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Abstract

Lewin discussed the class X of bi-univalent functions and obtained the bound for the second coefficient,
Sakar and Wanas defined two new subclasses of bi-univalent functions and obtained upper bounds for
the elementary coefficients |a,| and |as| for functions in these subclasses, Dziok et al. introduced the class
SLM , of a-convex shell-like functions, and they indicated a useful connection between the function
p(z) and Fibonacci numbers. Recently, many bi-univalent function classes, based on well-known
operators like Saldgean operator, Tremblay operator, Komatu integral operator, Convolution operator,
Al-Oboudi Differential operator and other, have been defined. The aims of this paper is to introduce
two new subclasses of bi-univalent functions using the subordination and the Komatu integral operator
which are involved the exponential functions and shell-like curves with Fibonacci numbers, also find
an estimate of the initial coefficients for these subclasses. The first subclass was defined using the
subordination of the shell-like curve functions related to Fibonacci numbers and the second subclass
was defined using the subordination of the exponential function. The Komatu integral operator was used
in each of these subclasses. Limits were obtained for the elementary coefficients, specifically the second
and third coefficients for these subclasses.

Keywords: Bi-univalent functions, Coefficient bounds, Exponential function, Fibonacci numbers,
Komatu integral operator, Subordination.

Introduction

Let C be the complex plane and U={z:z € f@)=z+az> +azz3+ =z+ Yo ,a,z™
C and |z| < 1} be the open unit disc in C. Further, 1

let A be the class of functions analytic in U, thus
satisfying the condition

f0)=f(0)-1=0.

In addition, each of the functions f in A has the
following Taylor series expansion

Suppose S is a subclass of A consisting of univalent
functions in U.

By the Koebe One-Quarter Theorem 1, it is known
that the range of every function in § contains the disk
{fw:|w| < 1/4}. Therefore, every univalent
function f has an inverse f 1, so that:
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ff@)=z@zeUand f(f W) =w (|w] <
ro(f)ro(f) =1/4)

gw) =f7w)=w+
szZ + b3W3 + A

=w—a,w?+ (2a3 -
az;)w? — (5a3 — 5a,a; + ap)w* + -
2

A function f € A is said to be bi-univalent in U if
both f and its inverse g = f~1 are univalent in U.
Let X' be the class of all bi-univalent functions.
Examples of functions in the class X' are

z log(1 ) l (1+Z)
1=, og z) , og ~)

Let us denote by B the class of bounded or Schwarz
functions w(z) which are analytic in the open unit

disc U and satisfying:

w(2) =i ,

Definition 1: ! Consider two functions f and g
analytic in U, it is said that f is subordinate to g
(symbolicallyf < g) if there exists a bounded
function w(z) € B for which f(z) = g(w(z)). This
definition is known as the principle of subordination.

w(0) =0,|lw(2)| < 1.

Lemma 1: ! For two analytic functions u(z), b(w),
where (u(0) = b(0) =0, |u(2)| <1,|b(w)| < 1)
suppose that:

o)

u(z) = Z xnz" (z € U),

n=1

b(w) = Z VW (W € IU).
n=1
Then:

1] < 1, 0x] < 1 =12 |2 [y1| < 1, ysl
<1—|yl2

Lewin in? discussed the class X of bi-univalent
functions and obtained the bound for the second
coefficient, Sakar and Wanas in® defined two new
subclasses of bi-univalent functions and obtained
upper bounds for the elementary coefficients |a;| and

las| for functions in these subclasses. The issue of
estimating the first and second coefficients in
subclasses of bi-univalent functions is still the focus
of attention of many researchers in this field, as
shown in 48, It is known that the exponential function
has an expansion in the Taylor series as follows

[ee]
Z
e ol —
n!

n=0

n

Shi et al. in” obtained Hankel determinant of third
order bounds for univalent functions subclasses
S; and C, which are associated with exponential
functions. The subclasses S; and C, are defined as
follows:

Zf(Z)
{fES o) <e ,ZEU}
C. = fes-(zf'(Z))'< Z,2€U
¢ e ¢

In®, Zaprawa improved the result in” for the bounds
of Hankel determinant of third order in the subclass
S . Besides that, Zaprawa® obtained the bounds of
Hankel determinant of the third order in the subclass
K, of univalent functions associated with
exponential functions that are defined as follows:

zf1' (2) z
c={res:1+222 To<e
In® Dziok et al. introduced the class SLM , of a-
convex shell-like functions, and they indicate a
useful connection between the function p(z) and
Fibonacci numbers.

