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Introduction 

Many studies have appeared that dealt with the 

approximation theory in general, such as1,2, and the 

modulus of smoothness, in particular, is a powerful 

tool in approximation theory used to investigate the 

rate of convergence of approximation methods. The 

first to develop a concept of dominant mixed 

modulus of smoothness was Nikol'skii3,  who 

defined  the Sobolev spaces Wp
α(Ω) defined on an 

open set Ω ⊂ R𝑛 , and it consists of functions that 

can be  p-integrated on Ω up to order α in their 

partial derivatives. Here, α is a non-negative 

integer, and 1 < p < ∞. The space is equipped with 

a norm that measures the size of the function and its 

derivatives. The norm of a function ℊ ∈ Wp
α(Ω)  is 

given as follows: 

‖ℊ‖Wp
α(Ω) = (∑ ‖Dαℊ‖Lp(Ω)

p
|α| )

1 p⁄

                 1 
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where  α  is multi-index, Dα denotes the partial 

derivative of order |α|,and Lp(Ω) is the p −

th Lebesgue space. A dominating mix of 

smoothness comes from the mixed derivative.  

Subsequently, studies continued on the dominant 

mixed smoothness; for example see4- 7.. The 

researchers were also interested in studying the 

mixed modulus of smoothness it is between mixed 

metric spaces like8,9. 

In the context of modulus smoothness, precisely 

that the function ℊ has 𝓇-th symmetric difference, 

according to what follows: 

∆h
𝓇ℊ(𝓍) = ∑ (𝓇

j
) (−1)𝓇−j ℊ(𝓍 + jh)𝓇

j=0 .               2 

where, the function ℊ ∈ Lp  has the 𝓇 -th usual 

modulus of smoothness which is defined by 

ωr(ℊ,δ)p = sup
0<h≤δ

‖∆h
𝓇(ℊ, . )‖p,δ ≥ 0                 

3                        

 From Eq 2 and Eq 3, it can be developed modulus 

not in the usual manner, but by defining the 

modulus of a 𝕜 -mixed smoothness of a function f ∈
Lp as follows: 

ω𝕜(f,δ)p =

sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(x1 , x2, … , xi, … , xd)‖
p
 , δ > 0  , or                               

4 

ω𝕜(f,δ)p =

sup
|hi|≤δ

i=1
d ‖ ∆𝕙

𝕜 f(x1 , x2, … , xi, … , xd)‖
p
  

 Then, from Eq.4, can be defined 𝕜 –mixed 

difference as mentioned below: 

∆𝕙
𝕜̅̅̅̅  f(𝕩) = supi=1

d {∆hi
ki f(𝕩)}                                  5  

 = supi1≤i≤d {∆h1
k1 f(𝕩),… , ∆hi

ki f(𝕩),… , ∆hd
kd f(𝕩)}   . 

Or 

 ∆𝕙
𝕜f(𝕩) = infi=1

d {∆hi
ki f𝕩}                                      6  

                =

infi1≤i≤d {∆h1
k1 f(𝕩),… , ∆hi

ki f(𝕩),… , ∆hd
kd f𝕩} ,         

where 𝕜 = (k1 , k2, … , ki, … , kd),   𝕙 =
(h1 , h2, … , hi, … , hd),  𝕩 = (x1 , x2, … , xi, … , xd) . 

  Lp = Lp([0,2π]
d), 0 < p < 1, be the measurable 

function's space,and 2π -periodic in all d -variables 

so that:  

 

‖f(𝕩)‖p = (∫ ∫ …∫ |f(x1, x2, … , xi, … , xd)|
pdx1dx2…dxi…dxd

π

−π

π

−π

π

−π
)
1
p.   7 

 

  Also,  ∆hi
ki   is the standard difference in variable xi 

of order ki with step hi  ; for instance, 

 ∆hi
1 f(𝕩) = ∆hi

1  f(x1, … , xi, … , xd) = f(x1, … , xi +

hi, … , xd) − f(x1, … , xi, … , xd), 

∆hi
ki f(𝕩) = ∆hi

ki f(𝕩)   

