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Abstract

The concept of homogeneity in differential equations can be generalized to systems of differential
equations as shown in this work. The classification of three-dimensional differential equation systems is
presented based on the definition of the Jacobean matrix and its determinant, where two systems of the
homogeneous system are defined, called the J-semi- homogeneous system and the other &-semi-
homogeneous system, where the first definition is based on the Jacobian matrix, while the second is based
on the determinant of the Jacobite matrix. Examples are given for both definitions, and the relationship
between the two definitions will be studied. In addition to finding an equivalent for these two definitions,
some results for these two definitions have also been proven.

Keywords: &-semi- homogeneous system, Jacobean matrix, J-semi- homogeneous system, Semi-

homogenous, System of differential equations.

Introduction

Numerous branches of mathematics and
science, such as robotics?, differential equations,
and optimization, depend heavily on the Jacobian
matrix. When assessing stability®, gradients, and
transformations in various mathematical models and
algorithms, give crucial information on the local
behavior of functions®.

The Jacobian matrix is a matrix made up of a
multivariable  function's  first-order  partial
derivatives®. and helps us convert one coordinate
system into another. The Jacobian matrix is
employed when there are several variables or
functions. For determining the derivatives of implicit
or composite functions. The derivative at J for a row
vector of a functionf;:R3 > R, (i =1,2,3) is

S, xy - consequently, the
following function's Jacobian matrix®2is represented

as follows:

defined as:

Oh .. 94
[axl axn]
S : 1
EANA
0x4 0xp

In this paper, we discussed using the Jacobian matrix
to classify homogeneous systems of differential
equations. Many researchers focus their research on
different equations® while others are concerned with
studying difference equations. Al-Asadi and Huda
defined A system of first- and higher-order semi-
homogeneous difference equations, 2021. A self-
semi-homogeneous system of difference equations
was introduced and generalized by Al-Asadi and
Abed?, and was defined as follows P-self-semi-
homogenous. Also, new definitions will be
introduced for J- (8) semi-homogenous systems,
which are defined as follows: If there is a nonzero
real matrix V such that the following equations hold:
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F(VX) =J(QVF(X), FWVX)=det](QVFX),

2

then a homogeneous system of differential equations
is said to be J-( 6 ) semi-homogenous.

The concept of a J-adjoint (&- adjoint) -semi-
homogenous system of differential equations, is
defined as follows: a homogenous system is called J-
adjoint (8- adjoint)-semi-homogeneous if there are
two non-zero matrices V and C such that the
following equations hold:

F(VX) = J(Q)CF(X), g(VX) = det J(Q)CF(X)

and some definitions are given with examples, while
certain theorems are also proved.

This work studied types of J-semi-homogenous.
Consider the system.
F(X) = 0X 4

f X f\ /x
where F = <g) X = <y>,F(X) = (g) <y> =
h z h/ \z
dx
f\ ()

g | = k%)
h(Z) dz
dt

911 912 13
and Q = <QZ1 qz2 ‘I23>
q31 432 (33

Definition 1:

It is referred to as a J-semi-homogeneous if there
is a non-zero matrix V such that system (4)
satisfies the following equation.

F(VX) = J(Q*V F(X).
Definition 2:

If there is a non-zero matrix V such that system (4)
satisfies the following equation, then it is referred to

as a 6-semi-homogeneous.

F(VX) = det (J(Q)*V F(X).

Where J is a Jacobian matrix and det is determined.

Remark: The next example shows that the
definitions (1) and (2) are independent for a
matrix V, that is the J- semi-homogeneous may
be not §-semi-homogenous with the same
matrix V, and

vice versa, the following examples explain that:
Example 1:

Consider the system of differential equations
f)=x+y+z
90) =x—-y
h(z)=x+y—z

then its §-semi-homogenous but not J-semi-

homogeneous, to show that:

FEE —-27 -—15
299 299 299
9

I
28 12 . .
V= IE ot EI satisfies the following
[& -3 28
205 205 205
equation:

F(VX) = det J(QVF(X)

56 —27 -15
[299 299 299y
plo 28 12 _
205 205 z05||Y| T
21 -3 28
205 205 205

56 -27 -15
[299 299 29|x+y+z
9 28
4|— — — xX—=y
205 205 205
21 -3 28|lx+ty—2z
205 205 205
56 272 284 56 272 284
—Xt-—y+t-—Z S X Tyt oz
299 2097 T 299 | [299 2097 T 299 ]l
196x 28 12 1 1196 28 12
205 205 2057 |~ |205 2057~ 205 |
184x 208 28 ZJ 184—x 208 28 J
205 2057 205 205 2057 ~ 20

Therefore §-semi-homogenous
1 1 1
When J(Q) = (1 -1 0 >
1 1 -1

F(V(c)X) = J(QVF(X)
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56 z27 15 And it is not a J-semi-homogeneous.
299 299 299 X
Fl= 2 Zlly|= find ivalent definition through
505 205 205 y| = Now we try to fina an equivalent definition throug
21 -3 28 |4 the following theorem
205 205 205
Theorem 1:
56 —27 —157
1 1 1 |zg9 22989 21929 x+y+z The homogeneous system of differential equation 4
1T =1 0|l50: 305 2ecll ¥~V is J-semi homogeneous if and only if the matrix V
1 1 —-1lj21 -3 28({lxty—z equal to
205 205 205 Vi1 Vip Vi3
56 x+272 +284Z— Vy1 V22 V23|, Where
209% T 2997 T 299 V31 Vzz2 Vss
196x 28 12 z| %
| 205 2057~ 205
l184x + 208 28 z
205 205y 205 -
6255 x + 5479 2313 z
12259 12259y 12259
-11781 16033 154-52Z
| 61295 612957 ' 61295 |
l 3767 X — 3701 + 15751Z J
61295 61295y 61295
Vi = (421911V12+911931V13+q12911V21+4921912V22+q12431V23+ 913911 V31 1413921 V32 1913431 V33)
1 q11(1—q11)
- =‘I11‘I12V11+‘I11Q32V13+‘I%2V21+‘I12‘I22V22+Q12¢Z32U23+Q13Q12U31+Q13‘I22V32+Q13Q32V33—Q12
12 q11—911922
- =‘I11‘I13V11+‘I11‘I23V12+‘I12‘I13V21+‘I12‘I23V22+Q12%3”23“"1%3”31"“113‘123”32+Q13Q33V33—Q13
13 4114911933
_ Q21%1”11""1%1”12""121‘1311713+Q22Q21V22+CI22CI311723+Q23Q11V31+CI236121V32+CI236131V33—6121
U1 = —
q22(1-q11)
Doy = 421912V111921922V12 1421432V13+012022V21+022932V231423012V311023022V32+023932V33
22 lhz“l%z
Vo = 921913V11+921923V12+021933V13+022013V21 +422923V22 +923913V31+q53V32+023G33V33 023
23 422—4922933
_ ‘I31%1”11‘*“131‘121”12‘*“151”13+CI32CI11V21+CI32CI21U22+Q32Q31U23+CI33Q21V32+Q33‘I31”33—‘I31
V31 = 1_
q33(1-q11)
_ ‘I31‘I12V11+Q31QZ2V12+‘131‘132V13+CI32CI12V21+CI32CI221722+CI32,2U23+CI33CI12V31+Q33Q32”33—‘I32
U3 = 1
q33(1-qz2)
Van = 431913V111931923V12+431933V13+(32913V21+(3223V22+q32q33V23+(33013V31+433(23V32
33 —

