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Abstract

The modulus of smoothness is essential for modern analysis and its applications. Is a versatile tool in
approximation theory that helps in understanding the properties of approximation methods, characterizing
function spaces, and analyzing the convergence and accuracy of numerical algorithms. It helps in
determining the optimal number of terms or the optimal choice of basic functions to achieve the desired
level of accuracy in approximation of a function and rate of convergence. The smoothness modulus has
many applications, including its applications in numerical analysis, particularly in the analysis of
numerical methods for solving differential equations, optimization problems, and integral equations.
Many papers introduced the ordinary modulus of smoothness with one variable. However, few
researchers have tried to approximate functions with multiple variables and mixed modulus. This paper
tries to fill in that gap introducing a new k -mixed modulus of smoothness for measurable functions
fe Lp([O,Z JI]d),O < p < 1 with d —variables. It does this by using a new k —mixed difference and
proving some of its approximation properties, like linearity and monotonicity, for the k -mixed modulus
of smoothness of functions belonging to the space L,, using the vector of numbers k;,i = 1,...,d. Also,
study the approximation of bounded functions with Ik -mixed difference and its direct relationship with
mixed smoothness.

Keywords: Mixed Derivatives, Mixed Finite Differences, Mixed Modulus of Smoothness,

Monotonicity Property, Space of Measurable Functions.

Introduction

Many studies have appeared that dealt with the
approximation theory in general, such as'?, and the
modulus of smoothness, in particular, is a powerful
tool in approximation theory used to investigate the
rate of convergence of approximation methods. The
first to develop a concept of dominant mixed
modulus of smoothness was Nikol'skii®, who
defined the Sobolev spaces Wg'(RQ) defined on an

open set € < R™, and it consists of functions that

can be p-integrated on Q up to order « in their
partial derivatives. Here,a is a non-negative
integer, and 1 < p < oo. The space is equipped with
a norm that measures the size of the function and its
derivatives. The norm of a function g € WS'(Q2) is
given as follows:

1/p
_ p
Igllwgce) = (212D SIE o)) .
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where «a is multi-index, D¢ denotes the partial
derivative of order |af,and L,(R) is the p—
th Lebesgue space. A dominating mix of
smoothness comes from the mixed derivative.
Subsequently, studies continued on the dominant
mixed smoothness; for example see* 7. The
researchers were also interested in studying the
mixed modulus of smoothness it is between mixed
metric spaces like®®°.

In the context of modulus smoothness, precisely
that the function g has #~-th symmetric difference,
according to what follows:

B 9(x) = 5 (7) (177 gl + jh). 2

where, the function g € L, has the » -th usual
modulus of smoothness which is defined by

we(g, 6)p = sup [|A; (g, Illp, & =0
3 0<hs< 6

From Eq 2 and Eq 3, it can be developed modulus
not in the usual manner, but by defining the
modulus of a k -mixed smoothness of a function f €
L, as follows:

wi(f, 6)p =

sup ?:1 ”A]ﬁ f(xl,xz,...,xi,...,xd)|| , 0 >0 ,0r
|hi|56 P

4

wy (£, 8)p =

d k
Sup j—q ” Ap f(xq1,X2, 0, Xy, ...,xd)”
|hijl< & - p

Then, from Eg.4, can be definedk -mixed
difference as mentioned below:

_ y

AK f(x) = supf‘=1 {Ahif(x)} 5
Kk ki k

= Sup;,._4 {Ahi (%), .., AR (), .., AF f(x)}

Or

Agf(x) = infd, it} 6

. k ki k
infi, g (ARG, - ARECO), ., e,

where k = (kq, Ky, ..., K, o, kq), =
(hl ,hz, ...,hi, ,hd), X = (Xl ) Xy oy Xj, ...,Xd) .

