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Introduction 

Writer in 1 discuss 𝒦𝜆/𝜇ℱ as: 

 
For 𝒦𝜆/𝜇ℱ = Im(𝒹′𝜆/𝜇) where 𝒹′𝜆/𝜇: 𝒟ℱ

             
→   ⋀ℱ 

(Weyl map), so  

∑𝒟𝓅+𝓀⨂𝒟𝓆−𝓀

 
      □       
→      𝒟𝓅⨂𝒟𝓆  

   𝒹′𝜆/𝜇    
→     𝒦𝜆/𝜇⟶ 0  

Searchers in2 define the representation of the group. 

For case (11,10;1) the authors treatise this treatise as 

an application of the Weyl resolution in cases (4,4,3) 
3, this can be employed for the differential 

subordination and superordination, fuzzy maximal 

sub-modules, almost projective semimodules and 

semigroup ideals and right n-derivation in 3-prime 

near-rings 4-7. Authors in 8,9 study the hyper fuzzy AT-

ideals of AT-algebra and spectrum of secondary 

submodules which can be also apply to this idea. 

 

Main Upshots  
As in 1, 5 for the case (11,10;1) gain 

ℳ0 = 𝒟10⨂𝒟10 

 

 

Abstract 

Through this work R is a commutative ring with 1, ℱ is a free R-module and 𝒟𝒾 is the divided power 

algebra of degree 𝒾. A partition of length ℓ() = n is a sequence (𝜆) = (1, 2, …, n) of non-negative 

integers in non-increasing order 1 2   … n > 0. The weight of a partition  is  = 1 + 2 + …+ 

n. A relative sequence is a pair (𝜆, 𝜇) of sequences such that      and denoted by 𝜆 𝜇⁄ . If both (𝜆) 

and μ are partitions then the relative sequence (𝜆 𝜇⁄ )  is called a skew partition. Let 𝒵21 be the free 

generator of divided power algebra 𝒟(𝒵21) in one generator. The divided power element 𝒵21
(ℯ)

 of degree 

ℯ of the free generator 𝒵21 acts on 𝒟𝑝+𝑒 +𝒟𝑞−𝑒 by place polarization of degree  ℯ  from place 1 to 

place 2. The graded algebra 𝒜 = 𝒟(𝒵21) acts on the graded module ℳ = 𝒟𝑝+𝑒 +𝒟𝑞−𝑒 = ∑ℳ𝑞−𝑒, 

the degree of the second factor determines the grading.  M is a graded left 𝐴 = −odule, where for w =

𝒵21
(ℯ)
∈ 𝒜  and 𝓋 ∈ 𝒟𝑝+𝑒 + 𝒟𝑞−𝑒, so we have: w(𝓋) = 𝒵21

(ℯ) = (𝓋) = 𝜕21
(ℯ)

. This article surveys the 

exactness of the Weyl resolution of the sequence for the case (11,10; 1) after getting the contracting 

homotopy of {𝒮𝒾}; where 𝒾 = 0,1, …, 8, and the terms of the characteristic-free resolution for it. 

Keywords: Divided power algebra, Letter place, Overlap, Place polarizations, Resolution, Weyl module.  
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ℳ1 =  𝒵21
(𝑏)
𝓍𝒟10+𝑏⨂𝒟10−𝑏; where  2 ≤ 𝑏 ≤ 10 

ℳ2 =  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒟10+|𝑏|⨂𝒟10−|𝑏|; where 3 ≤ |𝑏| = 𝑏1 + 𝑏2 ≤ 10 and 𝑏1 ≥ 2 

ℳ3 =  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒟10+|𝑏|⨂𝒟10−|𝑏|; where 4 ≤ |𝑏| = ∑ 𝑏𝑖

3
𝑖=1 ≤ 10 and 𝑏1 ≥ 2 

ℳ4 =  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒟10+|𝑏|⨂𝒟10−|𝑏|; where 5 ≤ |𝑏| = ∑ 𝑏𝑖
4
𝑖=1 ≤ 10 and 𝑏1 ≥ 2 