q33(1—q33)

Since F is a homogeneous system, there exists a non-
zero matrix (for example, let's say V) that allows
equation 2 to be held.

F(VX) = J(QVF(X)
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Vi1 V12 V13\ /X Hy = q21V11911% + q12V11921Y + 921V119132
Fl | V21 Va2 V33 <y> 2
+ q31V12X T q21V12922Y
V31 V32 UVs3/ \zZ

+ 421923V12Z + q21V13q31X
Vi1 V12 Vi3\ [ f(x)
=J( Q)| Va1 V22 va3 || g + 421V13932Y + q21V139332

Vs1 Vs2 Vsz/ \h(2) + q22V21911% t q22V21412)Y

FOix + Vipy + v132) t q22V21913Z + q22V22421%

g(W21x + vy + vy32) + 452022 + 4220224232
h(v31x + vy + v332) T q22V23431X + q22V23G32Y
q11 qd12 q13 vllf(x) + 17129(3’) + 1713h(Z) + q72V723(33Z + q73V31411X
=921 922 q23 || v21f (X) + V229 () + va3h(2) n n
431 932 933/ \w3,f(x) + v3,9(y) + v33h(2) A23V31912Y T d23V319132
T q23V32921X + q23V32422Y
The left hand is 2
+ q23V32Z + 423V33G31X
q11v11% + (q11V12 + Q12)y + (q11V13 + q13)Z + q23V33922Y T 423V33433Z
(G22V21 + G21)X + Q22022 + (G22V23 + q23)Z
(g31 + q33V31)x + (g32 + g33V32)Y + q33V332 H3 = q31v11911X + q12V11931Y + 431V119132

+ v x + 1%
Suppose that the result of the right hand can be f21012021 1s1712022Y

Hy + 431023122 + q31V13%
denoted by [ H then we have
y Hz ’ + q317V13932Y t q31V13933Z

+ 432V21911% + 432V21412Y
* 432V21913Z + 43222921 X
+ 432V22922Y + q32V229232
+ q32V23q31% + G5, V23

* 4327234332 + q33V31411X
+ 433V31912Y + q33V31G132
+ 433V32421X t q33V32q22Y
+ 433V32q23Z + q33V33q31X

+ 433V33q32Y + q33V332

Hy = qf1v11% + q11v11912Y + q11V119132

+ q11V12921X + 41112922
t q11923V12Z + q11V13G31X
+ q11V13932Y t 411139332
+ q12V21911% + 4i2V21Y

t q12V21913Z + 12V22421X
t q12V22922 Y t 412V224232
+ 412723931 X + q12V23432Y

+ 412V23933Z + q13V31G11X

+ q13V31q12Y + @i3V312 q11711 = 411 V11 + 21911V12 + G11931V13
+ 41332921 % + q13V32922Y t 41291121 T q21912V22
+ q13V32923Z + q13V33(431X + q12931V23 T 413911V31

+ q13V33922Y + q13V33433Z + q13921V32 + 413431733
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q11V12 T 412 = q11912V11 T G11922V12 31+ 933V31 = q31911V11 + 93192112 + G51V13
+ q11932V13 + 4i2V21 * 432911V21 T 432921V22
t+ q12422V22 + 412932V 23 + 432431723 + q33G11V31
+ q13912V31 T+ 13922732 + 433921732 + 433931V33

+ v
13432Vs3 q33V32 + 932 = q31412V11 + 431922V12

413 t 411V13 = q11913V11 T 411923V12 + 431432V13 + q32412V21
+ q11933V13 + 412913721 + q32922V22 + 432V23
+ q12923V22 + Q12433723 + q33912V31 + q33G22V32
+qf3v31 + q13G23V32 + 433932033

+ v
13933Vs3 q33V33 = 931913V11 T 931923V12 T 431933V13

921 + 922V21 = Q21911V11 + G51V12 + Q21931V13 + 432913V21 T 432923V22
+ q22911V21 t 422921V22 t 432933V23 T 433413V31
t 422931V23 T 423911V31 + 433G23V32 + q33V33

t 423921V32 T 423431V33

It is simple to show that matrix V equals:
q22V22 = 921912V11 T 421922V12 T 421932V13
5 Vi1 V12 Vi3
t 412922021 T q22V22

U1 V22 V23

+ q22932V23 t 423912V31 V31 V32 Vss
+ 423022V32 + q23932V33 Conversely
Q2223 + Q23 = 421G13V11 + §21923V12 Suppose that there is a matrix V equal to
+ q21933V13 + 22913V21 Vi1 V12 Vi3
+ 422423V22 + 22933723 V21 Va2 V23