L, = L,([0,27]%),0 < p < 1, be the measurable
function's space,and 2 7t -periodic in all d -variables
SO that:

1
IfCOIl, = (f_n” f_ﬂﬂ ...f_ﬂn|f(x1,xz, o Xjy oo, X@) [PAxq dXyg o dX .o dxq)P. 7

Also, A]ﬁ‘l is the standard difference in variable x;
of order k; with step h; ; for instance,

Alllif(x) = A}11i f(Xq, oorr X, s Xq) = F(Xq, oo, X +
h;, ..., Xq) — f(Xq, cos Xi) e X))

AR F(x) = Af ()

-1 Y -1
A% L f(x) = Z Z

. . jk =0
k=0 jK;=0 Ykq

. e
= 2}10(_1)] ( ]l) f(xq, o, X + (k; —
ph;, ..., xq), ki € N. 8
Using Eq 5 and Eq 6 to obtain
A% () =

-1 -1 -1 d ki
ijlzo Ziki=0 + Lij =0 SUPi=1 {Ah; {C. P Xd)}
9

r-1
Kk ki Kk
Z sup?=1 {Ahi f(x), ooy Byl f(x), ...,Ah‘; f(x)}
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Materials and Methods

Note: All the following results Aff(x) and wi(f, o)

)pare similar to A_]},‘; f(x) and ‘w(f, &), in terms of
proof.

Lemma 1;1°

Suppose that (x;) be any sequence; then

1
X135 < 2p 3[% [P
X15P < XilxlP

Lemma 2:%

forl <p < oo;

for 0<p<1.

For0<p < 1,fand g functions € L,([0,27]%),
then

Let fand g € L,([0,27]%),0 < p < 1.Then
(@) AF (F+g)(0) = AF f(x) + AF g(x);
(b) AF (B £60)) = AE* £(x);

@ 4% feo| < cw ko,

@ i, | 2 100 = tim, ot 00)] -
Proof of:
(a)

AF (F+g)() = supl, {Af (F+ ) ()}

1 _ kq ks,
I+ 6l < 7 I, + - =suplla {4 (GO (04
D el D), ., A (E+ ) (), ., A (F+8)())
o
Lemma 3:
a (—1)) k]l) (F+ 8) (%, + (Ky — DDy Xg oo X5y o Xg),
ks (_1) (kZ) (F+ 8) (%0, Xp + (Kg — Dhos oo X s Xg)s o
= supid=1< l]< ;
(=1 (]) (F + 8)(x1, Xy oo, Xi + (ks — Dhiy oy X, o)
. Zj:o(_l)] (k] ) (f+ g)(XDXZ' I STRIIPD & | + (kd - ])hd) )

From the properties of finite difference, the following can be concluded

22 (-1)

_ B0 (%)
A¥ (f+ g)(x) = sup{L, 4

| 2% (1)

Then from properties of supremum,

( . (k .
4 (~1)) ( 1) f(xg + (kg = DNy, Xgs oy X oy

(k2> f(x1,%x5 + (ky —jhy, .0, x5, oo,
g(x1, %z + (k2
¥ (=1 (1;1> £(X1, Xy o)
1) g(x1, Xy,

f(xq,%5, ...

O Xj + (kl - j)hi, ...,Xd), ey
Xi, s Xd + (kd - ])hd) +
/X, -, Xq + (kg — Dhg)

g(xq,Xp, ...

- j)hz, D ST

Xj + (kl - j)hi' ...,Xd) +
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(k1> f(Xl + (kl - j)hl,Xz, ey

y(—1) ]

AE (F+ ) (x) = suplL, { .
]1) f(Xl,Xz, ey

S

[ 2% (kld)

f(X1, X2, cee) Xjy ver)

J
( 1 (k]z) g(x1, %Xz + (kz — jhy, ...
+supfl=1< K.
-
Ka k
[ Zjso(- 1) (id

g(Xl' X2y ey

) g(Xq, X3, ., Xj,

= MK f(x) + A g(x) .

(b) A% (&% f00)) = A% (suptL, {45, 19}

Xi, e X))

“20( 1) ( 2) f(xy, %5 + (Ky = Dhgy o) Xy oy Xy oo
x; + (ki — h;, ...
Xq + (kg — Dhq)
Zklo( 1) (k1> g(xq + (k1 —hy, Xy, ...
Xiy veer X)) oees
xi + (ki —j)h

X+ (kg —Dha)

N

,Xd),...,

) Xy ey Xd):

i '--:Xd): ey

= A% (suplL,y {A}} G0, AR £(x), .., AL £(50), .., A7 £(x)})
= supl, {Aﬁ‘l (sup{i=1 {A}rlll f(x),A}rf2 f(x), ...,A}rlii f(x), ...,Alrl‘; f(x)})}
(sup1 1 {Arl f(x), Ar2 f(x), ...,Alrlii f(x), ...,Afl‘; f(x)})
A (sup1 1 {Arl f(x), Ar2 f(x), ...,Alrlii f(x), ...,Afl‘; f(x)})
B (A0A00) = suptea oy (supL, {Af £, 872 f(;g; e Y EGR), 1, A R0, (
L Ap (supl . {Arl f(x), AF f(x;) LA GO, -, AL f(x)}) )