= ∑ (−1)j
ki
j=0  (

ki
j
)   f(x1, … , xi + (ki −

j)hi, … , xd),  ki ∈ ℕ.                    8 

Using Eq 5 and Eq 6 to obtain  

∆γ𝕙
𝕜 f(𝕩) =

∑ …∑ …∑ supi=1
dγ−1

jkd=0
γ−1
jki=0

γ−1
jk1=0

  {∆hi
ki  f(x1, … , xd)}                               

9  

∆γ𝕙
𝕜 f(𝕩) = ∑ … ∑ …∑ supi=1

d
γ−1

jkd=0

γ−1

jki=0

γ−1

jk1=0

{∆h1
k1  f(𝕩),… , ∆hi

ki  f(𝕩),… , ∆hd
kd  f(𝕩)}
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Materials and Methods 

Note: All the following results ∆𝕙
𝕜f(𝕩) and ω𝕜(f,δ

)pare similar to ∆𝕙
𝕜̅̅̅̅  f(𝕩) and ω𝕜(f,δ)p in terms of 

proof. 

Lemma 1:10  

 Suppose that  〈𝔵l〉 be any sequence; then  

|∑ 𝔵ll |p ≤ 2
1

p∑ |𝔵l|
p

l                  for 1 ≤ p < ∞; 

|∑ 𝔵ll |p ≤ ∑ |𝔵l|
p

l                      for  0 < p < 1. 

Lemma 2:11  

 For 0 < p <  1,f and g functions ∈ Lp([0,2π]
d),  

then 

   ‖(f + g)(𝕩)‖p ≤ (2)
1

p
−1
‖f(𝕩)‖p +

(2)
1

p
−1
‖g(𝕩)‖p. 

Lemma 3: 

  Let f and g ∈ Lp([0,2π]
d),0 < p < 1.Then 

(a)  ∆𝕙
𝕜̅̅̅̅  (f + g)(𝕩) =  ∆𝕙

𝕜̅̅̅̅  f(𝕩) + ∆𝕙
𝕜̅̅̅̅  g(𝕩); 

(b) ∆𝕙
𝕜̅̅̅̅ (∆𝕙

𝕣̅̅̅̅  f(𝕩)) = ∆𝕙
𝕜+𝕣 ̅̅ ̅̅ ̅̅ ̅ f(𝕩); 

(c)‖ ∆𝕙
𝕜̅̅̅̅   f(𝕩)‖

p
≤ C(p , kl)‖f(𝕩)‖p; 

(d) lim
𝕙→𝟎+

‖ ∆𝕙
𝕜̅̅̅̅   f(𝕩)‖

p
= lim

hl→0
+
 ‖∆hl

kl  f(𝕩)‖
p
= 0. 

Proof of: 

(a) 

∆𝕙
𝕜̅̅̅̅  (f + g)(𝕩) = supi=1

d {∆hi
ki  (f + g)(𝕩)}  

                       = supi=1
d {∆h1

k1  (f + g)(𝕩), ∆h2
k2  (f +

g)(𝕩), … , ∆hi
ki  (f + g)(𝕩), … , ∆hd

kd  (f + g)(𝕩)}  

   

                      = supi=1
d

{
 
 
 

 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)   (f + g)(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑ (−1)j
k2
j=0  (

k2
j
)   (f + g)(x1, x2 + (k2 − j)h2, … , xi, … , xd), … ,

∑ (−1)j
ki
j=0  (

ki
j
)   (f + g)(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑ (−1)j
kd
j=0  (

kd
j
)   (f + g)(x1, x2, … , xi, … , xd + (kd − j)hd) }

 
 
 

 
 
 

  

From the properties of finite difference, the following can be concluded 

∆𝕙
𝕜̅̅̅̅  (f + g)(𝕩) = supi=1

d

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)   f(x1 + (k1 − j)h1, x2, … , xi, … , xd) +