; V31 V32 V33
+ q23913V31 T 23732

+ 423933733

Such that
_ (421911Y12+911931Y13+1912911V21 1421 912V22+912931V23 +913911V31+913921V32 + 413931 V33)
V11 = —
q11(1—qq11)
Voo = 411912711 +911032V13+052V21+012922V22 9129327 23 +913912V31+ 1392232+ 413932V33 — 12
12 d11— 911422
Vin = 411913Y11+q11923V12+q12913V21 +912023V22+q12033V23+453V31+41323V32+013G33V33— 13
13 d11— 911433
_ 421G11V11+951 V124021 031V13H 022921 V22 +2231V23+023911V31 423921 V32 + 42331 V33— 21
V21 = 1-
A22(1-q11)
Voo = 421912V111921922V12 1q210432V13+012022V21+022932V231423912V311923922V32+023032V33
22 —

qZZ_Q%Z
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_ 921913V1110421923V12+421433V131422013V21+422023V22+023913V31 1423032 +023033V33 423

1%
23 422—4922933
_ 431911V11+931021V12+951V13H032911V21 +432021V22+q32031V23 033921 V32 + 33031 V33— 31
V31 = _
q33(1—q11)
_ 431G12V11+931022V12+q31932V13 +432012V21+d32022V22+ 32 V23+033912V31+33G32V33— (32
V32 = _
q33(1—qz2)
_ 931913V111931923V12+q31933V13+q32913V21+q32923V22+932933V23+933913V31+433q23V32
V33 = ~
q33(1—q33)
To show that the system (4) is J-semi- Vi1 V12 V13\ /X
. % v 1%
homogeneous, that is F{|V21 Y22 V23 <y>
V31 V32 V33/ \z
F(VX) = VF(X
VX) =J(QVF(X) 11 12 13\ /P11 Viz Vi3\ [f (%)
By putting the value of the matrix V in (2), we have =921 922 q23 | V21 V22 Va3 || g(¥)
Q31 432 433/ \V31 V32 V33/ \ h(2)
Therefore,
q (421911Y12+911931V13 1912911 V211421 912V22 112931 V23 1 913911V31 913921 V32 1 q13G31V33) _
11 -

q11(1—q11)

2 (421911Y121911931V13+912911V21 14921 912V22+ 912931 V23 1913911 V31 1913921 V32913931 V33)

q11

q11(1-q41)
+421911V12 + 911931V13 + 412911V21 = (q21911V12 + 11931V13 + Q12911021
+ 421912V22 T 412931V23 t 421912V22 T 412931V23
+ 413911V31 T 413921V32 + 413911V31 T 413921V32
+ 413931733 + q13931V33)

(@219117V12 + 411931V13 + G12G11V21 + 421G12V22 and
+ q12931V23 t 413911V31

+ 413921V32 + 413931V33)

2
911912V111911932V13+412V21+q12022V22 1912932V 23+913912V31+913922V321q13932V33—q12

q11 + 412

d11—911922

2
911912V11%1911932V13+412V211912022V22 1912932V 23+913G12V31+1913922V321q13932V33—q12

= q11912V11 T 911922

q11(1-qz2)
+G11q32V13 + 412021 + G12022V22 + G12G32V 23 + q11912V11 + G11932V13 + Gi2V21 + G12G22V22
G13912V31 + q13922V32 T 13G32V33 t 412932V 23 T 413G12V31
+ V3o + v
G11912V11 + G11932V13 + Gi2V21 + G12q22V22 N13922Vs2 * f13932V33
— 412922

+ 412932V 23 T q13G12V31
+ q13922V32 T 413932V33 and

— 412922 =
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911913V111911923V12+912913V21+1012923V221q12433V231q13V31+013923V321q13933V33—q13

q11 + 413

d11—911933

= ¢11913V11 t q11923V12 +

2
911913V111911923V12+912913V21+412923V22+1q12433V231q13V31+1013923V321q13933V33—q13

411933 411911933
411913V11 T 911923V12 T 412913V21 t q12423V22 411913V11 T 911923V12 t+ 412913V21 t 412923V22
2 2
+ q12933V23 t+ q13V31 + q12933V23 + qi3V31
+ 413923V32 t 413933V33 + 413923V32 T 413933V33
— {13933 = — 413433
And
+ 421911V11+q51V12+021431V13+ 022021 V22 +022031V23+023G11V31 +423921V32+ 423031 V33— 021
q21 T 422

q22(1-q11)

= q21G11V11 + G31V12 + Q21931 V13

A21911711 + Q51012 + Q21931V13 + Q22421V22 + 922931V23 + G23G11V31 + G23G21V32 + 42393133 — q21

+ 422911
q22(1 —q11)
1 q22921V22 t
q22931V23 T q23911V31 T 423921V32 + 423931733 421911V11 + G51V12 + 421931V13 + Q22021 V22
+ Vo3 + v

G21911V11 + 431V12 + G21G31V13 + 422021V22 422431V23 T q23911V31

t q22931V23 t 423911V31 T 423921V32 T 423931V33

+ q23921V32 + 423931V33 — 11921

—q11921 = and

421912V11%+421922V12 1421932V13+912022V211422032V23+023912V311023022V321+023032V33
q22(1-4qz22)
421922V12 + 421932V13 + 412922V21 +

2 421912V111921922V12 +421932V131012022V21+022932V231023012V31+023022V321023432V33
22

422 = (21912V11 +

t 422932023 t

922(1-q22)
423912731 T 423422V32 T 423432V33
421912V11 t 421922V12 + q21932V13 421912V11 t 421922V12 + 421932713
t 412922V211422432V23 * q12922V211422432V23
+ 423912V31 T 423422032 + 423912V31 T 423922032
+ 42332733 = + 423432733

and


https://doi.org/10.21123/bsj.2024.9552

Published Online First: September, 2024
https://doi.org/10.21123/bsj.2024.9552
P-ISSN: 2078-8665 - E-ISSN: 2411-7986

Baghdad Science Journal

2
421913V111921923V12+421933V13+022913V211422023V221423013V31+423V321q23033V33 (23

422 + q23 = 421913V11 T

q22—922433

A21923V12 1 21933V13 1 422413V21 t q22q23V22 +

2
421913V111421923V12+4921933V13+022913V211q22023V221423013V31+423V321q23033V33 (23

422933 + G23G913V31 T

q22—922433

2
q23V32 T 423933V33

421913V11 t 421923V12 + 421933V13 + q22q13V21 421913V11 t 421923V12 + q21933V13 + 22G13V21
+ q22923V22 t 423913V31 *+ q22923V22 + 423913V31
+q33V32 + 23933033 — Q23433 = +q33V32 + 23933033 — Q23033
and

