a 𝑅𝑝- space and 𝑁 be any 

clopen subset of Z. Define a relation R on Z as 

follows: c R v ⬄ c,v ∈ 𝑁 or c, v ∉ 𝑁. It can be seen 

that R is an equivalence relation on Z. To prove Z/R 

with the quotient topology is preHausdorff space 

take [c], [v] ∈ Z/R such that [c]≠[v] hence either c or 

v belong to 𝑁. Now by the pre regularity of  𝑍 there 

are two pre-open subsets 𝐾1 and 𝐾2 in 𝑍 whereas 

[c] ∈ 𝑁 ⊆ 𝐾1 and [v] ∈ 𝐾2, implies that the quotient 

space is preHausdorff.  

Theorem 4: Let 𝑓: 𝑍  → 𝑌 be a closed, pre-

irresolute, injective function and 𝑌  is 𝑅𝑝- space, then 

𝑍  is 𝑅𝑝- space. 

Proof: let c ∈ 𝑍 and 𝐿 be any closed subset of Z 

such that  c ∉ 𝐿, then 𝑓 (𝐿) is closed subset of  𝑌 

whereas  𝑓 (c) ∉ 𝑓 (𝐿) and since 𝑌 is 𝑅𝑝- space, so 

there are two disjoint pre-open subsets 𝐻, 𝑊  

whereas  𝑓 (L) ⊆  𝐻 and 𝑓 (c) ∈ 𝑊. Clear that 𝐿 ⊆ 

𝑓−1(𝑓 (𝐿)) ⊆ 𝑓−1(𝐻) and c∈𝑓−1(𝑊) also 𝑓−1 (𝐻) ∩ 

𝑓−1(𝑊) = ∅ see21 and since 𝑓 is preirresolute, hence 

𝑓−1(𝐻), 𝑓−1 (𝑊) are pre-open subsets of Z, which 

complete the proof. 

Theorem 5: Let 𝑓: 𝑍→ 𝑌  be a bijective, Mpre-

open, continuous function and Z is 𝑅𝑝- space, then Y 

is 𝑅𝑝- space. 

Proof: Let 𝐿 be a closed set in Y and v ∉ L, then 

𝑓−1(L) ⊆ Z and 𝑓−1(v) ∉ 𝑓−1(L). Since 𝑓 is continuous 

then 𝑓−1(L) is closed in Z and by the pre-regularity of 

Z there are 𝑁1, 𝑁2 ∈ 𝑃. 𝑂(𝑍) whereas 𝑁1 ∩ 𝑁2 =

𝜙 such that  𝑓−1(L) ⊆ 𝑁1 and 𝑓−1(v) ∈ 𝑁2. Now 𝑓 is 

Mpre-open, hence  𝑓 (𝑁1) and 𝑓 (𝑁2) are disjoin pre-

open subsets in Y include L and v respectively. 

Strongly pre- regular spaces 

In the beginning of this section a definition of 

strongly-pre-regular spaces is presented. 

Definition 3: A space Z is termed strongly pre-

regular space and shortly S𝑅𝑝- space if for each c ∈

𝑍 and for every pre-closed set 𝐾 in 𝑍  such that  c ∉

K, there are two disjoint open sets 𝐺 and 𝐻 where c ∈

𝐺 and K ⊆ 𝐻. 

It is easy to see that every S𝑅𝑝- space is 𝑅𝑝- space 

but the convers is not necessarily true, as shown 

below  

Example 3: Take Z = {c1, c2, c3},𝜏 =

{Z, ∅, {c1, c2}} , then P. O(Z) =

{Z, ∅, {c1}, {c2}, {c1, c2}, {c1, c3}, {c2, c3}}  and 

P. C(Z) = {Z, ∅, {c1}, {c2}, {c3}, {c1, c3},  {c2, c3}}. 

Clear that (Z, 𝜏) is 𝑅𝑝- space but not S𝑅𝑝- space.  

The following two theorems gives characterizations 

for S𝑅𝑝- spaces. 