Choose ryq,ry, ..., Tj, ...\

B2 £(x) = supiLy A7 £(), A7 £(x), .., AF (), ..., AL £(3)}

A} £(x) = supiL, {A{;l (), Af2 £(x), .., AL £(), ..., AF f(x)}

Ay f(x)}

2 (472 79, .8

Ay f(x) = supiL, {A{;l £x), A2 (), .., A £(50), ...

Then

A““ (Afr f(x)) = sup{L 1{ ( At f(x ))

rq S.t. A}rll1 f(x) = supid=1 {Alrlll f(x),Alrlz2 f(x), ...,

(o ).

By, ., AL £}

)
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From properties of finite difference, the following result

Ak (A‘r f(x)) = supL, {AR 1 f(x), AR (x), .

= AT f(x),

© || aF 0 = [|sups {anteol ||

= |[supd, 1 >
yl O( 1)l ( ) £y, Xy ooy Xi 4 (K; = Py o) X, oo
K (—1)) (]) £y, Xy o) Xip oy Xg + (kg — Dg)
p
1
k, . Y P\ P
B () FGxs + (ki = Dha g, Ko X0
B e (klz) £y, %5 + (K — Dhigy )Xoy o) Xy o
& _ T T m supi=1< 4
” A f(x)”p_ f—n"'f—n"'f—n Zil 0( 1)) (l;1> f(x41, X5, -, X + (K = Dhy, oo, Xg), v
| S 1)1( 1) £0t0, %20 X1 5q + (g = Dha)
dxq ... dx; ...dxq
Z o= 1)) ( )f(x1+(k1 Dhy,Xa, o) Xiy e, X)) )
__ 3 (-1 (]) £(x1, X + (K — gy o) Xip e X,y o
Choose kst Af f(x) = supl,; . e -
3 o (~ 1)) ( ].1) £(xg, Xz oo X5 + (K5 = D s X)) o)
Kk . (k .
\ ijo(_l)] (]d) f(XIIXZI""Xi' "IXd+(kd_])hd) )

supiL {Affl (), AF2 £(X), ..,

 (—1) ( )f(x1+(k1—])h1,x2,..., X))

e (- 1)1( )f(xl,x2+(k2 Dy oy iy oo Xy s

From Lemma 1

EXSRE
p

(47 ST 2

1
Dhpy s xg) [P dxy - dxy ...dxd)"

ki 1P
]l |f(X1JXZJ o X] + (kl -

(d)

ARG, -, AR (), AT f(x)}

B3, €00, . 38 FCOY|

|f(X1:X21 .- le + (kl -

i 1

j)hl, ,Xd)lp Xm Xm dXd)

ol

<

|f(X1:X2: o X] + (kl -
1
Xd)dX1 .dxg dxdlp)p.

< Cp, kDIl -

co k(-
])h], ey
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. | 45 6]l = i Jsurtta (a5 100

. k k
= lim, ||sup§1=1 (Ahi (), A2 £(x), ...

where k; € N such that Al}i f(x) =

suptL {AR (), ARZ (), ..., Ay £, .., Ay () |

Jim, [[ag G0 |

(1) ( )f(xl,xz,..., X, +

(ky = Dhy, ---:Xd)H

p
k; s 0 k!
Ay, f(x) = hm <(—1) ol —0) f(xq,%X2, o, X +
k!
k] h], - Xd)+( 1) m f(Xl,Xz,..., 1+

Results and Discussion

In the following result, can be summarized the
major characteristics of modulus of a k -mixed

smoothness of f € L,([0,27]9),0<p <1
Theorem 1:

Let fandge Lp([O,ZJT]d),O <p<1l,andk =
Ky, Kp, o, Ky, o Kg), ki € N. Then

@ Jim Dy 8), =0 ;
(b) Dr(+g 8), < 20 (Wit 6
)p + Wi(g 6)p);

(€) w(f 8)p < wi(f, ), ,for0<s<t;

wi(f, S wi(f,
() “’k(ak o< 2 foro<t<8<1;