2
431911V11%1431921V121931V13+0432011V211432021V221432031V231033021V32+433031V33—q31
q33(1-q11)

431921V12 + 451013 + G3211V21 + 432921 V22 + G32G31V23 +

2
431911V11%1431921V121931V13+432911V211432021V22+432931V23+033921V32+1033431V33 431

q31 t Q33 =(¢31911V11 T

433911 q33(1-qq1)

431911711 + 931921V12 + 451013 + 43241121 431911711 + Q31921712 + q51V13 + Q32411721
+ 432921V22 + 432431V23 + 432921V22 + 432431V23
+ 433921V32 + 433G31V33 + 433921V32 + 433431V33
— 431911 = — 431911

and

2
431912V11%1431922V121931932V13+432012V211032022V22+432V231033912V311033932V33—q32
q33(1-q22)

431G22V12 + A31932V13 + Q3212V21 + G32022V22 + G52V23 + 433G12V31 +

2
431912V11+431022V121931432V13+432012V211032022V22+432V23+033012V311033932V33—q32

q33 +q32 = 431912V11 T

433922 + 433932733

q33(1-qz3)
q31912V11 + q31922V12 + 431932V13 T 432412V21 q31912V11 + 431922V12 + q31932V13 +
+ 432022V22 + q32V23 032912V21 + 432922V22 + 452V23 + q33G12V31 +
+ q33912V31 T 433932V33 433932V33 — 432922
— 432422 = and

v+ v+ v+ Uyt Voot Vos+ Vaq+ v
4314913V11179314923V121431433V13 ‘kz‘h; 2(11 Q;zfgzs 22 %2@3;3&3‘1,33‘113_ ﬁjl%?%gaalfq_ q31933V13 +
33(1-q33

q33

q32913V21 1 432923V22 + 432(33V23 +

= Vi1t Vi + Vi3 +
q31913V11 T 431923V12 T 431433V13 Q3301331 + G33Ga3Vay =

q32913V21 t q32923V22 t 432433V23 +

433913V31 t q33q23V32 +

2 431913V11+431923V12+04310433V131432413V21+432023V221432433V23+433913V311033023V32
33 q33(1—q33)
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q31913V11 t q31923V12 T+ 431933V13 T 432913V21
t 432923V22 + 432433V23

+ q33913V31 T 433923V32

That is, the left hand is equal to the right hand, and

the system (4) is J-semi-homogenous.

Theorem 2:

The homogeneous system of differential equation is
6-semi homogeneous if and only if the matrix V
equal to:

Proof : Since F is §-semi-homogeneous, there exists
a non-zero matrix (for illustration, suppose V) that
allows Eq 3 to be held with k=1 .

F(VX) = det J(Q)VF(X)

V11 V12 V13\ /X
Fl V21 Va2 V23 <y>
V31 V32 Vs3z/ \z

Vi1 Vi Vi3\ [ f (%)
= det J(Q) <1721 V22 1723) g
V31 V32 VUsz/ \ h(z)

[q11V12 T V12 — V12922 — V13932 q11V13 + 13 —JV11913 — JV13433 q11V11 —JV11911 — JV12921
Ja12 Jq23 Jas1
G22V22 —JV22922 — JV22422 G22V23 + Q23 = JV21G13 — JV23Q33 Q21 + Q22V21 — V21911 — JV22421
1412 Jq23 14931
q33V33 — JV32q23 — JV33q33 q3z T 433V31 —JV31G11 —JV33q31 Q32 + q33V32 — JV31G12 — JV32q22
J4q13 14921 1432

f(vi1x + vy + v432)
gW21x + VY + V332)
h(v31x + V35 + v332)

11 Q12 Q13\ [V11f(x) + v129(Y) + v13h(2)
=921 922 q23 || v21f (X) + v229() + va3h(2)
931 932 433/ \v3;f(x) + v3,9(y) + v33h(2)
det J(Q) = q11(q22933 — 923932)
— q12(q21933 — 423931)
+ 413(921932 — 922931)

The left hand is

q11v11% + (q11V12 + q12)y + (q11V13 + q13)Z
(q22V21 + Q21)X + G22V22Y + (G22V23 + q23)2
(q31 + q33v31)x + (q32 + q33V32)Y + q33V332

The right hand is

(111911 + V12921 + V13931)% + (V11G12 + V12G22 + V13G32)Y + (V11G13 + V12023 + V13G33)2

det](Q)

(V21G11 + V22G21 + V23q31)% + (V21G12 + V22G22 + V23G32)Y + (V21G13 + V22023 + V23G33)2

(V31G11 + V32q21 + V33q31)% + (V31G12 + V32G22 + V33G32)Y + (V31G13 + V32023 + V33G33)Z

q11v11 = J[V11911 + V12G21 + V13G34]

q11v12 + q12 = J V1112 + V12922 + V13G32]
q11v13 + 13 = J[V11G13 + V12423 + V13G33]
q22V21 * q21 = J[V21q11 + V22421 + V23q34]

G22V22 = J[V21q12 + V22022 + V23G32]

G22V23 + G23 = J[V21q13 + V22023 + V23G33]
q31 t q33v31 = J[V31q11 + V32021 + V33G34]
q32 + q33V32 = J[V31G12 + V32G22 + V33G32]

q33V33 = J[V31q13 + V32423 + V3333]

Matrix Vis easily demonstrated to equal:
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[q11V12 + V12 = JV12Q22 = JV13G32  q11V13 + G13 — JV11G13 — JV13033 q11V11 = JV11q11 — JV12921
Jq12 /423 J431
G22V22 = JV22q22 — JV22q22 G22V23 + Q23 = JV21G13 — JV23Q33 Q21 + Q22V21 — JV21G11 — JV22q21
Jaq12 1423 Jq31
q33V33 — JV32q23 — JV33q33 q32 T q33V31 = JU31G11 — JVU33q31 Q32 + q33V32 — JV31G12 — JV32q22
Jaq13 Jq21 Ja32
Suppose that there is a matrix Vequal to
Conversely
[ q11V12 + V12 — JV12G22 — JV13Q32  G11V13 + 13 —JV11G13 — JV13Q33 q11v11 —JV11q11 — JV12921
J4q12 J4q23 J4q31
G22V22 = JV22Q22 — JV22422 Q22V23 + Q23 = JV21q13 = JV23G33  G21 + Q22V21 — JV21G11 — V22021
J412 Jq23 J431
q33V33 — JV32q23 — JVU33(33 q32 + q33V31 — JV31q11 = JV33q31  q32 + q33V32 — JV31G12 — V3222
J413 J421 1432