∑ (−1)j
k1
j=0  (

k1
j
)   g(x1 + (k1 − j)h1, x2, … , xi, … , xd)  ,

∑ (−1)j
k2
j=0  (

k2
j
)   f(x1, x2 + (k2 − j)h2, … , xi, … , xd) +

∑ (−1)j
k2
j=0  (

k2
j
)   g(x1, x2 + (k2 − j)h2, … , xi, … , xd),… ,

∑ (−1)j
ki
j=0  (

ki
j
)   f(x1, x2, … , xi + (ki − j)hi, … , xd)   +

∑ (−1)j
ki
j=0  (

ki
j
)   g(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑ (−1)j
kd
j=0  (

kd
j
)   f(x1, x2, … , xi, … , xd + (kd − j)hd) +

∑ (−1)j
kd
j=0  (

kd
j
)   g(x1, x2, … , xi, … , xd + (kd − j)hd)   }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

             

          Then from properties of supremum, 
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 ∆𝕙
𝕜̅̅̅̅  (f + g)(𝕩) = supi=1

d

{
 
 
 

 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)   f(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑ (−1)j
k2
j=0  (

k2
j
)   f(x1, x2 + (k2 − j)h2, … , xi, … , xd), … ,

∑ (−1)j
ki
j=0  (

ki
j
)   f(x1, x2, … , xi + (ki − j)hi, … , xd),… ,

∑ (−1)j
kd
j=0  (

kd
j
)   f(x1, x2, … , xi, … , xd + (kd − j)hd) }

 
 
 

 
 
 

  

                            +supi=1
d

{
 
 
 

 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)   g(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑ (−1)j
k2
j=0  (

k2
j
)   g(x1, x2 + (k2 − j)h2, … , xi, … , xd), … ,

∑ (−1)j
ki
j=0  (

ki
j
)   g(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑ (−1)j
kd
j=0  (

kd
j
)   g(x1, x2, … , xi, … , xd + (kd − j)hd) }

 
 
 

 
 
 

  

        

           = ∆𝕙
𝕜̅̅̅̅  f(𝕩) + ∆𝕙

𝕜̅̅̅̅  g(𝕩) . 

 (b)  ∆𝕙
𝕜̅̅̅̅ (∆𝕙

𝕣̅̅̅̅  f(𝕩)) = ∆𝕙
𝕜̅̅̅̅ (supi=1

d {∆hi
ri  f(𝕩)}) 

                                = ∆𝕙
𝕜̅̅̅̅ (supi=1

d  {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩),… , ∆hi
ri  f(𝕩), … , ∆hd

rd  f(𝕩)})       

                                = supi=1
d {∆hi

ki (supi=1
d  {∆h1

r1  f(𝕩), ∆h2
r2  f(𝕩),… , ∆hi

ri  f(𝕩),… , ∆hd
rd  f(𝕩)})}  

∆𝕙
𝕜̅̅̅̅ (∆𝕙

𝕣̅̅̅̅  f(𝕩)) = supi=1
d

{
 
 
 

 
 
 ∆h1

k1 (supi=1
d  {∆h1

r1  f(𝕩), ∆h2
r2  f(𝕩), … , ∆hi

ri  f(𝕩),… , ∆hd
rd  f(𝕩)}) ,

∆h2
k2 (supi=1

d  {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩), … , ∆hi
ri  f(𝕩),… , ∆hd

rd  f(𝕩)}) ,
… ,

∆hi
ki (supi=1

d  {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩),… , ∆hi
ri  f(𝕩),… , ∆hd

rd  f(𝕩)}) ,
… ,

∆hd
kd (supi=1

d  {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩),… , ∆hi
ri  f(𝕩),… , ∆hd

rd  f(𝕩)})}
 
 
 

 
 
 

    