ℳ5 =  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒟10+|𝑏|⨂𝒟10−|𝑏|;  

where 6 ≤ |𝑏| = ∑ 𝑏𝑖
5
𝑖=1 ≤ 10 and 𝑏1 ≥ 2 

ℳ6 =  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍𝒟10+|𝑏|⨂𝒟10−|𝑏|;  

where 7 ≤ |𝑏| = ∑ 𝑏𝑖
6
𝑖=1 ≤ 10 and  𝑏1 ≥ 2 

ℳ7 =  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍𝒵21
(𝑏7)𝓍𝒟10+|𝑏|⨂𝒟10−|𝑏|;  

where 8 ≤ |𝑏| = ∑ 𝑏𝑖
7
𝑖=1 ≤ 10 and  𝑏1 ≥ 2 

ℳ8 =  𝒵21
(𝑏1)𝓍𝒵21

(𝑏2)𝓍𝒵21
(𝑏3)𝓍𝒵21

(𝑏4)𝓍𝒵21
(𝑏5)𝓍𝒵21

(𝑏6)𝓍𝒵21
(𝑏7)𝓍𝒵21

(𝑏8)𝓍𝒟10+|𝑏|⨂𝒟10−|𝑏|;  

where 9 ≤ |𝑏| = ∑ 𝑏𝑖
8
𝑖=1 ≤ 10 and  𝑏1 ≥ 2 

ℳ9 = 𝒵21
(2)
𝓍𝒵21

(1)
𝓍𝒵21

(1)
𝓍𝒵21

(1)
𝓍𝒵21

(1)
𝓍𝒵21

(1)
𝓍𝒵21

(1)
𝓍𝒵21

(1)
𝓍𝒵21

(1)
𝓍𝒟20⨂𝒟0 

Explore the Upshots 

The construction and the exactness of the sequence of the contracting homotopies {𝒮𝒾} where 𝒾 =1,2,…,8 

discuss in this section as follows 

 

S0:ℳ0 →ℳ1  , S0  ((
W
W′|

1(10)2(Ⱪ)

2(10−Ⱪ)
)) = {

𝒵21 
(Ⱪ)χ (W

W′|
1(10+Ⱪ)

2(10−Ⱪ)
)  ;  if Ⱪ = 2,3,4,… .9  

0             ; if  Ⱪ ≤ 1
   , 

S1:ℳ1 →ℳ2  , S1  (𝒵21 
(Ⱪ+1)χ (W

W′|
1(11+Ⱪ)2(ⱱ)

2(9−Ⱪ−ⱱ)
)) = {

𝒵21 
(Ⱪ+1)χ𝒵21 

(ⱱ)χ (W
W′|

1(11+Ⱪ+ⱱ)

2(9−Ⱪ−ⱱ)
)  ;  if ⱱ = 1,2,… ,8 

0                                      ; if  ⱱ = 0
      , 

 

S2:ℳ2 →ℳ3   

S2  (𝒵21 
(Ⱪ1+1)χ𝒵21 

(Ⱪ2)χ(W
W′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= {
𝒵21 
(Ⱪ1+1)χ𝒵21 

(Ⱪ2)χ𝒵21 
(ⱱ)χ (W

W′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  ;  if ⱱ = 1,2,… ,7 

0                                                     ; if  ⱱ = 0
  

                    

 ; where  |Ⱪ| = Ⱪ1 + Ⱪ2, 

 

S3:ℳ3 →ℳ4   

S3  (𝒵21 
(Ⱪ1+1)χ𝒵21 

(Ⱪ2)χ𝒵21 
(Ⱪ3)χ (W

W′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= {
𝒵21 
(Ⱪ1+1)χ𝒵21 

(Ⱪ2)χ𝒵21 
(Ⱪ3)χ𝒵21 

(ⱱ)χ(W
W′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  ;  if ⱱ = 1,2,… ,6 

0                                                                   ; if  ⱱ = 0
   ; where  |Ⱪ| = Ⱪ1 + Ⱪ2 + Ⱪ3. 

 

 

S4:ℳ4 →ℳ5 . 

S4  (𝒵21 
(Ⱪ1+1)χ𝒵21 

(Ⱪ2)χ𝒵21 
(Ⱪ3)χ𝒵21 

(Ⱪ4)χ (W
W′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  
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= {
𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  ;  𝑖𝑓 ⱱ = 1,2,… ,5 

0                                                                                 ; 𝑖𝑓  ⱱ = 0
  ;  

where  |Ⱪ| = Ⱪ1 +Ⱪ2 + Ⱪ3 + Ⱪ4. 