€ wi v )<
andy € N, where k, =

YR Wy, 8)p fory>1
max|k;|, i=1,..,d

Proof of:
@
wi(f, 6)p =

d Ak
sup j—; ”Ah f(x1,Xg, ., X,

..,Xd)”
|hi|56 p

A G0, ..., AFC £(3) )||p
(k — 1)h1, v, Xg) + o+
(—1)) ](k oy f(x1,%2, ... X1 + (k; = Dhy, ..., xq) +
+ (=D m f(x1, X2, ., X1 +
(k; — kphy, ---;Xd))
p
lll_r)réo” Z o(— 1)) ( )f(xl,xz, s X1y e Xgd) || =
) p
Ji T3, =
ah_r)r(}+ llflilp 1 1 ||A_ﬂ§f(xl,x2,...,xi, ..,Xd)”p

From Lemma 3(d)
le%1+ wi(f, 6), =0.

(b)
@i+g 8)y = sup L [aF T+

= lsilllsp6?=1 | % ¢t +

8) (X1, ---:Xd)”p

k;
= sup &, ”sup}i=1 (Ahi (f+
[hjl< &

9) G|
sup &, (f__nn f |sup1 1{A (f+

[hijl= &
ki
g)(Xli ---:Xd)'Ahi (f+ g)(xp ---:Xd)! ---:Ahi (f+
k
g) (X1, ) Xg), ...,Ahj (f+
1

2) (x4, ...,xd)}|p dxy ... dxd)B


https://doi.org/10.21123/bsj.2024.9726

Published Online First: July, 2024
https://doi.org/10.21123/bsj.2024.9726
P-ISSN: 2078-8665 - E-ISSN: 2411-7986

O

Baghdad Science J(;anal
Wy(f+g ),
kq P %
DD () )00+ (ky = Dhas ks X X,
j=0
o
T T Z(_l)] (]2> (f+g)(X1'X2+(k2_])h2; » Xiy ;Xd); ,
:|;511|1p8?:1 ff supd, j=k0i dx ...dxq
i o -m (K .
D07 (5) x5+ (i = Dl XD
j=0
j 2
Z(—nl (].d) (F+ 2)(Xp) Xgy oo Xpy s Xg + (Kg — Dhy)
i=0
Can be obtained from Lemma 2 and Lemma 3(a),
wi(f+g 6),
1
r kg P\ p
Z(—nl ( ].1) £y + (Ky = DDy, Xg) oo X, o) X))
=0
K,
Z(—Ul ( .2) £y, %5 + (&g — DNy oo Xiy oo Xy ooy
ror a Ji=0 ]
<2 sup &, f f f SUPi=1] " K ) (
Iyl EA A z(—ni (].i) £(X1, Xp oo Xi + (K5 = DBty oy X, o)
j=0
kq "
Z(—ni (jd) £y, Xy s Xy ey Xg + (kg — D)
\ j=0 J
dx; ...dx; ...dxq
( vk i (kq . \ P 5
51 (1) g0 + Gy = Dy, 53 %0),
5% (1)) ( .2) g1, X + (K3 = Dhay e Xy oo X)) o)
+ J'T[ T f‘l‘[ Sup?=1< Kk ) l]( >
-n"Y-n " -m 2];0(—1)] (]1> g(Xl,XZ,...,Xi+(ki—j)hi,...,Xd),...,
(k
| Ze- (4

wi(f+g 6)p <

1 N
2t < sup &, ”A]ﬁ f(X1, X5, -
[hijl= &

] ) g(Xq,X2, oo\ X, o, Xg + (Kq —j)hq) )
dx; ...dx; ...dxq

d [|Ak
sup j—, ||A]}n g(Xq1,Xy, o) Xj) ...,xd)”
|hi|56 p
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wi(f+g 8), <