Choose  r1, r2, … , ri, … , rd s.t. ∆h1
r1  f(𝕩) = supi=1

d {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩),… , ∆hi
ri  f(𝕩),… , ∆hd

rd  f(𝕩)} 

 ∆h2
r2  f(𝕩) = supi=1

d {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩),… , ∆hi
ri  f(𝕩),… , ∆hd

rd  f(𝕩)} 

⋮  

∆hi
ri  f(𝕩) = supi=1

d {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩),… , ∆hi
ri  f(𝕩),… , ∆hd

rd  f(𝕩)}  

⋮  

∆hd
rd  f(𝕩) = supi=1

d {∆h1
r1  f(𝕩), ∆h2

r2  f(𝕩),… , ∆hi
ri  f(𝕩),… , ∆hd

rd  f(𝕩)}   

Then  

∆𝕙
𝕜̅̅̅̅ (∆𝕙

𝕣̅̅̅̅  f(𝕩)) = supi=1
d {∆h1

k1 (∆h1
r1  f(𝕩)) , ∆h2

k2 (∆h2
r2  f(𝕩)) , … , ∆hi

ki (∆hi
ri  f(𝕩)) , … , ∆hd

kd (∆hd
rd  f(𝕩))}  
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From properties of finite difference, the following result 

∆𝕙
𝕜̅̅̅̅ (∆𝕙

𝕣̅̅̅̅  f(𝕩)) = supi=1
d {∆h1

k1+r1 f(𝕩), ∆h2
k2+r2  f(𝕩),… , ∆hi

ki+ri  f(𝕩),… , ∆h1
k1+r1  f(𝕩), ∆hd

kd+rd  f(𝕩)} 

                                 = ∆𝕙
𝕜+𝕣 ̅̅ ̅̅ ̅̅ ̅ f(𝕩).                       

(c) ‖ ∆𝕙
𝕜̅̅̅̅   f(𝕩)‖

p
= ‖supi=1

d {∆hi
ki f(𝕩)} ‖

p
 

                           = ‖supi=1
d  {∆h1

r1  f(𝕩), ∆h2
r2  f(𝕩),… , ∆hi

ri  f(𝕩),… , ∆hd
rd  f(𝕩)}‖

p
  

                           =

‖

‖

‖

supi=1
d

{
 
 
 

 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)  f(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑ (−1)j
k2
j=0  (

k2
j
)   f(x1, x2 + (k2 − j)h2, … , xi, … , xd),… ,

∑ (−1)j
ki
j=0  (

ki
j
)   f(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑ (−1)j
kd
j=0  (

kd
j
)   f(x1, x2, … , xi, … , xd + (kd − j)hd) }

 
 
 

 
 
 

‖

‖

‖

p

     

‖ ∆𝕙
𝕜̅̅̅̅   f(𝕩)‖

p
=

(

 
 
 
 
 
 
 

∫ …∫ …∫

|

|

|

supi=1
d

{
 
 
 

 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)  f(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑ (−1)j
k2
j=0  (

k2
j
)   f(x1, x2 + (k2 − j)h2, … , xi, … , xd),… ,

∑ (−1)j
ki
j=0  (

ki
j
)   f(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑ (−1)j
kd
j=0  (

kd
j
)   f(x1, x2, … , xi, … , xd + (kd − j)hd) }

 
 
 

 
 
 

|

|

|

dx1…dxi…dxd

p

π

−π

π

−π

π

−π

)

 
 
 
 
 
 
 

1
p

   

Choose kl s.t. ∆hl
kl̅̅ ̅̅
  f(𝕩) = supi=1

d

{
 
 
 

 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)  f(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑ (−1)j
k2
j=0  (

k2
j
)   f(x1, x2 + (k2 − j)h2, … , xi, … , xd),… ,

∑ (−1)j
ki
j=0  (

ki
j
)   f(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑ (−1)j
kd
j=0  (

kd
j
)   f(x1, x2, … , xi, … , xd + (kd − j)hd) }

 
 
 

 
 
 

 

From Lemma 1  

 ‖ ∆𝕙
𝕜̅̅̅̅   f(𝕩)‖

p
 ≤

(∫ …∫ ∑ |
kl
j
|
p

kl
j=0 |f(x1, x2, … , xl + (kl −

π

−π

π

−π

j)hl, … , xd)|
p dx1…dxl…dxd)

1
p

  

                         =

(∑ |
kl
j
|
p

kl
j=0 ∫ …∫ |f(x1, x2, … , xl + (kl −

π

−π

π

−π

j)hl, … , xd)|
p dx1…dxl…dxd)

1
p

  

                         ≤

C(p, kl)(∫ …∫ |f(x1, x2, … , xl + (kl −
π

−π

π

−π

j)hl, … , xd)dx1…dxl…dxd|
p)

1
p. 

