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Abstract:

In this paper, our purpose has been to study the classical continuous optimal control problem for the
guaternary nonlinear parabolic boundary value problem. Under suitable assumptions and with the given
guaternary classical continuous control vector, the existence and uniqueness theorem for the quaternary state
vector solution of the weak form for the quaternary nonlinear parabolic boundary value problem has been
stated and proved via the Galerkin Method, and the first compactness theorem. Furthermore, the continuity
operator between the quaternary state vector solution of the weak form for the quaternary nonlinear parabolic
boundary value problem and the corresponding quaternary classical continuous control vector have been
proved. The existence of a quaternary classical continuous optimal control vector has been stated and proved
under suitable conditions.

Keywords: Classical Optimal Control, Cost Function, Galerkin Method, Lipschitz continuity, Parabolic

Boundary Value Problems.

Introduction:

Optimal control problem (OCP) means
endogenously controlling a parameter in a
mathematical model to produce an optimal (cost)
output. The problem comprises an objective (or
cost) function, which is a function of the state and
control variables, and the constraints on the control.
The problem seeks to optimize the objective
function subject to the constraints construed by the
model describing the evolution of the underlying
system!. Optimal control problems (OCPs) play an
important role in many practical applications, such
as in weather conditions?, economics®, robotics?,
aircraft®, medicine®, and many other scientific
fields. They are two types of OCPs; the classical
and the relax type, each one of these two types is
dominated either by nonlinear ODEs’ or by
nonlinear PDEs (NLPDEs)®. The classical
continuous optimal control problem (CCOCP)
dominated by nonlinear parabolic or elliptic or
hyperbolic PDEs are studied in®! respectively
(resp.). Later, the study of the CCOCPs dominated
by the three types of nonlinear PDEs is generalized
in 124 to deal with CCOCPs dominating by
coupling NLPDEs of these types resp., and then

these studies are generalized also to deal with
CCOCPs dominated by triple and NLPDEs of the
three types 7.

In each type of these CCOCPs the problem
consists of; an initial or a boundary value problem
(the dominating equations), the objective (cost)
function of the classical continuous control vector,
the state vector, and the constraints on the control
vector. The study in each one of these problems
included; the state and proves the existence of a
unique “ state ““ vector solution for the weak form
(WF) which is usually obtained from the initial or
the boundary value problem (the dominating
equations) where the classical continuous control is
known. The continuity of the Lipschitz operator
between the state vector solution of the WF for the
dominating equations and the corresponding
classical continuous control vector is proved. The
existence theorem of a classical continuous optimal
control vector for the problem is stated and proved
under suitable conditions. All of the above-
mentioned studies encouraged us to think about
generalizing the study of the CCOCP dominated by
triple NLPDEs of parabolic type to a CCOCP
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dominated by quaternary nonlinear parabolic
boundary value problem (QNLPBVP). According
to this idea for the generalization, the
mathematical model for the dominating
equation is needed to be found, as well as the
cost function, the spaces of definition for the
control, and the state vectors, which all of them
are needed to be generalized. Hence all the
theorems and the results which were accompanied
in the above studies for the CCOCPs dominated by
the couple and triple nonlinear PDEs of the three
types are needed to be stated and proved, for the
“new” proposed CCOCP which is dominating by
the QNLPPDEs.

The study of the proposed CCOCP is very
interesting in the field of applied mathematics
because the proposed model represents a
generalization of the heat equation from one side,
and the other, it represents a multi objectives
problem that has many applications. Furthermore,
the results of this paper are very useful, because
give the green light about the ability for solving the
problem numerically.

The study of the CCOCP dominated by the
QNLPBVP which is proposed in this paper starts
with the state and proof of the existence theorem of
the quaternary state vector solution (QSVS) of the
weak form (WF) for the QNLPBVP using the
Galerkin Method (GM) with the first compactness
theorem, under suitable conditions and when the
guaternary classical continuous control vector
(QCCCV) is known. The continuity of the Lipschitz
operator between the state vector solution of the WF
for the QNLPBVP and the corresponding classical
continuous control vector are proved. The existence
theorem of a quaternary classical continuous
optimal control vector (QCCOCV) is stated and
demonstrated under suitable conditions.

Problem Description:

Let @ = R? be an open, bounded and regular
region with Lipschitz boundary T =0Q, x =
(x1,%,), Q=1xQ, I =[0,T], T=0Q, £=Tx
I. The CCOCP consists of the following
QNLPBVP, which are constructed by us, are given

by (with y; =y;(x,t) and u; =u;(x,t),Vi=

1,2,3,4):

Yie — Ay +y1 — Y2 +y3 +ya = f1(x, 6, y1,uq),
inQ 1

Vor — Ay, +y1 + Y2 — V3 —Ya = f2(x, 6, y2,uz),
inQ 2

Y3t —Ays —y1 +y2 ty3 +ya = f3(x,t,y3,u3),
inQ 3

Vat —DYa — V1 + Y2 — V3 +Ya = fu(x, t, Y4, Us),
inQ 4

With the following boundary conditions (BCs) and
initial conditions (ICs):

y;(x,t) =0, Vi=1234.
onx 5
y;(x,0) = y2(x), Vi=1234.
on Q 6

5 — N4 .
Where  j = (y1,¥2,¥3,¥s) € (H*(Q) is the
QSV, @ = (uy,uzusuy) € (I2(Q)" is the

QCCCV and (fi, fo. fs, fu) € (LZ(Q))4 is given, for
all x € Q.