,ZE[U}

Lemma 2: ° Let {u,} be the sequence of Fibonacci
numbers:

{ Uy = 0,u1 =1
Uptp = Upgr T Uy 5 (M E N)

then

P

(1-1)"—1" 1-
V5 ' 2

Uy, =

]
I

If one can set:
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) =1+ ) pos”
n=1

=1+ (up+uy)tz
+ (ug +uz)r?z?

+ Z(un—3 + Up—2 + Up—1
n=3
+u,)t"z"

Then the coefficients p,, satisfy:

T (n=1)
(n=2)
(n=34..).

Dn = 372
TPn—1 + TPz
The function $(z) is not univalent in U, but it is
3V8 £ 038, For

univalent in the disc —

|z| <

-1

example, p(0) = p (E) =1landp (eiiarccos(%)> _
V5

=
The expression 72 =7+ 1 can be used to obtain

higher powers t™ as a liner function of lower powers,
recurrence relationships yield Fibonacci numbers u,,

u0=0,u1=1

n
T =UpT+ Upq { _
" Uns2 = Upir T Uy

(see 1 for details).

Definition 2: 1° The Komatu integral operator of f €
A is denoted by ?CZ f(z) and defined by:

K f@) =2+ 557 () anz™; (6> 0,7 2

t+n—-1
0,z € U)
e (logh)" Fab)de.
ING) Y ¢

Recently, many bi-univalent function classes, based
on well-known operators like the Sdldgean operator,
Tremblay operator, Komatu integral operator as in'®
12" Convolution operator, Al-Oboudi Differential
operator and other as in'**°, have been defined. To

define our new classes, where the Komatu operator
is used which is defined as follows:

Definition 3: A function f € X is said to be in the
class:

MZIZ(ﬁ) (1 >p>0,t>0mn=>0,2zwE [U)

If the following subordination relationships are
satisfied:

n
[(1—p)w+p<1+

f(@)
n
Z(Kt f(z))' - 1+7222
T)‘ <@ = 3
and

g'w)

where the function g(w) is givenby 2 and t =

%ﬁ ~ —0.618.

Definition 4: A function f € X is said to be in the
class:

Hgfz(ez) (12p=0,t>0,1=0,zwEeU)

If the following subordination relationships are
satisfied:

1+ % [(K?f(z)), + pz (%?f(z))” — 1] <e? 5
and
1+ % [(K?g(w))’ + pw (?CZg(W))H — 1] <e%, 6

where the function g(w) isgivenby 2 andt =

%ﬁ ~ —0.618.
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Results and Discussion

First, the bounds of the coefficients |a,|, |as]| is
- - - Tl,t ~
obtained for functions in M’y p ).

Theorem 1: If f € MZ:;(;B), then

It| ((1 ~ (7)) el + (20 + 1 = )1+ 312D) (1 - (H—l)")2>

laz| <

ITI+3|z))

min 7
a-n(1-()")’ J(l (&) (&))

And

|as| < min

11+ 31DyT=p (1 -2 (4 z)n

a-pr (1 ()

D)

Proof: As f EMZ';(ﬁ), so by Definition 3 and

using the principle of subordination in Definition 1,
there exist Schwarz functions u(z) and b(w), one
can write 3and 4 as following

n z:an(z)r

f(z) (2
p(u(2)) 7
and
n n
_ Kew) Asctown) _
8

where u(z) = x,z + x,z*> + -+ and b(w) =

yiw + y,w? + - (z,w € U).