𝑆5:ℳ5 →ℳ6 . 

𝑆5  (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= {
𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 𝑖𝑓 ⱱ = 1,2, … ,4 

0                                                                                           ; 𝑖𝑓  ⱱ = 0
 ;   

where  |Ⱪ| = Ⱪ1 +Ⱪ2 + Ⱪ3 + Ⱪ4 + Ⱪ5. 

𝑆6:ℳ6 →ℳ7 . 

𝑆6  (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= {
𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 𝑖𝑓 ⱱ = 1,2,3 

0                                                                                                               ; 𝑖𝑓  ⱱ = 0
 ;   

where  |Ⱪ| = Ⱪ1 +Ⱪ2 + Ⱪ3 + Ⱪ4 + Ⱪ5 +Ⱪ6. 

𝑆7:ℳ7 →ℳ8   

𝑆7  (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= {
𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 𝑖𝑓 ⱱ = 1,2 

             0                                                                                                                   ; 𝑖𝑓  ⱱ = 0
 ;   

where  |Ⱪ| = Ⱪ1 +Ⱪ2 + Ⱪ3 + Ⱪ4 + Ⱪ5 +Ⱪ6 + Ⱪ7. 

𝑆8:ℳ8 →ℳ9   

𝑆8  (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= {
𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒𝒵21 
(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 𝑖𝑓 ⱱ = 1 

                              0                                                                                                                   ; 𝑖𝑓  ⱱ = 0
 ;   

where|Ⱪ| = Ⱪ1 + Ⱪ2 + Ⱪ3 + Ⱪ4 + Ⱪ5 +Ⱪ6 + Ⱪ7 + Ⱪ8. 

Now to prove that   𝑆𝑖𝜕𝑥 + 𝜕𝑥𝑆𝑖+1 = 𝑖𝑑ℳ𝑖+1 
, for i = 0,1,…,8. 

𝑆0𝜕𝑥  (𝒵21 
(Ⱪ+1)𝜒 (𝑊

𝑊′|
1(11+Ⱪ)2(ⱱ)

2(9−Ⱪ)
)) = 𝑆0𝜕21 

(Ⱪ+1) (𝑊
𝑊′|

1(11+Ⱪ)2(ⱱ)

2(9−Ⱪ)
)  

= (Ⱪ+1+ⱱ
ⱱ
)𝒵21 

(Ⱪ+1+ⱱ)𝜒 (𝑊
𝑊′|

1(11+Ⱪ+ⱱ)

2(9−Ⱪ−ⱱ)
)  

And 

𝜕𝑥𝑆1  (𝒵21 
(Ⱪ+1)𝜒 (𝑊

𝑊′|
1(11+Ⱪ)2(ⱱ)

2(9−Ⱪ)
)) = 𝜕𝑥 (𝒵21 

(Ⱪ+1)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+Ⱪ+ⱱ)

2(9−Ⱪ−ⱱ)
) )  

= − (Ⱪ+1+ⱱ
ⱱ
)𝒵21 

(Ⱪ+1+ⱱ)𝜒(𝑊
𝑊′|

1(11+Ⱪ+ⱱ)

2(9−Ⱪ−ⱱ)
) + 𝒵21 

(Ⱪ+1)𝜒 (𝑊
𝑊′|

1(11+Ⱪ)2(ⱱ)

2(9−Ⱪ)
)  

Clearly   𝑆0𝜕𝑥 + 𝜕𝑥𝑆1 = 𝑖𝑑ℳ1 
. 

 𝑆1𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

=  𝑆1 (−(
|Ⱪ|+1
Ⱪ2
)𝒵21 

(|Ⱪ|+1)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) + 𝒵21 

(Ⱪ1+1)𝜒𝜕21
(Ⱪ2) (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

 (−(|Ⱪ|+1
Ⱪ2
)𝒵21 

(|Ⱪ|+1)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) + (Ⱪ2+ⱱ

ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2+ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

And 

𝜕𝑥  𝑆2 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)) = 𝜕𝑥 (𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

 (|Ⱪ|+1
Ⱪ2
)𝒵21 

(|Ⱪ|+1)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  − (Ⱪ2+ⱱ

ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2+ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+ 𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; where |Ⱪ| = Ⱪ1 + Ⱪ2. 
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Clearly      𝑆1𝜕𝑥 + 𝜕𝑥𝑆2 = 𝑖𝑑ℳ2 
  