2 (Iliﬁlspa =1 ”A_ﬁ; fx - xa) ”p *

d
“filllspaiﬂ ---:Xd)”p)
< 257 (Wy(f, 8), + Di(g 6
)p)-

© T )y = sup L [[af 6o

wi(f, O)p =

4 I
sup j—q ”A]ﬁ; f(xq, %3, -, Xj, ..,Xd)”
[hj|< & p

since 0 < § < t, then
Y -1

.
NP

Jky=0 k=0  jryq=0

where k) = max|k;, i=1,..,d., k; is one

component of (K4, ..., kq),
then

k‘ n, fC0) =
Z:k—O Zk =0- Z]k =0

: f(Xq, ooy X))y o) Xg)

v n, fC0) =

zk_o D i YN G VI () FENR (k

(ky — PDhy + (K — i, )y + -+ (K —

Ji)ht - Xa)
10

By induction on k;, can be proved the above

definition. If k; =1 —»

thf(X) = th f(Xl, e, X .,Xd) =
f(x4, .., x1+ Y hy, .., xq) — f(xl, vy X]y ey Xg)
Z [f(le ) Xl + jhl + hl’ - PXd) -

f(x4, -,
For arbitrary k; € N and by Lemma 3(b)—

X + ]h], - Xd)]

Ahl f(Xl, - X] + jhl, ...,Xd)

Conclusion

k
supiL, {Af! f(x), ..

Wyt 8), <

d [I'Ak
Sulp i=1 ”A]}n f(X1,X2, ) Xi)
ilst

..,Xd)”
p

=

= W), .

(d) Suppose that k = max|Kki|;<i<q

Since£8$1,then$ <tik.

Wi ), _ Wi,
From (c) - w“‘(sk < w“‘t(kt)p for0<8<t.

(e) By applying Eq 9, to obtain

AR ), .., A8 £(3)}

AT LGx) = A% [AY f(0)]

Z]k =0" Zlk =0" ]‘)l: =0 [A-rhl(f(xl, w0 X +
(Ky — jie, )y + (kg — jie )y + - + (k) —
i ) %)

-1
Z]k =0" Zlk =0" ijlzo [Z]k +1= OAh] (f(X1, ,Xl +

— i, ) + (k) — jkz)hl‘l‘ + (Ky = i )y +
(K = jig )1 - %) |

k|+1
Z]k =0" Z]k =0" Z]k ()Zlkl+1 () f( X1, ---:X1+

(ki — ji, )y + (K — ]kz)hl + -+ (kl — jig )y +
(K1 — ji+1)hy, -, Xq)

Form Eq 10 - for hy, |hy| < &
59| <
DIRD YT =0 || o ey, ok +
(Ky = ji, )by + Ky — i, )y + - + (K —
jkl)hl! ...,Xd)”p

< rRwy(f 6),.
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This paper studies a new mixed difference for k -
vectors in d-variables. Thus, a new modulus of k -
mixed smoothness is obtained, and the fundamental
modulus characteristics of k -mixed smoothness are
also proved. Also, it can be concluded that the k -
mixed modulus of smoothness achieves most of the

Acknowledgment

Thank God and everyone who supported us to
accomplish this work.

Authors’ Declaration

- Conflicts of Interest: None.
- No animal studies are present in the manuscript.
- No human studies are present in the manuscript.

Authors’ Contribution Statement

This work was carried out in collaboration between
all authors. E. S. B, wrote and edited the manuscript
with revisions idea. R. A. K, analysis the data with

References

1. Kasim NM. New Theorems in Approximation
Theory. Baghdad Sci J. 2010; 7(2): 1056-1060.
https://doi.org/10.21123/bsj.2010.7.2.1056-1060.

2. Aal-Rkhais HA, Kamil AH, Al Oweidi KF. The
Approximation of Weighted Holder Functions by
Fourier-Jacobi Polynomials to the Singular Sturm-
Liouville Operator. Baghdad Sci J. 2022; 19(6):
1387-1392 https://dx.doi.org/10.21123/bsj.2022.6128

3. Nikolsky SM. Functions with Dominating Mixed
Derivatives Satisfying Multiple Holder Conditions.
Sib Math J. 1963; 4(6): 1342-1364.

4. Najafov AM, Gasimova AM. On Some Differential
Properties of Functions in Lizorkin-Triebel-Morrey
Spaces with Dominant Mixed Derivatives. Adv Appl
Math Sci. 2021; 20(9): 1909 -1921

5. Akgin R. Fractional Order Mixed Difference Operator
and Its Applications in Angular Approximation.
Hacet J Math Stat. 2020; 49(5): 1594 — 1610
https://doi.org/10.15672/hujms.569410

6. Zhao J, Du W-S, Chen Y. New Generalizations and
Results in Shift-Invariant Subspaces of Mixed-Norm
Lebesgue Spaces Lp(RY). Mathematics. 2021; 9(3): 1-
10. https://doi.org/10.3390/math9030227.

inequalities achieved by the usual modulus of
smoothness, such as monotonicity and linearity, in
addition to a basic inequality, which is the
boundness of functions belonging to the space Ly,
0 <p <1, with amixed difference of order k .