                         ≤ C(p, kl)‖f(𝕩)‖p . 

 (d)    
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    lim
𝕙→𝟎+

‖ ∆𝕙
𝕜̅̅̅̅   f(𝕩)‖

p
 = lim

𝕙→𝟎+
‖supi=1

d (∆hi
ki  f(𝕩))‖

p
        

= lim
𝕙→𝟎+

 ‖supi=1
d (∆h1

k1  f(𝕩), ∆h2
k2  f(𝕩),… , ∆hi

ki  f(𝕩),… , ∆hd
kd  f(𝕩)  )‖

p
 , 

where  kl ∈ ℕ such that  ∆hl
kl  f(𝕩) =

supi=1
d {∆h1

k1  f(𝕩), ∆h2
k2  f(𝕩), … , ∆hi

ki  f(𝕩), … , ∆hd
kd  f(𝕩)  } 

                                                               =

lim
hl→0

+
 ‖∆hl

kl  f(𝕩)‖
p
  

     = lim
hl→0

+
‖∑ (−1)j

kl
j=0  (

kl
j
)  f(x1, x2, … , xl +

(kl −  j)hl, … , xd)‖
p
  

∆hl
kl  f(𝕩) = lim

hl→0
+
‖((−1)0 

kl!

0!(kl−0)!
 f(x1, x2, … , xl +

kl hl, … , xd) + (−1)
1 

kl!

1!(kl−1)!
 f(x1, x2, … , xl +

(kl − 1)hl, … , xd) +⋯+

(−1)j 
kl!

j!(kl−j)!
 f(x1, x2, … , xl + (kl − j)hl, … , xd) +

⋯+ (−1)kl  
kl!

kl!(kl−kl)!
 f(x1, x2, … , xl +

(kl − kl)hl, … , xd))‖
p

  

=

lim
kl→∞

‖  ∑ (−1)j
kl
j=0  (

kl
j
) f(x1 , x2, … , xl, … , xd) ‖

p
=

0    

Results and Discussion 

In the following result, can be summarized the 

major characteristics of modulus of a 𝕜 -mixed 

smoothness of  f ∈ Lp([0,2π]
d) , 0 < p < 1 

Theorem 1:  

Let  f and g ∈ Lp([0,2π]
d) , 0 < p < 1 , and 𝕜 =

(k1 , k2, … , ki, … , kd), ki ∈ ℕ.  Then  

 (a)    lim
δ→0+

ω𝕜(f,δ)p = 0  ; 

(b)   ω𝕜(f + g,δ)p ≤ 2
1
p
−1
(ω𝕜(f,δ

)p +ω𝕜(g,δ)p) ; 

 (c)   ω𝕜(f,δ)p ≤ω𝕜(f, t)p   , for 0 < δ < t ; 

 (d)  
ω𝕜(f,δ)p

δ
𝐤 ≤

ω𝕜(f,t)p

t𝐤
 , for 0 < t ≤ δ ≤ 1; 

 (e)  ω𝕜(f,γδ)p ≤γ
𝐤𝐥ω𝐤l(f,δ)p,  for γ > 1 

and γ ∈ ℕ, where   𝐤𝐥 = max|ki|, i = 1,… , d 

Proof of: 

(a) 

ω𝕜(f,δ)p =

sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(x1 , x2, … , xi, … , xd)‖
p
   

lim
δ→0+

ω𝕜(f,δ)p =

lim
δ→0+

sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(x1 , x2, … , xi, … , xd)‖
p
  

From Lemma 3(d) 

lim
δ→0+

ω𝕜(f,δ)p = 0 . 