To show that the system (4) is 5-semi-

homogeneous, that is

()

=detJ(Q)V| g»)

q11V12 + q12

q11V12 T q12 = JV12922 — J V13932

=] [Chz
fx)

+v +v ]
h(z) 124922 13932

1912

q11V12 + 12 = q11V12 T q12

By putting the value of the matrix V in (3), we have

V11 Viz Vi3\ /X
Fl | V21 Va2 V23 (y)
V31 V32 V33/ \Z
11 912 913\ /Y11 V12
=(4q21 422 423 || V21 V22
931 432 433/ \V31 V32
Therefore,

q11v11 =]/ [17115111 + V12921

V13
V23
V33

q13 + q11V13

— JV11913 — JV13933

q21 t q22V21

+v
IS 13933

=] [U11CI13
+ q11V13 T 413
f(X) qz3
9g)
h(z) q11V13 T 13 = q11V13 T 13

=] [U21CI11 + V22421

421+ q22V21

+ 431

V11911 = V11911

d11v11 — JV11911 —]1712¢I21] + q31
Ja31

G21 t q22V21 = q21

—Jv21q11 —fvzthl]
Jas1

t 422021

Q22V22 — JV22q22 — JV2343;

422V22 = J |q12

+v

Ja12

22022 T V23433
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q22V22 = (22V22

q22V23 T q23

=] [V21CI13
Q22V23 + 423 — JV21q13 — JV23433
+ g23
Jaz3
+ V23CI33]

Q22V23 T 423 = q22V23 + Q23
q31 + (q33V31

=] [V31CI11 + V33431

431+ q33V31 — JV31911 — JV33q31
1421

+ q21

Q31 t q33V31 = 431 T q33V31
q32 + (q33V32

=] [U31Q12 + V32422

432 + q33V32 — JV31q12 — JV32422

T 32 Jas:

432 + q33V32 = (32 + q33V32

q33V33 — JV32q23 — JV33q33
1413

q33V33 =J [CI13
+ V32q23 + 1733‘133]
q33V33 = (33V33

That is, the left hand is equal to the right hand, and
the system (1) is §-semi-homogenous.

Corollary 1:
1- A homogeneous system of a differential

equations is J-semi-homogenous, if the
following is held:

q11V11 = G11V11 + G21911V12 + G11931V13
+ q12911V21 T 921912V22
t 412931V23 T 413911V31

t q13921V32 T 413931V33

q11V12 T d12 = q11912V11 t 411922712
+q11932V13 + qi2V21
*+ q12922V22 + Q124327 23
*+ q13912V31 T 413922V32

+ G13932V33

413 t 911V13 = q11913V11 T 411923712
+ q11933V13 T 12913V21
*+ q12923V22 + 124933V23
+qf3v31 + q13923V32

+ 41393333

Q21 + G22V21 = Q21911V11 + G51V12 + Q21931V13
+ q22911V21 T 422921V22
+ 422931V23 + 423411V31

t 423921V32 T 423931V33

A22V22 = 421912V11 T 921922V12 T 421932V13
+ G12G22V21 + 452022
+ G22932V23 + 423412V31

+ 423922V32 + 423432V33

422723 T 423 = q21913V11 T 421923712
+ 421933V13 + 422913V21
+ 422423V22 + 22933723
+ q23q13V31 + q33V32

+ G23933V33

@31 + 933V31 = q31911V11 + G31q21V12 + 951V13
t 432911V21 T 432921V22
+ 432931V23 T 433411V31

+ 433921732 t 433931V33
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q33V32 T 432 = q31912V11 T 431422712 433V33 = q31913V11 t 431923V12 t 431933V13
+ 431932013 T 432412V21 * q32913V21 1 432G23V22
+ Q3202222 + 432V23 + 432433V23 + q33913V31
+ 433912731 + 433422032 + q33923V32 + 43333

+ 433932V33

. . . 2- Consider the system F(X) = QX where
2- A homogeneous system of differential equations y *)=q

2 1 0
is §-semi-homogenous if the following is held: Q=<0 1 1 )then there is a matrix V equal to
0O 0 -1
q11v11 = J V11911 + V12G21 + V13G341] "
4 8
G11V12 + @12 = J[V11G12 + V12922 + V13932] 0 0 -—-1)
0 0 O

q11V13 + q13 = J[V11Gu3 + V12G23 + V13G33] _ _ _ _
then this system is 8-semi-homogenous.To Justify

G22V21 + G21 = J[V21Q11 + V22421 + V23G31] that by using Corollary (2.5)

G22V22 = J[V21q12 + V22q22 + V23G32] Solution:

G22V23 + G23 = J[V21Q13 + V22023 + V23433 1-

q31 + q33v31 = J[V31q11 + V32021 + V33G31] -1 60 _ 30
q11V11 82 41

q32 t Q3332 = J[V31Q12 + V32022 + V33q32] )
qi1v11 + 921911V12 T 411931V13 T 412911V21

Va3 = J|V +v + v
q33V33 = J[V31q13 32423 33033] + Go1G12Vas + Q1231033

Proof: Direct from Theorems (1) and (2). T G3011Vs1 Q1321732
+ 413931V33 =
Example 2:
60 26 10 34 12 8 68 24
=-—242(=)-=+=42(=)+=—-=—
1- Consider the system F(X) = QX where Q = 82 82 (82) 82 82 (82) 82 82
16 30
. N 2(5) ==
1 1 0 | thereexistsamatrix V equal to
- 26 28
20 -1 qQuviz t gz = —; + 1=,

60 —-26 10

82 82 82
—-34 12 8 . . .
| -~ 5 @ [, then this system is J-semi-

68 —24 -16 + 412922022 T 412932V 23

+ §13912V31 T q13922V32

q11912V11 + 1192212 + G11932V13 + Gi2V21

82 82 82

homogenous.
g + 413932033
60 26 34 12 68 24 28
Y| i N
82 82 82 ' 82 82 82 41
10 46
Qi3+ quuviz =1+ =+
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11913V11 T 911923V12 T ¢11933V13 T 412913V21
t q12923V22 T 412933V23
+ qf3v31 + Q13923732