The Set of Admissible Control is:
W,= {v‘v’ € (LZ(Q))4|vT/ €l c R*a.e.in Q}.
The Cost Function is:
Go(@) = fQ o1 (x, t,y1,ug)dxdt +
fQ 9oz (x, t, y2, up)dxdt
+ fQ Jo3(x, t, y3, uz)dxdt +
fQ 9oa(x, t, ¥4, ug)dxdt. 7
Where y =y; is the QSVS of Eq.1-Eq.6
corresponding to the QCCCV .
The classical continuous

problem is to find @ € W,, s.t. :
Go(¥) = min Go (W).
WEW 4
The notations (v, v) and ||v|| 12(o) are referred to as
the inner product and the norm inL?(Q) , the
notations (v, V)3t ) and  [[v]lz1cqythe  inner
product and the norm in #1(Q), the (¥,¥) and
||17||Lz(m the inner product and the norm in L2(Q) =
L2@)* and  (@,0)= (v, vq) + (v, 1) +
W3, v) + @ava), 15141y = I1ll gy +
Iv2llFr ) + NvsllFraqy + vallfeaqy the inner
— 4

product and the norm in V = H3(Q) = (7—[01(9)) ,
V' is the dual of ¥, LX(LV)= (120",
L2(1L,v7) = (12(L,v9)", 12(Q) = (12(2))*, and

(£2(@)) itis dual.

The Weak Form of the Quaternary State Vector
Equations:

The WF of Eg.1 — Eq.6(when y € H}(Q) , and
Vv, €V, = HE(Q),i =1,2,3,4)is

(Vi v1) + (Vy, Vo) + (v, v1) — (2, v1) +
(¥3,v1) + (s, v1) = (1, u1),v1), 8

(y{)'vl) = (yl(o)' vl)i 9

(Vat,v2) + (Vy2, Vw3) + (01, v2) + V2, v2) —
(¥3,v2) — a, v2) = (22, uz), v2), 10

V2, v2) = (72(0), ), 11

(¥at, v3) + (Vy3, Vw3) — (y1,v3) + (¥2,v3) +

(3, v3) + s, v3) = (f3(y3,u3),v3), 12
(v3,v3) = (y3(0),v3), 13

optimal control

1367



Open Access
Published Online First: January, 2023

Baghdad Science Journal
2023, 20(4): 1366-1379

P-1SSN: 2078-8665
E-ISSN: 2411-7986

(Vat, Va) + (Vya, Vi) — (Y1, v4) + (Y2, v4) —

V3, v4) + Vo va) = (a(Va, us), vs), 14

(yl?'vl}) = (y4(0)l 'l]4), 15

The following assumptions, propositions, and

Lemmas are important in our study of the QCCOC.

Assumptions A: Suppose for (x,t) €Q , and

yi,j/i,ui eER,Vi=1234 that:

(i) f; is Carathéodory type (Cara. T.) on Q@ X R x
R xR X R, and the following conditions w.r.t.
y; & u; are held: |fi(x,t,y;,u)| < n;(x,t) +
Cilyil + éilui| , Where n; € LZ(Q,R), and
Ci, éi > 0.

(i) f; satisfies Lipschitz condition w.r.t. y;, i.e.
Ifi Gty w) — filx, &y u)l < Lily: — il
L; > 0.

Proposition 1 :

Let f:QXR*—>R™ is Cara. T., let F be a

functional, st. F(y) = [, f(x, y(x))dx, where Qis

a measurable subset of R™, and suppose that

If G I < TG + 0yl V(x,y) € QX R"

, YELP(AXR"). Where (€L'(QxR), €

Lis@Q X R) , and a € [0,p], if p € [1,00), and

n =0, if p = co. Then, F is continuous on LP(Q x

R™).

Lemma 1 %°:

Let V,H,V* be three Hilbert spaces, each space

included in the following one as in the following

equality,

1
llullpo) = (fnlu(x)lpdx)?’ or [[ulleqy =
ess.suplu(x)].
V* being the dual of V. If a function u belongs to
L?(0,T; V) and it's derivative 7 belongs to
L%(0,T; V™), then u is almost everywhere (a.e.)
equal to a function continuous from [0, T] in to H
and one have the following equality, which holds in
the scalar distribution sense on (0, T): % lul? =
2(t, u) .
Assumption B:
Consider g,; (for each i = 1,2,3,4) is of Cara. T. on
Q x R*and the following conditions w.r.t. y; , u;,
hold:  [goi(x, t, yi, u)| < moi(x,t) + coin (v:)? +
Coi2 (ui)z . Where vi,ui ER and Noi € Ll(Q)
Lemma 2 3
Let g:Q X R? - R is of Cara. T. on Q x R*, and
satisfies: |g(x,y,uw)| < n(x) + cy? + ¢éu?, where
n € LY(Q,R),c=0and¢ = 0.
Then, fﬂg(x, y,u) dx is continuous on L?(Q,R 2),
withu € U, U c R is compact.