- Ethical Clearance: The project was approved by
the local ethical committee at University of
Babylon.

manuscript design. All authors read and approved
the final manuscript.

7. Zhao J, Kostic M, Du W-S. On New Decomposition
Theorems for Mixed-Norm Besove Spaces with
Ingredient Modulus of Smoothness. Symmetry. 2023;
15(3): 1-17. https://doi.org/10.3390/sym15030642.
8.Potapov MK, Simonov BV. Estimates of Partial
Moduli  of Smoothness in Metrics of Lpiw
and LopThrough Partial Moduli of Smoothness in
Metrics of Lpipz. Moscow Univ Math Bull. 2020; 75:
1-15.https://doi.org/10.3103/S0027132220010015.

9. Potapov MK, Simonov BV. Refinement of Relations
between Mixed Moduli of Smoothness in the Metrics
of Lp and Loo. Math Notes. 2021; 110: 368-385.
https://doi.org/10.1134/5S0001434621090054.

10. Zygmund A. Trigonometric series. 3™ Ed . Volume |
& Il. United Kingdom: Cambridge University
Press;1958728.p
https://doi.org/10.1017/CB0O9781316036587 .

11.Castillo RE, Rafeiro H. An Introductory Course in
Lebesgue Spaces. 1% edition. Switzerland: Springer;
2016.  461p.  https://doi.org/10.1007/978-3-319-
30034-4.



https://doi.org/10.21123/bsj.2024.9726
https://doi.org/10.21123/bsj.2010.7.2.1056-1060
https://dx.doi.org/10.21123/bsj.2022.6128
https://dx.doi.org/10.21123/bsj.2022.6128
https://doi.org/10.15672/hujms.569410
https://doi.org/10.3390/math9030227
https://doi.org/10.3390/sym15030642
https://doi.org/10.3103/S0027132220010015
https://doi.org/10.1134/S0001434621090054
https://doi.org/10.1017/CBO9781316036587
https://doi.org/10.1017/CBO9781316036587
https://doi.org/10.1007/978-3-319-30034-4
https://doi.org/10.1007/978-3-319-30034-4

Published Online First: July, 2024 @
https://doi.org/10.21123/bsj.2024.9726 :

P-ISSN: 2078-8665 - E-ISSN: 2411-7986

A

Baghdad Science Journal

Jatidal) - [k dagail) (ulia

32U s o) JaS ale Gla

Gl Gl (il el & yuall o slall i il A (il ) aud!
3l 3 S nll el a3 il e 51 S il ) au?
Gl Gl (il el & yuall o slall iy il A (il ) and3

LAY

o gni (ol a3y g Baawiall 4ty w8 gl 5 Fpndl¥) gacal sl (ga e gaill (i 5} Jelaa ing
o el b il 53 e pal (il L) R e ol 3k 31 )5l gy 550 pailiadl) i e gadl Jela J) sl
¥ alaal) Jad dgasall 5l Jilad b dald s (sasall Jiladll b 5 o il Ayl 8 dilide et 4ly cilaaly ) ¥l
3 A e gail) Jaloa g3 g8 pfialall cpe asaad) J35 | ol Janay p ALalSll Y alanally cppuentl JSLka 5 dbusalatl
Cun 5 gnill o3 zle I il 138 Catgy il e 5ae <d Al A guill b 1 gh ol ol il e A1 oS1g aaly e
oailiaall (o aal) cid) LS o yaiall o d ol WSl JalSall AL ) gl pliad] o Allal aym Jalisa 2o sai uliie i s
Agdadl) HualallS il pukiall (e d g dalida i (3 <l Al Lalida i gai ol lasiuly (S5 e gadll il )

ol 5 Sl AL )yl plmil a5 J) gl i saal) A suilas) dosald Al ya @l ) el 23 50

AU J)sal elimd il M dacalall clabidl e gaidl) Jalae calidall gtial) Gl cabiadl cilingal sdpaliiall clalsl)
Lall
ey

=


https://doi.org/10.21123/bsj.2024.9726