+ 413933V33

QZ1+QZ2V21:1—§:H

921G11711 + 451012 + Q21931713 + 42241121
t 422921V22 T 422431V23
+ 423911V31 T 423921V32

+ 423931733

60 26 10 34 12 8

8_2_8_2+ (8_2)_8_2+8_2+2(8_2)+0+0+0_
ﬁ

41

12 6

q22V22 = 32 = 41

q21912V11 t G21922V12 + q21932V13 + G12922V21
+ q32V22 + 422G32V23
+ q23912V31 T 423922732

+ 423932733

60 26+0 34+-12+0+0+0+0—6
82 82 82 82 41

8 4
G22V23 t Q23 = 5 = 7
421913V11 t 21923V12 t+ 921933V13 T 422913V21
+ q22923V22 T 42243323
+ 423G13V31 + G533,
+ 423933733

0221 0-2404+04+0=—
82 82 82 82 41

68 _ 48
+q33v31 =2 ——=—
431 T q33V31 3z 21

q31911V11 + 431921V12 + 451V13 + G32G11V21
t 432921V22 1 432931V23
+ 433911V31 + 433421V32
+ q33431V33 =

z(g)—2(%)+4(2—2)+0+0+0—%+2—:+

16 48
2()-
82 41
24 12

d33V3z t 32 = o5 = 7

q31912V11 t q31922V12 + 31932V13 T 432912V21
+ G32G22V22 + q32V23
+ 433912V31 T 433922732

+ (q33q32V33 =

2(2)-2(2)+0+0+0+0-2+240=
E
41

16 _ 8

Vaa = =
433V33 = o5 = 47

q31913V11 t q31923V12 + 31933V13 T 432913V21
t 432923V22 T 432433V23

+ 433913V31 T 433923V32

+q33v33 =
60 10 68 16
2(Z)+0-2(5)+0+0+0-240-25=
8
41

In the same way, this can be proved in example two.

Definition 2: System (1) is called J-adjoint (5-
adjoint ) —semi—homogeneous if there are two non-
zero matrices V and C such that the following

equation holds:

FVX) =J(QCFX) (FWX)=
det J(Q)CF (X)), respectively

Theorem 3:
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A homogeneous system of differential equations is
J-adjoint (8- adjoint )-semi-homogeneous if and

V11 Vi2 Vi3
only if the matrix V equal to |V21 V22 V23
V31 V32 Uss

_ G611 + Q2111612 + q11G31613 + §12911C21 + @21912C22 + Q12931623 + Q1311631 + Q1392132 + Q1393133

V11 =
q11
Doy = 911912€11+911922C12+911932C13 432 C21 + 91202222+ 12932€ 23+ 91391231+ 1392232+ 913932C33— Q12
12 q11
Paa = 911913¢11+411923C12+911933C13+ 91291321+ G12923C22 + 912933 23+ 433 C31+ 41392332+ 1393333~ 13
13 q11
Doy = 921911€11+451C12+021931C13+ 922911 €21 C21 422921 €22 42293123+ 023911 C31+ 423921 €32+ 423931 C33— 21
21 dz22
Yoy = 421912€11+021922C12 42193213+ G12922C21 +952C22+022032C23+ 42391231+ 423922 C32 923 932C33
22 q22
Von = 421913C11+021923C12+421933C13+ 42291321+ 422423 C22 + 022033 C23+ 42391331+ q53C32+023933C33 — 023
23 dz22
Day = 931911€11+431921€12+951C13+ 932911 €21+ 932921 C22+ 432931 €23+ 933911 €31 433921 C32+ 433931 €33~ 31
31 433
Dy = 931912€11+431922C12+q31932C13+432G12C21+q32422C22+ 52 €23+ 433912C31 + 433922 C32+ 433932 €33~ 032
32 433
Van = fI31fh3C11+Q31QZ3C12+Q31Q33C13+CI32CI13C21+CI32CI23C22+CI32CI33523+CI33CI13531+CI33CI23532+‘I?2,3533
33 q33
J(€11G11+€12G21+C13q31) J(€11q12+€12G22+C13G32) =12 J(€11Q13+C12023+C13933)—q13
q11 d11 q11
| J(€c21q11+C22G21+C23931)=q21 J(€c21q12+C22q22+C23q32) J(€21q13+C22423+C23q33) = (23 |
qz2 qz2 qz2 '
J(c31q11+C32G21+C33931)=q31  J(€31q12+C32G22+C33G32)—q32 J(€31q13+C32G23+C33q33) /
433 433 q33
respectively. Vi1 V12 V13\ /X
o _ F{|V21 V22 V23 <y>
Proof: The proof for /- adjoint- semi homogeneous V31 V3, UVs3z/) \z

as the following: €11 €12 €3\ [f(x)

Since F is a homogeneous system of degree 1, there =J(@ EZI Ezz 223 z(y)
exists a non-zero matrix (for example, let's say V) 31 G2 Ca3/ \h(2)
that allows the Eq 2 to be held with k=1 .

F(VX) =J(QVF(X)
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Gz = 421€11911%X + 412€11921Y + 4216119132
+ q31¢12% + q21C12q22Y
+ 421923C12Z + 421C13G431X

t G21€13932Y * 421139332

f(Wi1x + vy + v432)
g(W21x + vy + vy32)
h(v31x + v3Y + v332)

<CI11 q12 CI13) c11f (%) + ¢129(y) + c13h(2)

Q21 922 923 || Co1f (X) + 229 (¥) + c33h(2)
31 G32 4933/ \c31f (%) + €329 (¥) + c33h(2) + 22€21911% + q22€21912Y
The left hand is t 422€21913Z + 422C22q21%

+q32€22Y + 422€22G237
t 422€23931X + q22C23q32Y
*+ 422€23933Z + 423C31411X
+ q23C31912Y + 423C319132
t q23C32021X + q23C32q22Y
+q33C322 + q23C33431X

t 423C33G22Y + 423C33433Z

q11v11% + (q11V12 + Q12)y + (q11V13 + q13)Z
(g22V21 + G21)X + G22V22Y + (G22V23 + q23)Z
(q31 t q33v31)x + (g32 + q33V32)Y + q33V332