Main Results:
The Solution of the Weak Form:

This section deals with the state and proof
of the existence and uniqueness theorem of QSVS

for the weak form of the QNLPBVP under the
suitable assumptions when the QCCCV is given.
Theorem 1: (The Existence and Uniqueness
Theorem for the Weak Form)

With Assumptions A, for each given QCCCV 1 €
L?(Q), the weak form of Eq.8 — Eq.15 has a unique
QSVS y € L2(1,V), with y, € L2(I,V*).

Proof: Let for any n, ¥V, =V, xV, XV, XV, =
Vin X Vo X Van X V4, © V (i.e. each subspace Vi,
has its different basis) be the set of piecewise affine
functions in Q, let ¥, = (V15 , V2n » V3n » Van) With
Vin € Vn(Vi = 1:2:3:4) and yn = (Y1n » Yonr Y3no
Yan), let i, be an approximation for y s.t.

Yin = Z?:l Cij(t)vij(X), vVi=1,273/4. 16
Where c¢;;(t) is an unknown function of ¢, Vi =
1,234, j = 1,2, ..., 1.

Hence, Eq.8 — EQg.15 become
1,2,3,4):

(Vine, V1) + (Vy1n, V1) + (Y1, V1) — V2n, v1) +
V3 V1) + Wan, v1) = (i ua), v1), 17
i v1) = (01, v1), 18

(Vane v2) + (Vyon, V02) + 1ns v2) + Vo, v2) —
V3 v2) = Wan, v2) = (F2(Van U2), v2), 19
Vo v2) = (¥3,v2), 20

(Vane v3) + (Vysn, Vv3) — 1, v3) + Vo, v3) +
3nv3) + Gan, v3) = (f3(Y3n,u3), v3), 21
V3 v1) = 73, v3), 22

Vaner Va) + (V¥an, Vvs) — V10, Va) + (V2n, Va) —
V30 V4) + Vany Va) = (faYan, wa), va), 23
(Van va) = (V4 V), 24

Where, Yin = ¥in(X) = yin(x,0) €V, C V;
L2(Q) is the projection of y? w.rt. the norm
Illzw, e v =3l < Iy -
Vv, €V,,Vi=1234.

By utilizing Eq.16 (for i=1,2,3,4) in Eq.17 — Eq.24
resp., and then setting v; = v;,Vi = 1,2,3,4 and
vi=1,2,..... ,n, one gets that Eq.17 — Eq.24 are
equivalent to the following nonlinear system of 15¢
order ODEs with ICs, which has a unique solution
(from the continuity of all the matrices and vectors):
A,C1(t) + B1C,(t) — DCy(t) + EC5(t) +

Vvl- EVn,l:

FCy(®) = by (P 0C(®), 25
A,C;(0) = b2, 26

A;Co() + By (8) + KCy (£) — MC5(t) —
NC4(8) = by (T ()G, (®)), 27
A,C,(0) = b9, 28

A3C5(t) + B3C3(t) — PCy(t) + QC, () +
SC,(t) = by (T (NC5(0)), 29

A3C3(0) = b2, 30
A4C4(t) + BoCy(t) — XC1 () + YC,(t) —
ZC3(t) = by (VI ()C4()), 31
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A4C4(0) = by, 32
Where VI=1,2,...... ,n, Vi=1,2,34.

A; = (ailj)an . ayj = (vij,vy), B = (bilj)an
y bilj = (Vvij, Vvil) + (vij) vil) y D= (dlj)anv
dij = (v2),va1) E = (er) 1n - e =
(v3j,v11).F = (flj)nxn’ fij = (apvn) . K=
(ki) e *j = (V1 v20), M= (my;) . my; =
(vsjovar), N = () 0 mj = (vajva)  P=
(1), P =(vpva) Q=(ay),, . 4=
(v2j,var). S = (Szj)nxn, sy = (vapva) X
(1) %5 = (V1j00m), ¥ = (), Y5 =
(2jpva) Z= (7)), 2 = (V3jvm), b =
(b ) bj = (¥ va) _ bi=idnxy by =
AV G, w)vy), Vi= Wlaxa G0 =
C®)yy GO =(w®) . CO=

(Cij(o))nxl-

The norm ||37,?||Lz(m is bounded:

Since yY = y?(x) € L2(Q), then there is a
sequence {v,} with v? €V, st vd —y?
strongly (ST) in L?(Q), and from the projection
theorem %, and EQ26, [[yf — Pl <
”_V{) - vl”LZ(Q) Y vy € V’ then ”y{)n - y{)”Lz(Q) <
|2 - vfn”LZm) Vvl eV, cV,vn.