 

 𝑆2𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒(

𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)) 

=  𝑆2 [(
(Ⱪ1+1+Ⱪ2)

Ⱪ2
)𝒵21 

(Ⱪ1+1+Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) − (Ⱪ2+Ⱪ3

Ⱪ3
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2+Ⱪ3)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +

𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝜕21 
(Ⱪ3) (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)]  

= ((Ⱪ1+1+Ⱪ2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) − (Ⱪ2+Ⱪ3

Ⱪ3
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2+Ⱪ3)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) +  

(Ⱪ3+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
), 

And 

 𝜕𝑥𝑆3 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)) = 𝜕𝑥 (𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= −(
(Ⱪ1 + 1 + Ⱪ2)

Ⱪ2
)𝒵21 

(Ⱪ1+1+Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(ⱱ)
𝜒(
𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+  (Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ3+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) + 𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝜕21 
(ⱱ) (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

= −((Ⱪ1+1+Ⱪ2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

 +(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ3+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; where  |Ⱪ| = Ⱪ1 + Ⱪ2 + Ⱪ3. 

Clearly     𝑆2𝜕𝑥 + 𝜕𝑥𝑆3 = 𝑖𝑑ℳ3 
. 

 𝑆3𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝑆3 [−(
(Ⱪ1+1+Ⱪ2)

Ⱪ2
)𝒵21 

(Ⱪ1+1+Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +  

(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) − (Ⱪ3+Ⱪ4

Ⱪ4
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3+Ⱪ4)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝜕21 

(Ⱪ4) (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)]  

= −((Ⱪ1+1+Ⱪ2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

+(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ4+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
), 

And 

𝜕𝑥  𝑆4 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= ((Ⱪ1+1+Ⱪ2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ4+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  
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+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜕21 
(ⱱ)
(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

= ((Ⱪ1+1+Ⱪ2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ4+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4) (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; where |Ⱪ| = Ⱪ1 + Ⱪ2 + Ⱪ3 + Ⱪ4 

Clearly     𝑆3𝜕𝑥 + 𝜕𝑥𝑆4 = 𝑖𝑑ℳ4 
. 

 𝑆4𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

=  𝑆4 [(
(Ⱪ1+1+Ⱪ2)

Ⱪ2
)𝒵21 

(Ⱪ1+1+Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) −

(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒(𝑊
𝑊′|

1(11+|Ⱪ |)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +

(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) −

(Ⱪ4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +

𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝜕21 
(Ⱪ5) (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)]  

= ((Ⱪ1+1+Ⱪ,2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ,2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+(Ⱪ,3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ 4+  Ⱪ5
Ⱪ5

)𝒵21 
(  Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(  Ⱪ3)𝜒𝒵21 

(  Ⱪ4+Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+   ⱱ) 
2(9−|Ⱪ|−ⱱ)

)  

+( Ⱪ5+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5+ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

And 

𝜕𝑥  𝑆5 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)+(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= −(( Ⱪ1+1+Ⱪ 2)
Ⱪ 2

)𝒵21 
( Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
( ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

+(Ⱪ 2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ,3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(  Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ,|+ⱱ)

2(9−|Ⱪ| −ⱱ)
 )  

−( Ⱪ 5+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5+ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝜕21 

(ⱱ) (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

= −(( Ⱪ1+1+Ⱪ 2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ 2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

+(Ⱪ2+Ⱪ 3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ3+Ⱪ 4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ 4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒 𝒵21 

 (Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ,4+Ⱪ5)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ |+ⱱ )

2(9−|Ⱪ|−ⱱ) 
)  

−(Ⱪ,5+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ 4)𝜒𝒵21 

(Ⱪ5+ⱱ )𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  
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+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 

𝑤ℎ𝑒𝑟𝑒 |Ⱪ| = Ⱪ1 +Ⱪ2 + Ⱪ3 + Ⱪ4 + Ⱪ5. 

Clearly      𝑆4𝜕𝑥 + 𝜕𝑥𝑆5 = 𝑖𝑑ℳ5 
. 