Theorem 6: A space Z is S𝑅𝑝- space ⬄ for every 

c ∈ Z and for every pre-open set 𝐺 includes c, there 

exist an open set 𝑁  whereas   c ∈ 𝑁 ⊆ 𝐶𝑙(𝑁) ⊆ 𝐺. 

Proof: Necessity; Since 𝐜 ∉ 𝑮𝐜 and 𝑮𝐜 is pre-closed, 

so by the S𝑹𝒑- regularity of 𝐙 there are two disjoint 

open subsets 𝐍 and 𝐇 where 𝐜 ∈ 𝑵 and 𝑮𝐜 ⊆ 𝑯. 

Now 𝑯𝐜 is closed and 𝑵 ⊆ 𝑯𝐜, this mean that 

𝑪𝒍(𝑯𝐜) = 𝑯𝐜 and 𝑪𝒍(𝑵) ⊆ 𝑪𝒍(𝑯𝐜), hence 𝑵 ⊆

𝑪𝒍(𝑵) ⊆ 𝑯𝐜 ⊆ 𝑮, therefore 𝐜 ∈ 𝑵 ⊆ 𝑪𝒍(𝑵) ⊆ 𝑮.  

Sufficiency; Let L be a pre-closed and c ∉ L, so c ∈
Lc and Lc is pre-open implies that there exist open set 

𝑁  whereas c ∈ 𝑁 ⊆ 𝐶𝑙(𝑁) ⊆ Lc implies L ⊆

(𝐶𝑙(𝑁))c. But 𝐶𝑙(𝑁) is closed and 𝑁 ∩ (𝐶𝑙(𝑁))c =

∅, therefore c ∈ 𝑁 and L ⊆ (𝐶𝑙(𝑁))c, hence Z is 

S𝑅𝑝- space. 

The following theorem gives us an advantage of 

strongly pre-regular spaces. 

https://doi.org/10.21123/bsj.2024.9237
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Theorem 7: If  Z  is a S𝑅𝑝- space, then for every 

c ∈ Z and for every pre-open set 𝐾 includes c, there 

exists closed set 𝐿  whereas 𝐶𝑙𝑝(int(𝐿)) ⊆ 𝐾. 

Proof: Consider 𝐾 is a pre-open and c ∈ 𝐾, then c ∉

𝐾c and 𝐾c is pre-closed. Since Z is S𝑅𝑝- space, so 

there are disjoint open sets 𝐿1 and 𝐿2  such that  c ∈

𝐿1 and 𝐾c ⊆ 𝐿2 implies 𝐿1 ⊆ (𝐿2)c ⊆ 𝐾. But 

𝑖𝑛𝑡((𝐿2)𝑐) ⊆ (𝐿2)𝑐 [20]. Further (𝐿2)c is pre-

closed, hence 𝐶𝑙𝑝(𝑖𝑛𝑡((𝐿2)𝑐)) ⊆ (𝐿2)𝑐 ⊆ 𝐾. 

Theorem 8: Let  𝑓: Z → W be a continuous, Mpre-

closed, injective function and W is S𝑅𝑝- space, then 

Z is S𝑅𝑝- space. 

Proof: let c ∈Z and 𝐻 ∈ 𝑃. 𝐶(𝑍)  whereas 𝑐 ∉ 𝐻, 

then f (𝐻) is pre-closed subset of  𝑊whereas  𝑓(c) ∉ 

𝑓(𝐻) and since W is S𝑅𝑝- space, so there are two 

disjoint open sets 𝐾, 𝐿  whereas  𝑓(𝐻) ⊆  𝐾 and f (c) 

∈ 𝐿. Now 𝐻 ⊆ 𝑓−1(𝑓 (𝐻)) ⊆ 𝑓−1(𝐾) and c ∈ 

𝑓−1(𝐿)21 also 𝑓−1(𝐾) ∩ 𝑓−1(𝐿) = ∅. But f is 

continuous, thus 𝑓−1(𝐾), 𝑓−1 (𝐿) are open subsets of 

Z, which complete the proof.  