Using 1 and Definition 2 in 7 on expanding, it
yields

x‘rl
(1—p)ﬂ+p<1+

f(2) f'(2) -
[p +d-p) ((t+1)17 - 1) az] z

el

Using 2 and Definition 2 in 8 on expanding, it
yields

-
+ (1)) + 20 (1= (52 ) [+ 3100 () - () )
(= (1- () ) ()

-(72))

n
L Kgw)
p)—g(w) +p<1

o+ = ()" - 1)pa]w

oo () a-

p) ((Hz) — 1) bs +2p ((tﬂ)?7 - 1) bz] w2+ ..

as, one can get

4 z(?(?g(w))r) -1+

g'w)

Slnce b2 = —a, ,b3 = Za% -

=1+[p+(1—,0)<1_(t+1>> ]

Ha-»(2(5) -G 1)az+<1—
P (1-(5) )as+ 20 (1= (55) ) @] w?

Again

10

Pu(2) =1+ p1x1z + (Brx, + Poxf)z? + -+ 11
and

p(bW)) =1+ pyysw + (Bry, + BoyD)w? + 12
Using (9) and (11) in (7) and equating the
coefficients of z and z?2, lead to

pt(-p) ((t+1)n B

and

1) a2 = ﬁlxl 13
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a-p(1-())@d+a-»(GH) -

1) az +2p ((tf—l)n - 1) ay = Pr1xy + Ppxt.
14

Using 10 and 12in 8 and equating the
coefficients of w and w?, lead to

p+(1—-p) (1 - (m)n) a; = P11 15

and

- (2(z) - () -)a+a-

P (1= () )as +20 (1= () ) -
Pry2 + D2y%. 16
Subtracting 15 from 13, it yields

P1(x1—-Y1)

B 2(1 p)((t+1)n_1)'

Applying triangle inequality, one can get

RG]

- (-

Applying Lemma 1 and Lemma 2, one can obtain

lay| <

||

QG| <—F— =
| 2| (1_p)(1_(t+%)71)
Adding 14 and 16, it yields

17

o P1lxa +y2) + P (xf +y7)

a; = )
t " t "
2(1_p)<(t+2) _(t+1) )
Applying Lemma 1 and triangle inequality and

taking the root of both sides, one can find

712 = |xq[? = |y1|?) + 672

2(1-p) ((t T 1):1 - (HLz)n)

Again applying Lemma 1 and Lemma 2, one can
obtain

laz| <

ITI(a+3|z))

' Ju (-

18
From 17 and 18, the first part of our theorem is
fulfilled.

Subtracting 16 from 14, itis seen that

af-(f)e
() 1)

+40((57) - 1)

= P10, — y2) + P2 (xf — ¥,
Therefore,
2(1- p)((m) —1)a2+4p<1—(;t1)n)
2(1- p)((m) —1)
P1 (x5 ~y5)+P5 (x§-y7)

2a-p)((:5)"-1)

Applying triangle inequality and Lemma 1 and
Lemma 2, one can obtain

20(1-()")

as = a, +

las| < |a3| + ———5 las] +
(1- )( (t+2) )
1Bl (x| +1y2 D +IB2 1 (|23 | +]yE])
2a-(i-(5))
20(1-(57)")
az| = |as| + ——— laz| +
| 3| | 2| (1— p)(l—(HLz)n) | Zl
[z[(1+3]z])
_— 19
(1_,,)(1_(@")
From 17 and 19, one can get
7|2 2plt
las| < +
T a6 e (-())
[z[(1+3]z])
(1—p>(1—(£)")'
las| < 7|2 Izl(2p+(1-p)(1+3|7]))

(1—p)2(1—(t+%)")2 a-02(1-(55)")

las| <
|r|<( () )|r|+(2p+(1 p)(1+3lfl))( (Hl)n)Z)
TRy IRES T

Also from 18 and 19, one can get
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||(1+3]7])
laz| < +
a- )<(t+1) (i)”)
n
2”( () ) |zl(1+3]z]) N

a-n(1-(w5)") Ja-n(5)"-)")

lz|(1+3]7D)
N
a-n(1-(:5)")

las|

+ 1l +31eDyT=p (71 1)

G

_Ia+3iyT=p(1- (7)) + 20(1el + 3|T|))%(1 -

i

las|

7)(1 + 3]z Dy =p (1 _ 2 (L
<

1) )[Ir|(1+3|r|)((“ﬁ)’7 _(HLZ)W)]Z_

21

From 20 and 21, the second part of our theorem is
fulfilled.