 

(b) 

   ω𝕜(f + g,δ)p = sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  (f + g)(𝕩)‖
p
 

                            = sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  (f +

g)(x1 , … , xd)‖
p
 

                            = sup
|hi|≤δ

i=1
d  ‖supi=1

d (∆hi
ki  (f +

g)) (x1 , … , xd)‖
p
 

                 =

sup
|hi|≤δ

i=1
d (∫ …∫ |supi=1

d {∆h1
k1  (f +

π

−π

π

−π

g)(x1, … , xd), ∆h2
k2  (f + g)(x1, … , xd), … , ∆hi

ki  (f +

                             g)(x1, … , xd),… , ∆hd
kd  (f +

g)(x1, … , xd)}|
p
dx1…dxd)

1
p
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ω𝕜(f + g,δ)p

= sup
|hi|≤δ

i=1
d

(

 
 
 
 
 
 
 
 
 
 
 

∫… ∫

|

|

|

|

supi=1
d

{
 
 
 
 
 
 

 
 
 
 
 
 
∑(−1)j

k1

j=0

 (
k1
j
)   (f + g)(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑(−1)j

k2

j=0

 (
k2
j
)   (f + g)(x1, x2 + (k2 − j)h2, … , xi, … , xd), … ,

∑(−1)j

ki

j=0

 (
ki
j
)   (f + g)(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑(−1)j

kd

j=0

 (
kd
j
)   (f + g)(x1, x2, … , xi, … , xd + (kd − j)hd)

}
 
 
 
 
 
 

 
 
 
 
 
 

|

|

|

|

p

dx1…dxd

π

−π

π

−π

)

 
 
 
 
 
 
 
 
 
 
 

1
p

  Can be obtained from Lemma 2 and Lemma 3(a),   

ω𝕜(f + g,δ)p

≤ 2
1
p
−1
sup
|hi|≤δ

i=1
d

(

 
 
 
 
 
 
 
 
 
 
 
 
 

(

 
 
 
 
 
 
 
 
 
 
 
 

∫… ∫… ∫

|

|

|

|

supi=1
d

{
 
 
 
 
 
 

 
 
 
 
 
 

∑(−1)j

k1

j=0

 (
k1
j
)  f(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑(−1)j

k2

j=0

 (
k2
j
)   f(x1, x2 + (k2 − j)h2, … , xi, … , xd), … ,

∑(−1)j

ki

j=0

 (
ki
j
)   f(x1, x2, … , xi + (ki − j)hi, … , xd), … ,

∑(−1)j

kd

j=0

 (
kd
j
)   f(x1, x2, … , xi, … , xd + (kd − j)hd)

}
 
 
 
 
 
 

 
 
 
 
 
 

|

|

|

|

dx1…dxi…dxd

p

π

−π

π

−π

π

−π

)

 
 
 
 
 
 
 
 
 
 
 
 

1
p

 +

(

 
 
 
 
 
 
 

∫ …∫ …∫

|

|

|

supi=1
d

{
 
 
 

 
 
 ∑ (−1)j

k1
j=0  (

k1
j
)  g(x1 + (k1 − j)h1, x2, … , xi, … , xd),

∑ (−1)j
k2
j=0  (

k2
j
)   g(x1, x2 + (k2 − j)h2, … , xi, … , xd), … ,

∑ (−1)j
ki
j=0  (

ki
j
)   g(x1, x2, … , xi + (ki − j)hi, … , xd),… ,

∑ (−1)j
kd
j=0  (

kd
j
)  g(x1, x2, … , xi, … , xd + (kd − j)hd) }

 
 
 

 
 
 

|

|

|

dx1…dxi…dxd

p

π

−π

π

−π

π

−π

)

 
 
 
 
 
 
 

1
p

)

 
 
 
 
 
 
 
 

  

   ω𝕜(f + g,δ)p ≤

 2
1
p
−1
 ( sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(x1 , x2, … , xi, … , xd)‖
p
+ 

                                

sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  g(x1 , x2, … , xi, … , xd)‖
p
)   
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 ω𝕜(f + g,δ)p ≤

 2
1
p
−1
( sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(x1, … , xd)‖
p
+

sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  g(x1, … , xd)‖
p
) 

                           ≤ 2
1
p
−1
(ω𝕜(f,δ)p +ω𝕜(g,δ

)p). 