Lastly, a definition of the weak form of 

preHausdorff spaces will be introduced. 

Definition 4: A space Z is called weakly 

preHausdorff space if for each distinct points c, v in 

Z such that  c ∉ 𝐶𝑙𝑝(𝐻v), where 𝐻v is any pre-open 

set containing v, there exist disjoint pre-open sets 

𝐻,𝐺 containing c and v respectively 

Proposition 2: Every S𝑅𝑝- space is weakly 

preHausdorff space. 

Proof: Let Z be a S𝑅𝑝- space and c, v ∈ Z such that  

c ≠ v and let c ∉ 𝐶𝑙𝑝(𝐻v), where 𝐻v be any pre-open 

set containing v. Since 𝐶𝑙𝑝(𝐻v) is pre-closed5,17, so 

by the S𝑅𝑝 -regularity of Z there are two disjoint 

open subsets  𝐺c and 𝐺v whereas  c ∈ 𝐺c and v ∈

𝐶𝑙𝑝(𝐻v) ⊆ 𝐺v implies Z is weakly preHausdorff 

space. 

Conclusion 

The separation axioms are considered one of the 

most important topics in topology, and in particular 

in general topology, because of their role in 

classifying topological spaces. The research focused 

on two types of topological spaces, namely, Rp-

regular and S-Rp-regular as a generalization of the 

regular spaces within the generalizations of the 

separation axioms. Many results have been presented 

about the characteristics of these types of spaces and 

their relationship to each other and the rest of the 

spaces such as the Hausdorff spaces. It is worth 

noting that the two most important conclusions 

obtained are the first that the Rp-regularity is 

hereditary and the second states that every SRp- 

space is weakly preHausdorff space after the 

introduction of this new type of Hausdorff space, 

despite the invalidity of these two conclusions before 

generalization. 
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 pre-openعن الفضاءات المنتظمة 

 عفراء راضي صادق

 جامعة بغداد، بغداد، العراق ،قسم علوم الرياضيات، كلية العلوم

 

 ةالخلاص

 في هذا البحث تم تسليط الضوء على انواع معينة من الانتظام  للفضاءات التبولوجية  والذي يقع ضمن دراسة تعميمات بديهيات الفصل.

والفضاءات التي تمتلك هذه الخاصية ليست قليلة، وأهم هذه الفضاءات هي الفضاءات  الانتظام تسمىومن البديهيات المهمة للفصل ما 

الإقليدية. ولذلك فإن حصر هذا المفهوم المهم في الطوبولوجيا يكون ضمن إطار ضيق مما يستلزم استخدام المجموعات المفتوحة المعممة 

متحققة في الطوبولوجيا العامة. ولعل القارئ سيدرك من خلال البحث للحصول على المزيد من الخصائص الجيدة والحفاظ على الخصائص ال

والفضاء 𝑅𝑝 تم تفديم نوعين من الفضاءات المنتظمة  وهما الفضاء التبولوجي أن تعميمنا حافظ على أغلب الصفات وأهمها الصفة الوراثية.

لك تاثير الدوال عليهم اضافة الى ذلك تم برهان العديد من تم دراسة خصائص هذين الفضاءين وعلاقتهم مع بعضهم وكذ.S-𝑅𝑝 .التبولوجي

تم ربط المفاهيم اعلاه مع . S-𝑅𝑝-regular .او 𝑅𝑝-regular المبرهنات الخاصة بالشروط الكافية والضرورية لجعل الفضاء التبولوجي

 نوع جديد من الفضاءات الهاوزدورفية وتعزيز المفاهيم قيد الدراسة بالامثلة

 ،بتدائيةالدالة المستمرة الا الابتدائية،الدالة المفتوحة  الابتدائية،المجموعة المغلقة  الابتدائية،المجموعة المفتوحة ات المفتاحية: الكلم

 .فضاء منتظم ،المجموعة المترددة الابتدائية
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