Thus, y2, — y? ST in L?(Q) with ||y{’n||L2(Q) <
b;. Similarly, once get that ||y§n||L2(m < b,,

198l 200 < b3 and [[¥8ull,2(q) < s then this
implies to ||377?||Lz(m is bounded.
The 0rms {15, (Dl 12y 20 I3 (®)ll2q) e
bounded:
Setting v; = y;,, Vi=1234 in Eq.17 — Eq.24
resp., integration of both sides w.r.t. t from 0 to T,
and then adding the obtained four equations
together, to get that:

T - - T -
fo (Vne » V) dt + fo ”yn”;[l(g) dt =

BT AGm D), y10) + (o (anu2), Yan) +
(f3r3n, u3), Y3n) + (fa(Van, Ua), Yan)]dt 33

Since ¥, € L2(I,V*) and ¥, € L>(1,V) then,
Lemma 1 can be used for the 15¢ term in L.H.S. of
Eq.33, on the other hand, since the 2™% term is non-
negative taking T =t, with t € I , finally using
Assumptions A-i for the R.H.S. of Eq.33, it yields
to:

t d -
fo Elzlyn(t)”iz(ﬂ)zdt < ||771||22(Q)2+ ||le||iz(Q) +
||773||L2(2Q) + ||774||L2(Q) + élllulllLZ(Q) +
éleuZHLZ(Q) +

7 7 t -
C3”u3”iz(Q) + C4-||u4-||22(Q)+09 fO ”yn”il(g) dt )
c9 = max( cs, C, C7, Cg)-
Whel‘e Cs = 1+ él + 2C1, Ce = 1+ éz + 2C2,
C; = 1+é3+2C3, C8:1+é4+2C4.
Since (13, (0)l72(qy < b, Imill 2q) <
bi’ ”ul”Lz(Q) < ¢, Vi=1234, then,

15 (D22(qy < € + co fy IFnllf2q) dt |
where ¢* = b +b; + by + by + by + é1c; +
ézCz + é3C3 + é4C4 .

Using the continuous
inequality(CBGI), to obtain:
70 (D122 q) < c*e®T = b*(c) , Vte[0,T] it

Implies 10 15 ()l o 2 < bO)

- T > .
Thus, (152 (DI72iq) = o 17nll72qydt <bF(c), it
leads to |3, (t)Il 2y < b1(c) , bf(c) = Th?(c).
The norm ||37n(t)||iz(w) is bounded: Again using

Lemma 1 for the 15¢ term in L.H.S. of Eq.33, using
the same above results which are obtained from the

Bellman  Gronwall

R.HS. of Eqg.33, then setting t=T and
”}_/)n(O)”iz(Q) is non-negative, easily one gets that:
T - b+c*+cqby(c)

[ 15l gy de < LX) = p2(cy

”}_;n”LZ(I,V) < by(c).

The Convergence of the Solution:

Let {7} be a sequence of subspaces of 7, s..
VeV , there is a sequence {#,} with #, €
V,,vn, and %, — B converges strongly in V (
which gives #,, — ¥ converges strongly in L%(Q),
since for each n, with ¥, c V, problem Eq.17 —
Eq.24 has a unique solution 3,, hence

corresponding to the sequence of subspaces {I_/;}:;l

, there is a sequence of approximation problems like
Eq.17 — Eq.24, now by setting v = v, for n =
1,2, ..., one gets that Vv;,, € ,:

(Vines V1n) + (VY1 V01) + V1, V1n) —

V2 V1n) + V3n V1n) + Yan, Vin) =
(fi01n U1), V1), 34

(y?nr vln) = (y?'vln)a 35

(Vant» Van) + (VY2n, Vv20) + V10, V2n) +
V2 V2n) — 30 Van) — Vans V2n) =
(f2(V2n,U2), V2p), 36

(ygnr vZn) = (yg' vZn)v 37
(V3nt: Van) + (VY30 Vv3) — V10, V3n) +
(yan v3n) + (ySn'USn) + (y4n' v3n) =
(f3(¥3n,U3), V3n), 38
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(y’o(’)n'vln) = (y??'v3n)u 39
(yzmt' 174n) + (Vy4n: V174n) - (Y1n' v4-n) +

V2ns Van) — V3no Van) + Van, Van) =

(faYan, Ua), Van), 40

(ygn'vlln) = (yg'vl}n)u 41

Then EQ.34 — EQg.41 has a sequence of solution
{¥}m=1 , but from the previous steps once has

||37n||L2(Q) and ||37n||L2(1,V) are bounded, then by
Alaoglu’s theorem, there is a subsequence of
{Vntnen » for simplicity say again {y,}nen » St
y, — ¥y converges weakly in L%(Q) and y, —
y converges weakly in L2(I, V) .