 𝑆5𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝑆5 [−(
(Ⱪ1+1+Ⱪ2)

Ⱪ2
)𝒵21 

(Ⱪ1+1+Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +  

(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ |)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) −  

(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +

(Ⱪ4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) − 

(Ⱪ5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) + 

𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝜕21 
(Ⱪ5)𝒵21 

(Ⱪ6)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)]  

= −((Ⱪ1+1+Ⱪ,2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ,2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

+(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ,3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ 4+  Ⱪ5
Ⱪ5

)𝒵21 
(  Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(  Ⱪ3)𝜒𝒵21 

(  Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+   ⱱ) 
2(9−|Ⱪ|−ⱱ)

)  

−(Ⱪ,5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+( Ⱪ6+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6+ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

And 

𝜕𝑥  𝑆6 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)+(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= (( Ⱪ1+1+Ⱪ 2)
Ⱪ 2

)𝒵21 
( Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

( ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ 2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ,3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(  Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ,|+ⱱ)

2(9−|Ⱪ| −ⱱ)
 )  

+(Ⱪ5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−( Ⱪ 6+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6+ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝜕21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

= (( Ⱪ1+1+Ⱪ 2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ 2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ2+Ⱪ 3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+(Ⱪ3+Ⱪ 4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ 4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒 𝒵21 

 (Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ,4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ |+ⱱ )

2(9−|Ⱪ|−ⱱ) 
)  

+(Ⱪ5+Ⱪ 6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ,6+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ 4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6+ⱱ )𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 
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where |Ⱪ| = Ⱪ1 + Ⱪ2 + Ⱪ3 + Ⱪ4 +Ⱪ5 + Ⱪ6. 

Clearly   𝑆5𝜕𝑥 + 𝜕𝑥𝑆6 = 𝑖𝑑ℳ6
. 

 𝑆6𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝑆6 [(
(Ⱪ1+1+Ⱪ2)

Ⱪ2
)𝒵21 

(Ⱪ1+1+Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ |)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(
Ⱪ4 + Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒(
𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

 +(Ⱪ5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

 −(Ⱪ6+Ⱪ7
Ⱪ7

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝜕21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)]  

= ((Ⱪ1+1+Ⱪ,2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ,2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+(Ⱪ,3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ 4+  Ⱪ5
Ⱪ5

)𝒵21 
(  Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(  Ⱪ3)𝜒𝒵21 

(  Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+   ⱱ) 
2(9−|Ⱪ|−ⱱ)

)  

+(Ⱪ,5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ 6+  Ⱪ7
Ⱪ7

)𝒵21 
(  Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(  Ⱪ3)𝜒𝒵21 

(  Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+  ⱱ) 
2(9−|Ⱪ|−ⱱ)

)  

+( Ⱪ7+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7+ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

And 

𝜕𝑥  𝑆7 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)+(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= −(( Ⱪ1+1+Ⱪ 2)
Ⱪ 2

)𝒵21 
( Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
( ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

+(Ⱪ 2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ,3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(  Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ,|+ⱱ)

2(9−|Ⱪ| −ⱱ)
 )  

−(Ⱪ5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ6+Ⱪ7
Ⱪ7

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−( Ⱪ 7+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7+ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝜕21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

= −(( Ⱪ1+1+Ⱪ 2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ 2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

+(Ⱪ2+Ⱪ 3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ3+Ⱪ 4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ 4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒 𝒵21 

 (Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ,4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ |+ⱱ )

2(9−|Ⱪ|−ⱱ) 
)  
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−(Ⱪ5+Ⱪ 6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ6+Ⱪ 7
Ⱪ7

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒𝒵21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ,7+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ 4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7+ⱱ )𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 

where |Ⱪ| = Ⱪ1 + Ⱪ2 + Ⱪ3 + Ⱪ4 +Ⱪ5 + Ⱪ6 + Ⱪ7. 

Clearly   𝑆6𝜕𝑥 + 𝜕𝑥𝑆7 = 𝑖𝑑ℳ7
. 

 𝑆7𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝑆6 [−(
(Ⱪ1+1+Ⱪ2)

Ⱪ2
)𝒵21 

(Ⱪ1+1+Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ |)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +

(Ⱪ4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) − 

(Ⱪ5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) + 

(Ⱪ6+Ⱪ7
Ⱪ7

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) −  

(Ⱪ7+Ⱪ8
Ⱪ8

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7+Ⱪ8)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) +  

 𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝜕21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
)]  

= −((Ⱪ1+1+Ⱪ,2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ,2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

+(Ⱪ2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

−(Ⱪ,3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ 4+  Ⱪ5
Ⱪ5

)𝒵21 
(  Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(  Ⱪ3)𝜒𝒵21 

(  Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+   ⱱ) 
2(9−|Ⱪ|−ⱱ)