The right hand is <g;> where
Gz
Gy = qf1611X + q11€11912Y + q11€119137
t q11€12921%X t 411C12922Y
+ q11923€12Z + q11C13G931X
+ 411€13932Y t q11€134332

+ G12€21G11X + q12C21Y

Gz = q31€11911X + q12€11931Y + 431€119132
T G21C12921X t 431C12922Y
+ 431q23C12Z + q31C13%

+ q31C€13932Y t q31€13933Z

t q12€21913Z + 1222421 X
+ q12€22922 Y t 412€224232
+ q12€23931X + q12C23432Y
+ 412€23933Z2 + q13€31911X
+q13€31q12Y + qi3€312

+ 41332421 X + q13C32q22Y
+ 413C32q23Z + q13C33q31X

+ 13€33922Y + 413C33933Z

+ 432€21911X + 432€21912Y
+ 4320219132 + 432C22q21%
+ 432€22922Y + 432€229232
+q32€23931% + q52C23Y

+ 4320239332 + 43331411 X
+ q33C31912Y + q33C319132
+ 433C32421X + 433C32q22Y
+ 433C32923Z + q33C33q31X

+ 433C33932Y + q33C332

q11Y11 = 411611 + 421911612 + 411931613
+ 412911C21 T 42191222
+ q12931C23 T 41391131

+ 413921C€32 T 413931C33
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q11V12 + Q12 = 911912€11 T 911922C12
+ (11932613 + 412021 + Q12922622
+ q12932C 23 + 413912C31

+ 413922C32 T 413932C33

q131t411V13 = 411913€11 t 411923C12 + 411933C13
+ 412913C21 + 412G23C22
+ G12933C23 + qf3¢31 + q13G23C32

+ 413933C33

921 + 922V21 = 2191111 + G31¢12 + 421G31C13
+ 422911C21 T 422921C22
t 422931C23 T 423911C31

+ 423921C32 T 423431C33

q22V22 = 421912C11 T 921922C12 1 42193213
+ G12922C21 + G32C22 + 422G32C23
+ 423912C31 T 423922C32

+ 423922C33

G22V23 T 423 = 421913C11 T 421923C12
+ q21933C13 T 22413C21
+ 422923C22 T 422433C23

+ 423G13C31 + G33C32 + 23933C33

931 + 933V31 = 311111 + 43142112 + 451C13
+ 432911C21 T 432921C22
+ 432931C23 + 433G11C31

+ q33921C32 t 433931C33

Therefore,

411611 + 421G11C12 + 411931€13 + G1211C21 + G21912C22 + 412031C23 + 413G11C31 + G13G21C32 + G13G31C33

q33V32 T 432 = q31912C11 T 431922C12
+ 431932€13 T 432912C21
+ 432022C22 + 32C23 + 433G12C31

t 433922C32 T 433(32C33

433V33 = 431913C11 T 931923C12 T 431933C13
+ q32413C21 t 432423C22
t 432933C23 T 433G13C31

+ 433923C32 + q33C33

It is simple to show that matrix V

V11 V12 Vi3
equals: [V21 V22 Va3
U3z1 V32 Uss

Conversely:

Suppose that there is a matrix V equal to
Vi1 Vi2 Vi3

V21 Va2 V23

V31 V32 Vzz

To show that system (3) is J-adjoint-semi-
homogeneous, that is

F(VX) = J(Q)CF(X)

By putting the value of the matrix VV in 3, we have

V11 V12 Vi3\ /X
Fl V21 Va2 V23 (y)
U3z1 U3z VUzz/ \Z

€11 €12 CG3\ [f(x)
=](Q)(021 €22 623> 9g)

€31 €32 €33/ \ h(2)

q11

q11
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411611 + 421911612 + 911G31€13 + 41291121
+ q21912C22 t+ 412931C23
+ 413911€31 t+ 413921C32

+ 413931C33

471611 + 421011€12 + 911931€13 + G12911C21
+ q21912C22 t 412931C23
+ 413911€31 T 413921C32

+ 413931C33

qfic11 + 421911612 + Q11931613 + G12G11C21 and
+ 421912C22 + 412931C23
+ q13911C31 + 413921C32
+ q13931C33 =

G11912€11 + 411922C12 + 411932613 + CI122521 + 12922C22 + 412932€ 23 + §13912C31 + 413922C32 + 413932C33 — 12
q11

q11

411912611 + G11022€12 + G11932€13 + qF2C21
t q12922C22 T 412932C 23
+ §13912€31 T 413922C32

t 413932€33

+q12 = G11G12C11 + G11G22C12 + G11932C13 + G261
+ 12922C22 T 412932€ 23 + 413912C31
+ 13922C32 + 413932C33

411912€11 + G11922C12 + 411G32€13 + 41221
t q12922C22 + q12932C 23 and
+ q13912€31 + 413922C32

+ G13932€33 =

411G13€11 + 911423C12 + G11933C13 + 412G13C21 + G12G23C22 + G12G33C23 + Q13C31 + 413023C32 + G13G33C33 — Qa3
q11

13111

= q11913€11 T 911923C12 T 411933C13 + 12913C21
+ G12923C22 + 412G33C23 + Gi3C31

*+ q13923C32 T 13933C33

411913€11 + q11923C12 + 411933C13 t 412913C21
+ q12923C22 + q12933C23 + 413C31
+ 413923C32 T 413933C33
q11913€11 T q11923¢12 T 411933613 + G12913C21 and
+ q12423C22 + q12G33C23 + qi3C31

+ 413923C32 T 413933C33 =

q21911€11 t CI§1C12 + 421931C13 T 422911C21C21 T 422921C22 T G22931C23 + 423911C31 + §23921C32 t 423931C33 — q21
q22

= (2101111 + 95112 + 21G31C13 + 022011C21C21 + Q22021622 + G22G31C23 + A23911C31 + G23G21C32 + 423931 C33

421

+q22

421G11€11 + 951€12 + 421931€13 + 422G11C21C21
+ 422921C22 T 422931C23
+ q23911C31 t 423921C32

+ 423931C33

421G11€11 + 951C12 + 421931C13 + 422G11C21C21
+ 422921C22 T 422931C23
+ q23911C31 T 423921C32

+ 423931C33 =

and
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421912C11 + G21922C12 + 02103213 + G12022C21 + Q32C22 + Q2203223 + G23G12C31 + A23022C32 + 423G22C33