At this point, it’s necessary to demonstrate that the
norm ||37kt||Lz(,’V*) is bounded, the demonstration of
this point will be left here and it will be shown later
in Theorem 3, so suppose it is bounded, and since

(R W) < (PR D) = (2R D)) c
(L2(R, V)" 42
As a result, the injections of (LZ(IR%,V))4 into
*\ 4
(12R,0)*, and of ((L2R Q)" into
(L"’(IR,V*))4 are continuous, the injection of
(L3(R, V))4 into (L2 (Q))4 is compact. From
Assumptions A, the Cauchy-Schwartz inequality,
then the first compactness theorem?*® can be applied
here to obtain that there is a subsequence of {y,}
say again {y,} such that 3y, — y converges
strongly in L2(Q).
Now, consider the weak form Eq.34 — Eq.41 and
take any arbitrary v; € V, so there is a sequence
vin}, Vin €V, , Vn , st. v, — v; converges
strongly in V' (then, v;, — v; converges strongly
in L2(Q)), Vi = 1,2,3,4.
Now, multiplying both sides of Eq.34, Eq.36,
Eq.38, and Eq.40 by ¢; € C1[0,T],Vi=1,2,3,4
resp., with ¢;(T) = 0, ¢;(0) # 0, then integration
both sides w.r.t. t from 0 to T , and then integrating

by parts the 15¢ terms in L.H.S. of each equality,
one has:

- fOT(Ym V1) @1 (D)dE + fOT[(VMn» Vi) +
(V1 v1n)] @1 (O)dt — foT(J’Zn: v1p) @1 (8)dt +

Jy @3n 1)1 (DAL + [ Gan 1)1 (Dt =
Jy (iO1n 1), 1)1 (DL + (¥, v12)91(0) 43
- fOT(J’2n » V) @2 (0)dt + fOT[(VYZn: Vo) +
(Van V2n)] @2 (O)dt + foT(J’m: Von) @2 (D)dt —

Jy @3n 020) 020t = [ Qrany van) 2 (D)t =
fOT(fz V2n U2), V20) @2 (D) At + (V3 V20)92(0),44
- fOT(J’3n V3n)Ps(t)dt + fOT[(VY3w Vvz,) +
3n,v3n)] 93 (Dt = [ 1, vsn) @3 (e +

fOT(yan V3n)@3(t)dt + fOT()’zm' U3n)@3(t)dt =
[ (F30an, Us), V3n) @3 (O)dt + (¥9y, v31)05(0),45
— Jy Oan » Van) P ()t + [ (VY4 T04n) +
Gans Van)] 04(O)dt = [ 1n, Van) @4 (Bt +

IS Gans Van) @4 (O)dt = [ (3, van) 4 (D) dt =

T
Jo FaVan, ta), Van) @4 (t)dt + (Vi Van) 94(0), 46
v;;, — v; converges strongly in L?(Q) }

Since .
Vi, — v; converges strongly inV

then
vin@; — V;Q; converges strongly in L2(Q)

{vin(pi — v;¢; converges strongly in L2(I,V) '
And since y;,, — y; converges weakly in L?(Q)
and in L2(1,V), v; — v; converges weakly in
() and y2 —y? converges weakly in
L?>(Q) Vi=1,2,3,4, then the following converges
hold:

— Jo On s v @1 (L + [ 1Ty 1n, V1) +
O V1)l 01O = [} Qo v1n) 01 (D)t +
foT(}’3nr V1)1 (t)dt + fOT(Y4n: V1p) 1 (D)dt —
- foT(Y1 , 1)1 (D)dt + foT[(VJ’L Vo) +
1 v @1 (Ot = [ (72, 1)1 (e +
fOT(}’3' V1)@ (8)dt + fOT(}’4: V1)@, ()dt, 47
Vtns V1) 91(0) — (7, v1)91(0) 48
— Jo Oan V20) P2 (Ot + [ 1(Tyan, V20) +
2n V20)] 02(OdE + [ Y1, V2 )2 (Dt
Jy O3 v2n)92(D)dt = [y Grams v2n) 02 ()t —
- foT(YZ ,V2) P2 (t)dt + fOT[(V}’z: Vv,) +
(v2, v2)] 92 (D)dt + fOT(}’L V)2 (t)dt —
fOT(}’3' Vo), ()dt — fOT(ﬂ: V)2 (t)dt 49
V2n V2n)92(0) — (¥3,12)92(0) 50
- f(;r(ysn ,V3n)@3(t)dt + fOT[(V)%n' V) +
3n, v3n)] 93 (Dt = [y Y1, V3n) @3 () +
fOT(yan V3n)@3(t)dt + fOT(}’4n' V3n) @z (D)dt —
- f(;r(ys ,V3)@3(t)dt + fOT[(VJ’3: Vv3) +
(v3,v3)] @3 (t)dt — fOT(J’lz v3)@3(t)dt +
Jo @2, 03)95 (Dt + [ 01, v5)es (D)t 51
(V3n V3n)93(0) — (¥3,v3)93(0) 52
- fOT(%m ) Van) P4 (t)dt + fOT[(Vy4n, Vvgn) +
Ot Van)] @4 (Ot = [ Q1 van) s (Ot +
fOT(yan Van) @4 (t)dt — fOT(y3n: Van) Pa(t)dt —
= Jo Oa v Pa(O)dt + [ T(Vys, Vo) +
(Va, va)] 4 (t)dt — fOT(YL V)@ (t)dt +
Jy 2, v)@a(®)dt = [} (s, v)ps(©)dt 53
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Vans Van) 94 (0) — (V2 v4)94(0) , o4