)  

−(Ⱪ,5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ 6+  Ⱪ7
Ⱪ7

)𝒵21 
(  Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(  Ⱪ3)𝜒𝒵21 

(  Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+  ⱱ) 
2(9−|Ⱪ|−ⱱ)

)  

−(Ⱪ 7+  Ⱪ8
Ⱪ87

)𝒵21 
(  Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(  Ⱪ3)𝜒𝒵21 

(  Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7+Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+  ⱱ) 
2(9−|Ⱪ|−ⱱ)

)  

+( Ⱪ8+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
(Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8+ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

And 

𝜕𝑥  𝑆8 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= 𝜕𝑥 (𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒𝒵21 
(ⱱ)𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|)+(ⱱ)

2(9−|Ⱪ|−ⱱ)
))  

= (( Ⱪ1+1+Ⱪ 2)
Ⱪ 2

)𝒵21 
( Ⱪ1+1+Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

( ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ 2+Ⱪ3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ,3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(  Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+(Ⱪ3+Ⱪ4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ,|+ⱱ)

2(9−|Ⱪ| −ⱱ)
 )  

+(Ⱪ5+Ⱪ6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒 (𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ6+Ⱪ7
Ⱪ7

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ7+Ⱪ8
Ⱪ8

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7+Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  
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−( Ⱪ 8+ⱱ
ⱱ
)𝒵21 

(Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8+ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒𝜕21 
(ⱱ)𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

= (( Ⱪ1+1+Ⱪ 2)
Ⱪ2

)𝒵21 
(Ⱪ1+1+Ⱪ 2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)         

−(Ⱪ2+Ⱪ 3
Ⱪ3

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2+Ⱪ3)𝜒𝒵21 
(Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
) 

+(Ⱪ3+Ⱪ 4
Ⱪ4

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3+Ⱪ4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ 4+Ⱪ5
Ⱪ5

)𝒵21 
(Ⱪ1+1)𝜒 𝒵21 

 (Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ,4+Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ |+ⱱ )

2(9−|Ⱪ|−ⱱ) 
)  

+(Ⱪ5+Ⱪ 6
Ⱪ6

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5+Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ6+Ⱪ 7
Ⱪ7

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6+Ⱪ7)𝜒𝒵21 
(Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+(Ⱪ7+Ⱪ 8
Ⱪ8

)𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ8)𝜒𝒵21 
(Ⱪ7+Ⱪ8)𝜒𝒵21 

(ⱱ)
𝜒 (𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

−(Ⱪ,8+ⱱ
ⱱ
)𝒵21 

( Ⱪ1+1)𝜒𝒵21 
( Ⱪ2)𝜒𝒵21 

(Ⱪ3)𝜒𝒵21 
(Ⱪ 4)𝜒𝒵21 

(Ⱪ5)𝜒𝒵21 
(Ⱪ6)𝜒𝒵21 

(Ⱪ7)𝜒𝒵21 
(8+ⱱ )𝜒(𝑊

𝑊′|
1(11+|Ⱪ|+ⱱ)

2(9−|Ⱪ|−ⱱ)
)  

+𝒵21 
(Ⱪ1+1)𝜒𝒵21 

(Ⱪ2)𝜒𝒵21 
(Ⱪ3)𝜒𝒵21 

(Ⱪ4)𝜒𝒵21 
(Ⱪ5)𝜒𝒵21 

(Ⱪ6)𝜒𝒵21 
(Ⱪ7)𝜒𝒵21 

(Ⱪ8)𝜒(𝑊
𝑊′|

1(11+|Ⱪ|)2(ⱱ)

2(9−|Ⱪ|−ⱱ)
) ; 

𝑤ℎ𝑒𝑟𝑒 |Ⱪ| = Ⱪ1 +Ⱪ2 + Ⱪ3 + Ⱪ4 + Ⱪ5 + Ⱪ6 + Ⱪ7 + Ⱪ8. 

Clearly   𝑆7𝜕𝑥 + 𝜕𝑥𝑆8 = 𝑖𝑑ℳ8
 

Thus {𝒮𝒾}; where 𝒾 = 0, 1, 2, …, 8 is a contracting homotopy10 which implies the complex  

 

0
            
→   ℳ9

            
→   ℳ8

            
→   ℳ7

            
→    ℳ6

            
→   ℳ5

            
→   ℳ4

            
→   ℳ3

            
→   ℳ2

            
→   ℳ1

            
→   ℳ0  

is exact. 