Theorem 2: If f € }(Z:;(ez), then

7| 7|

2(1+P)(HL1)H 2(1+2p)(t+2)n

|a,| < min

and

lag| <

. ||
min ,
tm&g

Proof: As f € }[Z';(ez), then by Definition 4 and

by using the principle of subordination in Definition
1, there exist Schwarz functions u(z) and b(w) such
that

u(z) = Z?f:lxnzn' b(w) = Z%)=1an ,(Z €
U,w € U), thus one can write 5 and 6 as follows:

|r|<|r|(1+2p)(t+2) +2(14p)? (m)zn)}

4(1+2p)(1+P)2 (t+2)n(i)2n

+ % [(JCZf(Z))’ + pz (K?f(z))n - 1] = et
22

and

))(( -

(+2))

1+ % [(K?g(w))’ + pw (K?g(w))” - 1] =
ePW), 23

On expanding, it yields
+ % [(?C:’f(z))l + pz (K?f(z))u -

2 t \7 3 £\ )
;(1+p)(m) azz+;(1+2p)(m) asz° +
e 24

=1+

and

+ % [(f](:lg(w)), +pz (K"g(w))” - 1]

n
=14+- (1+p)<t+1) b,w
t
—(1+2 _ 2 4.
FL ) () b

Since b, = —a, ,b; = 2a3 — a3, one can get

141 [(.‘]Cng(w)>, + pz (.‘K?g(w))u - 1] =1-
20+ () @

t+2

+= (1 + 2p)(
25

) (2a% — az)w? + -

Again
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e¥® = 1+xlz+(x2 +le)zz+--- 26
and
2
@ =1+ yw+ (y2 +y71)w2 + -

27

Using 24 and 26 in 22
coefficients of z and z?2, lead to

and equating the

= (1 +p) (t+1)n a, = x4 28

and

2

X1

=X -
2t

3 t \"
20+20)(55) as
29
Again using 25 and 27 in 23 and equating the
coefficients of w and w?, lead to
n

2+ () e =n
30
and
‘(1 +2p) (t+2) (205 —a3) =y, + 2
31
Adding 28 and 30, it yields

Yi=—"X
Thus
[yl = |xq]. 32
Subtracting 30 from 28, it is seen that

‘( +p) (Hl)naz =X1— Y

_ T(x1—=y1)
a0e0(e)’
Applying triangle inequality and 32, one can get
|74 |

2(1+p )( L )"'

t+1

lay| <

Applying Lemma 1, one can get

LI 33

ol < —
ol = )

Adding 29 and 31, it yields

n 1
2a+20) () B =x2+y, +5GE +yD),

Applying triangle inequality and Lemma 1, it is
seen that

Sa+20)(5) a3l s 2=l =yl +
AR )]

Again applying Lemma 1 leads to

—(1+2 )( ) a3 <3,

t+2

Therefore

Il 34

< 1T
“l= Gy

From 33 and 34, the first part of our theorem is
fulfilled.

Subtracting 31 from 29, it is seen that
n n
_(1 +2p) (t+2) a3 = _(1 +2p) (t+2) a3 +
— Y2 +§(x1 -y,
Applying triangle inequality, lead to
6
£a+20)(:5) lal _ﬁ<1+

20) ()" [a3] + Iz + lyal + 2 (12| + [y2]).

Applying Lemma 1, it is seen that

La+2p) () lasl <2+
p)(m) a2 + 2~ || - [y?] + 2 (Jx2| +
|3’1|)'
=(1+2p) (%) lasl <
20) (= )|a2|+3

S (1+

It

Tl

— 35
20420)(555)

|a3| < |a%| +

From 34 and 35, one can find
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7|
_— 36
a+2p)(5)"

t+2

lag| <

From 33 and 35, one can find

|z|? Izl

4(1+p)2(%)2’7 20+2p)(-5)"

las| <

)’

Conclusion

In this research, two subclasses of bi-univalent
functions were defined. The first subclass mentioned
in Definition 3 was defined using the subordination
of the shell-like curve functions related to Fibonacci
numbers and the second subclass mentioned in
Definition 4 was defined using the subordination of
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