22 q22
= (21912€11 T 921922C12 + 421932€13 421912€11 T 421922C12 + 421932€13 + 12922C21
+ G12922C21 + 32C22 + Q22932C23 + 452022 + 422q32C23 + 423912C31
t 423912€31 T 423922C32 t 423922C32 T 423432C33
+ q23932C33 and

421912€11 + q21922€12 + 421932€13 + 412922C21
+ G32C22 + 422G32C23 + 423G12C31

+ 423922C32 + 423(32C33 =

421913C11 + G21923C12 + 421433C13 + G22G13C21 + G22923C22 + G22033C23 + A23013C31 + 53C32 + G23G33C33 — G23
q22

q22

+q23 = 921913€11 T 921923C12 T 421933C13 + 422413C21 q21913€11 + 921923C12 + 421933C13 + 422913C21

+ 422923C22 + 422933C23 t 423913C31 + 22G23C22 + G22q33C23
2
T q23Csz + Q2333033 +G23913C31 + 43332 + 42303333
92191311 T 421923¢12 T 421933¢13 + 422913€21 and

t 422923C22 T 422433C23

+ 423G13C31 + G33C32 + 23933C33

q31
+q 431911€11 + 431921 C12 + q31C13 + G32G11C21 + G3221C22 + 432031C23 + 33G11C31 + G33G21C32 + 433G31C33 — q31
33
qs33
= G31911C11 + 931921C12 + G51C13 + G32G11C21 431911C11 + 931G21C12 + G31¢13 + 43241121
+ 432921C22 T 432931C23 t 433G11C31 + G32G21C22 + G32G31C23
+ C3p + [
Gs3ffz1652 T 333133 + 433911C31 + 433921C32
2
q31911€11 t 931921€12 + 43113 + 432911C21 + q33931C33
+ q32921C22 t 432931C23 and

+ 433911C31 T 433921C32

+ q33431C33 =

q31912€11 T 431922C12 T 31932C13 + 43212C21 + 432922C22 + Q§2C23 + q33912C31 T 433922C32 T 433932C33 — (32

33
qs33

+ qs;

= (31912€11 T 931922C12 + 431932€13 T 432G12C21 431912€11 T 931922C12 T 431932€13 + 432912C21
+ 432022C22 + G32C23 + q33G12C31 + 432022C22 + Q32C23 + 433912C31

1 433922C32 T 433(32C33 t 433922C32 T 433032033 =
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q31912€11 t q31922€12 + 431932€13 + q32G12C21
+ 432022C22 + 452C23 + 433912C31

+ q33922C32 t 33932C33

431913€11 + 431923C12 + 431G33C13 + 432G13C21 + G32023C22 + 432433C23 + 433G13C31 + G33G23C32 + 453C33

and

qs3

= (31913€11 T 931923C12 T 931933C13 *+ 432413C21
+ 432923C22 T 432433C23

+ 433G13C31 + q33G23C32 + 453C33

q31913€11 + 431923C12 + 431933€13 + (32413C21
t 432923C22 T 432433C23

+ 433G13C31 + G33G23C32 + q53C33

q31913€11 t q31923C€12 + 431933€13 + q32913C21
+ 432923C22 + 432433C23

+ 433G13C31 + q33023C32 + 453C33

That, the left hand is equal to the right hand, and the

system (4) is J-adjoint-semi-homogenous.

Corollary 2: A homogeneous system of a
differential equation (4) is J-adjoint-homogenous if
the following is held:

G11v11 = 411611 + 421911612 + G11G31€13
+ q12911C21 + 421912C22
+ 412931€23 T 413911C31

+ 413921C32 T 413931C33

q11V12 + 912 = 91191211 T 911922C12
+ G11932€13 + 412621 + 41292222
+ 412932€23 T 413G12C31

+ 413922C32 T 413932C33

q1317911V13 = 911913€11 T 911923C12 T 911933C13
+ 412913C21 + 412G23C22
+ G12933C23 + qf3C31 + 413G23C32

+ q13933C33

q33

d21 + G22V21 = G21411C11 + 431C12 + G21931C13
t 422911€21 T 422921C22
+ 422931C23 + 423411C31

+ 423921C32 T 423931C33

A22V22 = 421912C11 T 921922C12 T 421932C13
+ G12922C21 + G52C22 + 422932C23
t 423912€31 T 423922C32

+ 423922C33

Q22V23 T 423 = 421913C11 T 421923C12
+ q21933€13 T 422413C21
t 422923C22 T 422433023

+ 423G13C31 + 453C32 + 423G33C33

@31 + 933V31 = 3191111 + 43142112 + 451C13
+ 432911C21 T 432921C22
+ q32931C23 t 433911C31

+ 433921C32 T 433931C33

q33V32 T 432 = 431912C11 T 431922C12
+ 431932C13 T 432912C21
+ 432G22C22 + G32C23 + 433G12C31

+ q33922C32 T 433932C33

433V33 = q31413C11 T 431923C12 1 431933C13
+ q32913C21 + q32923C22
+ 432433C23 + q33913C31
+ q33923C32 + 43333

Proof: Direct from Theorem 3

Example 3:
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1- Consider the system F(X) = QX where Q =

2 1 0
1 —1 —1],then there are two matrices V =
3 0 2

19 9

> 2 3 1 -1 2

1 0 —4|andC=|2 1 0] thatsatisfy
11 4 21 0 -1 1

the equation:

F(VX) = J(Q)CF(X)

Results and Discussion

In this study, we obtained a definition equivalent to
the definition of a semi-homogeneous system of type
J, as well as a definition equivalent to that of type &,
as mentioned in theorems 1 and 2. Examples of these
equivalents were given and the relationship between

Conclusion

In this work, the classification of three-dimensional
differential equation systems was presented based on
the definition of the Jacobean matrix and its
determinant, the two homogeneous systems were
defined, called the J-semi-homogeneous system and
the other §-semi-homogeneous system, where the
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