(c) ω𝕜(f,δ)p = sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(𝕩)‖
p
 

     ω𝕜(f,δ)p =

sup
|hi|≤δ

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(x1 , x2, … , xi, … , xd)‖
p
    

since 0 < δ < t, then 

  ω𝕜(f,δ)p  ≤

 sup
|hi|≤t

i=1
d ‖∆𝕙

𝕜̅̅̅̅  f(x1 , x2, … , xi, … , xd)‖
p
         

                    =ω𝕜(f, t)p   . 

(d) Suppose that   𝐤 = max|ki|1≤i≤d 

Since ≤ δ ≤ 1 , then 
1

δ𝐤
 ≤

1

t𝐤
  . 

From (c)  →
ω𝕜(f,δ)p

δ𝐤
≤
ω𝕜(f,t)p

t𝐤
   , for 0 < δ < t . 

(e) By applying Eq 9,  to obtain 

∆γ𝕙
𝕜 f(𝕩) = ∑ … ∑ … ∑ supi=1

d

γ−1

jkd=0

γ−1 

jki=0

γ−1

jk1=0

{∆h1
k1  f(𝕩),… , ∆hi

ki  f(𝕩),… , ∆hd
kd  f(𝕩)}

 , 

where   𝐤l = max|ki|, i = 1,… , d. , kl is one 

component of (k1, … , kd), 

then 

∆γhl
𝐤l f(𝕩) =

∑ …∑ …∑ ∆hl
𝐤lγ−1

j𝐤l=0
γ−1 
jkm=0

γ−1
jk1=0

 f(x1, … , xl, … , xd)  

∆γhl
𝐤l f(𝕩) =

∑ …∑ …∑ ∑ (−1)j
𝐤l
j=0

γ−1
j𝐤l=0

γ−1 
jkm=0

γ−1
jk1=0

 (𝐤l
j
) f(x1, … , xl +

(𝐤l − j)hl + (𝐤l − jk1)hl +⋯+ (𝐤l −

j𝐤l)hl, … , xd)                                                                 

10 

By induction on  𝐤l,  can be proved the above 

definition. If  𝐤l = 1 → 

∆γhl
1 f(𝕩) = ∆γhl

1  f(x1, … , xl, … , xd) =

f(x1, … , xl +γhl, … , xd) − f(x1, … , xl, … , xd)  

                = ∑ [f(x1, … , xl + jhl + hl, … , xd) −
γ−1
j=0

f(x1, … , xl + jhl, … , xd)] 

∆γhl
1 f(𝕩) = ∑ ∆hl

γ−1
j=0 f(x1, … , xl + jhl, … , xd)   

For arbitrary 𝐤𝐥 ∈ ℕ and by Lemma 3(b)→ 

  ∆γhl
𝐤𝐥+1f(𝕩) = ∆γhl

𝐤𝐥 [∆γhl
1 f(𝕩)]  

=

∑ …∑ …γ−1
jkm=0

γ−1
jk1=0

∑   γ−1
jkl=0

∆hl
𝐤𝐥  [∆γhl

1 (f(x1, … , xl +

(𝐤l − jk1)hl + (𝐤l − jk2)hl +⋯+ (𝐤l −

jkl)hl, … , xd))]  

=

∑ …∑ …γ−1
jkm=0

γ−1
jk1=0

∑   γ−1
jkl=0

∆hl
𝐤𝐥 [∑ ∆hl

γ−1
jkl+1=0

(f(x1, … , xl +

(𝐤l − jk1)hl + (𝐤l − jk2)hl +⋯+ (𝐤l − jkl)hl +

(𝐤l − jkl+1)hl, … , xd))]   