Results and Discussion 

In this article, the terms of the characteristic-free 

resolution for the situation (11,10; 1) and the 

exactness of the Weyl resolution of the sequence are 

surveyed after obtaining the contracting homotopy of 

{𝒮𝒾}; where 𝒾 = 0,1, …, 8. 

To get the results of this work the important 

computations which are 𝑆𝑖−1𝜕𝑥 + 𝜕𝑥𝑆𝑖 = 𝑖𝑑ℳ𝑖
; 

where   𝒾 =  0,1,2,… , 8  proved. 

 

Conclusion 

The exact complex sequence of the terms of the 

characteristic-free resolution got in this work from 

the contracting homotopies of {𝒮𝒾} where 𝒾 =

 0,1,2,… , 8 for the case (11,10;1) after finding all the 

terms of the Weyl module and the Weyl module 

resolution, also by using the form of the letter place 

the maps of {𝒮𝒾} where   𝒾 =  0,1,2,… , 8 are 

described and 𝜕21
(ℯ) the composition of place 

polarizations from places 1 and 2 of degree e to the 

negative place {1, 2,…, 12} act on . 𝒟10+𝑒 ⊕
 𝒟10−𝑒. 
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 (1 ;11,10) للحالة نتيجة

 2، نيران صباح جاسم  1وليد خالد جابر 

 

 قسم الرياضيات ، كلية التربية للعلوم الصرفة )ابن الهيثم( ، جامعة بغداد ، بغداد ، العراق . 2، 1
 قسم الرياضيات ، كلية علوم الحاسوب والرياضيات ، جامعة ذي قار ، ناصرية  ، العراق . 1

 

 

 ةالخلاص

 . التجزئة ذات الطول 𝒾هو جبر قوى القسمة من الدرجة   𝒟𝒾الحر و  Rهو مقاس   ℱ، 1هي حلقة ابدالية ذات  Rخلال هذا العمل 

 ) = nℓ(هي السلسلة) n, …, 2, 1= (    0 <من الصحيحات غير السالبة وبترتيب غير متزايد n …  2  1 وزن .

,𝜆)المتسلسلة النسبية هي الزوج  . n+ …+ 2 +  1=  .هو التجزئة  𝜇) من المتسلسلات بحيث ان    ويرمز لها بالرمز  

𝜆
𝜇⁄.  اذا كان كلا من  و𝜇  تجزئة فان السلسلة النسبية𝜆

𝜇⁄  .ليكن  تسمى تجزئة منحرفة𝒵21   المولد الحر لجبر قوى القسمة

𝒟(𝒵21)  بمولد واحد. عنصر قوى القسمة𝒵21
(ℯ)

𝒟𝑝+𝑒يمثل في 𝒵21للمولد الحر  ℯمن الدرجة    +𝒟𝑞−𝑒    بالاستقطاب المكاني من

𝒜 التدرج الجبري .2الى المكان  1من المكان   ℯالدرجة   = 𝒟(𝒵21)   يمثل بتدرج المقاسℳ = 𝒟𝑝+𝑒 +𝒟𝑞−𝑒 = ∑ℳ𝑞−𝑒, 

wالايسر المتدرج، حيث لكل  =Aهو مقاس  M ، درجة المقسوم الثاني تعتبر التدرج. = 𝒵21
(ℯ)
∈ 𝒜   و𝓋 ∈ 𝒟𝑝+𝑒 +𝒟𝑞−𝑒,  

w(𝓋)فانه لدينا     = 𝒵21
(ℯ)
= (𝓋) = 𝜕21

(ℯ)
التعاقد  بعد الحصول على  (1 ;11,10)تحلل وايل للمتسلسلة للحالة البحث يدرس تمام .

𝑖  حيث ؛ {𝒮𝒾}لـ  الهوموتوبي = 0,1,2, … ,  الحر لها. -، و عناصر تحلل المميز 8

 .تحلل، مقاس وايل، موقع الاستقطابات، تداخل، الحرف موقع، جبر قوى القسمة الكلمات المفتاحية:

https://doi.org/10.21123/bsj.2024.9905