On the other hand, since v;, €V, then wy, =
Vin®i € C[Q] for i = 1,2,3,4, and Win — W; =
v;; converges strongly in L?(Q), thus wy, is
measurable w.rt. (x,t), and then using
Assumptions A-i, and Proposition 1, once has
fQ(fi(yin.ui)Win dxdt is continuous  Ww.r.t.

Vin, uj, Wip,) , since y, —y converges strongly in
L?(Q), therefore

f(;r(fi(J’in:ui): Vin) @i (t)dt —

T ,
Jo (i u), v)e(D)dt | vi=1,234.
From the above converges Eq.43 — Eq.54, give:

- fOT(Jﬁ , 1)1 ()dt + foT[(Vyl'VUI) +

1, v)] @1 (Odt = [ (2, v1) s (B)dt +

Jy 05, v)e:1(Odt + [ (7, v1) 1 (O)dt =
foT(fl(ylrul)Jvl)(pl(t)dt + (), v)e.(0), 55
— I 072, v) P2 (O dE + [ [(Vya, Vvp) +

02, )] 2 (D)dt + [ (71, v2)p, (D)dt —
fOT(y3,v2)q02 (B)dt — fOT(y4,v2)(p2(t)dt =
foT(fz(}’z;uz);Vz)fpz(t)df + (y2,v2)92(0), 56
- fOT(y3 ,v3)@3(t)dt + fOT[(VY&VVs) +

(v3, v3)] @3 (t)dt — fOT(J’L v3)@3(t)dt +

) 02, v)05(Odt + [ (e, v3)3(D)dt =
fOT(fg(yg,u3),173)(p3(t)dt + (y3,v3)93(0), 57
- fOT(y4 V)P4 (t)dt + fOT[(Vy4, Vv,) +

Oa v @a(D)dt — [ (1, v) s (D)dt +

I 02, v)@a(®)dt — [ (3, v4)pa(t)dt =

foT(f4(y4.u4), v)@a(£)dt + (7, v4)p4(0), 58
Now, we have the following two cases:

Case 1: Choose ¢; € D[0,T], i.e. ¢;(0) = ¢;(T) =
0,vi=1,234, in Eq.55 — Eq.58, then using IBP
for 15¢ terms in the L.H.S. of each one of the
obtained equations, one gets that:

fOTO’lt V1)@ (8)dt + foT[(VYL Vi) +
(1, vl @1 (O)dt — fOT()’2' V1), (t)dt +
fOT(J’3' v, (D)dt + fOT(y4, v, (t)dt =
foT(ﬁ(}’pul)» V1)@ ()dt, 39
fOTO’Zt ,V2)@2(t)dt + foT[(VYZ» Vv,) +
(v2,v2)] @2 (D)dt + fOT(}’L V)2 (t)dt —
Jy 03,v2)92(D)dt = J 4, v2) 0 (D)t =
fo (2 02,12),v2) 0 (O)dt, 60

Jo 3¢ v3)pa(©dt + [y [(Vys, Vvs) +
(v3, v3)] @3 (t)dt — fOT(YL v3)@3(t)dt +

[} 52, v3)03(O)dt + [ (74, v3)@3(t)dt =
[ (fs(vs,us), v3)gs (H)dt, 61
f0T<3’4t Vg )a (0)dt + fOT[(Vy4, V) +
e )] @ (At — [ (1, v)@a(D)dt +
fOT(YZ: V)4 (0)dt — fOT(Y3; V)@, ()dt =

T
fo (fa(Var ua), va) @4 (t)dt, 62
Then, Eq.59 — Eq.62 give that y is a QSVS of the
weak form Eq.8 — Eg.15a.e. on I.
Case 2: Choose ¢; € C[0,T], s.t. ¢;(T) =0 and
@;(0) #0,Vi=1,2,3,4. Using integration by parts
for 15¢ terms in the L.H.S. of Eq.59, to obtain that:

T N T

= o 01, v)@1(®)dt + [ [(Vyy, Vg) +
vl 910t — [ (2, v ()t +

T T
Jo Gz v ®)dt + [ (ya, vy (D)dt =

f(;r(fl(:)ﬁvul)'vl)(pl(t)dt + (¥1(0), v1) 94 (0), 63
Moreover, by subtracting Eq.55 from Eq.63, one
gets that:

2, v1)e1(0) = (¥1(0), v1)1(0), ¢1(0) # 0,
then (v2,v;) = (y1(0),v,), i.e. the IC Eq.9 holds.
In the same above way, one can get that: (y?,v;) =
(y;(0),v)), Vi =234, i.e. the ICs Eq.11, Eq.13
and Eq.15 hold.