=

∑ …∑ …γ−1
jkm=0

γ−1
jk1=0

∑ ∑  ∆hl
𝐤𝐥+1γ−1

jkl+1=0
f(x1, … , xl +

γ−1
jkl=0

(𝐤l − jk1)hl + (𝐤l − jk2)hl +⋯+ (𝐤l − jkl)hl +

(𝐤l − jkl+1)hl, … , xd)  

    Form Eq 10 → for hl, |hl| ≤ δ 

|∆γhl
𝐤𝐥 f(𝕩)| ≤

∑ …∑ …γ−1
jkm=0

γ−1
jk2=0

∑ ‖∆hl
𝐤𝐥  f(x1, … , xl +

γ−1
jkl=0

(𝐤l − jk2)hl + (𝐤l − jk3)hl +⋯+ (𝐤l −

jkl)hl, … , xd)‖p
  

                   ≤γ𝐤𝐥ω𝐤l(f,δ)p. 

Conclusion 
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This paper studies a new mixed difference for 𝕜 -

vectors in d-variables. Thus, a new modulus of 𝕜 -

mixed smoothness is obtained, and the fundamental 

modulus characteristics of 𝕜 -mixed smoothness are 

also proved. Also, it can be concluded that the 𝕜 -

mixed modulus of smoothness achieves most of the 

inequalities achieved by the usual modulus of 

smoothness, such as monotonicity and linearity, in 

addition to a basic inequality, which is the 

boundness of functions belonging to the space Lp, 

0 < p < 1 , with  a mixed difference of order 𝕜 .  
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      المختلط -𝕜 مقياس النعومة  

 2،3ايمان سمير بهيه، 1رحاب عامر كامل

 1قسم الرياضيات، كلية التربية للعلوم الصرفة ،جامعة بابل، الحلة، العراق.
 جامعة الزهراء للبنات، كربلاء، العراق. التربية، كليةقسم الرياضيات, 2
 .التربية للعلوم الصرفة ،جامعة بابل، الحلة، العراق قسم الرياضيات، كلية3

 

 ةالخلاص

حيث يستخدم قياس نعومة المتعددة.  مقياس النعومة من المواضيع الاساسية والمهمة في التحليل الرياضي وتطبيقاته يعتبر معامل او

 الدوال معامل النعومة لاستنتاج الخصائص التقريبية للدوال التي يتعذر ايجاد قيمة دقيقة لها. لمقياس النعومة دور اساسي في العديد من

 معادلاتال لحل العددية الطرق تحليل في وخاصة العددي التحليل في ومجالات الرياضيات وله تطبيقات مختلفة في نظرية التقريب 

. تناول العديد من الباحثين في دراستهم معامل النعومة لدالة ذات  التقارب ومعدل و التكاملية والمعادلات التحسين ومشاكل التفاضلية

متغير واحد ولكن قلة من الباحثين الذين تناولوا مقياس النعومة لدالة ذات عدة متغيرات. يهدف هذا البحث الى ملئ هذه الفجوة حيث 

من المتغيرات. كما اثبتت العديد من الخصائص  dذات  تنتمي لفضاء الدوال القابلة للتكامل لبيكيا مقياس نعومة مختلط جديد لدالة عرف

كالخاصية الخطية   من المتغيرات dـ الاساسية لمقياس النعومة ولكن باستخدام مقياس نعومة مختلط لدالة ذات فرق منتهي مختلط ول

 والرتابة اضافة الى ذلك دراسة خاصية اساسية وهي المحدودية لدوال تنتمي لفضاء الدوال القابلة للتكامل والقياس.

 فضاء الدوال القابلة ،الخاصية الرتيبة ،معامل النعومة المختلط، الفرق المنتهي المختلط ،المشتقات المختلطة الكلمات المفتاحية:

 للقياس.
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