The Strongly Convergence for y,,:

Substituting v; =y, ,Vi=1234, in Eq.l7,
Eq.19, Eq.21 and Eq.23 resp. then, adding the four
obtained equalities together and then, integrating
both sides of them from 0 to T, to get :

T, = T, -»
fO (ynt 'yn> dt + fo ”yn”;[l(ﬂ) dt =

foT[ (f1 01 u1), v10) + (f2(Van Uz), v2n) +

(f3(¥3n, u3), v3n)

+(faVan, Us), Van)ldt 64

On the other hand substituting v; =y;,Vi=
1,2,3,4, in Eq.8, Eq.10, Eq.12 and Eq.14 resp. then,
adding them together and then, integrating both
sides of the obtained equations from 0 to T, to
obtain that:

T, N T, 5
o Ge, M dt + [ 17115 dt =

LTG0 u)v) + (B0, w),v,) +
(f3(r3,u3),v3) + (fa(a, ug), va)]dt

Using Lemma 1 for the 15t terms in the L.H.S. of
Eq.64 and Eq.65, they become resp.:

15 1,5
T o T
Jo ”y"’l”;[l(ﬂ) dt = [ [(fian 1), v1n) +

(f2r2n, u2), V2p) + (f3(V3n, U3), V3n) +
(fa (Van> Ua), Van)]dt, 66
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1, > 1, - T, -»
L5 N2 — N7 O 22y + J3 151201y dt =

B0, v) + (b0 w)v) + 67
(f3(y3, u3), v3) + (fa (Vs usg), v4)]dt,

. 1, - 1,
Since ET”y"(T) — ¥z (q) =5 170(0) =
}7(0)”%2(9) + fo o =Y, Y —P)dt = Ay — By —
c,, 68
1, > 1. -

V\;here Ay = 132 (Dlzgq) — 5 192012 (g, +
fo ”5;71”3{1(9) dt,

1/ - 1/ -
By = 5 (Fn(1), F(D) = 5 (7(0) = 7()) +

INCAGRIO)ES

and C1 =5 (F(T), (1) = (1)) =
(500, 32(0) = 5(0)) + f (F(©), (D) —
y(1))dt.

Since Y9 =19,(0) —» y°=9(0)  converges

strongly in L%(Q),
y.(T) — y(T) converges strongly in L%(Q), 70

Then, from (69) and (70) we have

{(i(o),in(o) -3(0) —0 1
(YT, Yo (T) = J(T)) = 0’

and

{”J’n(o) - y(O)Iliz(m — 0 .

19 (T) — f(T)IIfz(m —0
Since y,, — y converges weakly in L2(I, V), then,

T - - —
Jo G@,9n() = 3(8))dt — 0, 73
Again since y,, — y converges weakly in L2(Q),
From the continuity of integral

foT(fi(yim W), Yin) dt wrt. y; & u; and y, — y
converges strongly in L2(Q), Vi = 1,2,3,4:

Iy L i), 1) + (o Gz U2), V2n) +
(f3(V3n, u3), V30) + (faVan, Ua), Van)]dt —
fOT[(f1(Y1;u1)' v1) + (fa(y2, u2), v2) +

(f3(V3,u3), v3) + (fa(Va ua), vy)]dt, 74
Now, when n — oo in both sides of Eq.68, one has

the following results:

(1) The 15t two terms in the L.H.S. of Eq.68 are
tending to zero from Eq.72.

(2) From Eq.64 and Eq.74, one has

Equation 4; = fOT[ (f1(1n U1), v10) +
(f2(V2n, u2), van) + (f3 (}’3%1» U3), V3p) +
(faOany ua), vandldt — [ [ (Fi(rue) v1) +

(f2(¥2,u2),v2) + (f3(¥3,u3),v3) +
(fa (Y4, ua), va)]dt.

(3) Equation B; — L.H.S. of Eq.70=

Jy LA GLu), v1) + (o2, u2),v2) +
(f3(r3,u3), v3) + (fa(Va, us), v4)]dE.

(4) The 15¢ two terms in Equation C; are tending to
zero from Eq.71, and the last term also tends to
zero from Eq.73, from these convergences and
the results, Eq.68 gives:

Sy 19 = F121 0yt =[5 G — 3,3 — Pt
where n—o . .
—— 0, gives y,, — y converges strongly in
LA(LV).

The uniqueness of the Solution:

Let &y are two QSVS of the WF of the QSVEs

Eq.8, Eq.10, Eq.12, and Eq.14, then from Eq.8 one

has:

(Vi v1) + (Vyy, Vo) + (v, v1) — (2, v1) +

3, v1) + av1) = (fi(y, u1), v1), Vv, EVy

V1o v1) + (Vy, Vo) + (0, v1) — (2, v0) +

(73, v1) + G v1) = (101, u0),v1), Vv EVy

By subtracting the 2™¢ equation from the 15¢ one,

then substituting v; = y; — ¥y, one has that:

(1 =Yooy =Y+ 01—V Y1 — V1) —

V2 =V2oy1 = V) + 3=V, —y) +

s =Y y1 =¥ = (1w — i, u), y1 —

}_/1)' 75

Same ways can use to get:

(V2 =¥Dey2=V2)+ 1 —Vu,y2—¥2) +

V2 =V2Y2=¥2) — (V3 = V3,¥2 = ¥2) —

Vs = Vo Y2 = ¥2) = (202, u2) — fo(V2,u2), ¥2 —

}_/2)1 76

(V3 =¥3)ey3—¥3)— 1 —Vu,y3 —¥3) +

V2= V2¥3=¥3) + (3 —V3,¥3 — ¥3) +

Vs = Vo y3 = ¥3) = (f3(r3,u3) — f3(¥3,u3), ¥3 —

¥3), "

(Vs = V)erYa = Vo) — 1 — V1, Ya — Ya) +

V2= V2Ya—Y4) — (V3 = V3,Y4 — Va) +

Vs = VaYa — Va) = (faVartts) — fa(Fa, Us), Ya —

¥Ya), 78

Adding Eq.75 — Eq.78, using Lemma 1 for the 15¢

term of the obtained equations, the 2™¢ term of the

L.H.S. of the obtained equation is non-negative,

IBS w.r.t. t from 0 to ¢, then using Assumptions A-

ii of the R.H.S. of it, and then by applying the CBGI

to obtain that: || (¥ — ﬁ)(t)”iz(m =0, Vtel.

Again, IBS of the obtained equation w.r.t. £ from 0
to T, using the given IC and the above result for the
R.H.S. of the equation, one gets that:

- =2 - =202
Jo 19 =910y @t < LIy 117 = Fll 2 dt =

5> =22
fOT ”y - y”j-[l(ﬂ) dt < 0,
3=%.2.,.,. =0, which implies to j=75.m
L2y
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Example 1: Let Q = (0,1) x (0,1), I =[0,1], and
the QNLPBVP is as given by Eq.1 - Eq.4, with
ittty w) = hi(x,t) + Sin(yy) + w; —

Sin(y;) — u;, where h;(x,t) be a given function,
Vi=1234.

With the boundary and the initial conditions Eq.5
and Eq.6 are given as:

yi(x,t) =0, on X and y2(x) = 4(x1 x5 —
x1x2 — x2x, + x2x2),0nQ,Vi=12.34.

Since the function f; satisfies all the assumptions A,
for each i = 1,2,3,4, let 7 € L%(Q) be any given
QCCCV, then from Thereon 1, the WF EQ.8 —
Eq.15, has a unique QSVS y.

Existence of a Quaternary Classical Continuous

Optimal Control:

In this section, the following Theorems and

Lemmas will be needed later in the study of the

existence of the QCCOCV.

Theorem 2:

a) In addition to Assumptions A, consider that y
and y +@ are the QSVs corresponding to the
bounded QCCCVs in (LZ(Q))4, 7 and 4 + du
resp., then
1851 o(112(09) < MI8T 12y, 187 l12(q) <

M||817||L2(Q) , ||637||Lz(,_,,) < M||6ﬁ||Lz(Q) , M €
R*.

b) With Assumptions A, the operator i +— y3; from
L2(Q) in to L= (I, LZ(Q)), or into L2(I,V), or
into LZ(Q) is continuous.

Proof: Let % & & € L%(Q), be two given QCCCVs,

then by Theorem 1 there exist ¥ & 7 which are their

corresponding QSVEs and are satisfied Eq.8 —

Eq.15i.e.:

(V1o v1) + (Vy, Vo) + G, ve) — (2, v1) +

(73, v1) + s v1) = (fi (U1, Ur), v1), 79

71(0), v1) = (7, v1), 80

(V2e,v2) + (VY2 Vv2) + (711, v2) + (F2,v2) —

(73, v2) — G, v2) = (f2(F2, Up),v2), 81

72(0), v2) = (¥, v2), 82

(Y3t v3) + (Vy3,Vv3) — (1, v3) + (¥, v3) +

(73, v3) + (U, v3) = (f3(F3, Us3), v3), 83

(73(0), v3) = (¥3,v3), 84

(Vat» va) + (Y94, V0u) — (1, v4) + V2, v4) —

(73, V4) + (Voo v4) = (f4(Fa, Us), Vs) 85

74(0),v4) = (¥4, ), 86

By subtracting Eq.8 - Eq.15 from Eq.79 - EQq.86

resp. and setting y; =¥ —y;, Su; =U; —

u;,vi=1,2,3,4, give that:

(610, v1) + (V8y1, V1) + (61, v1) — (By2, v1) +

(6y3,v1) + (6ya,v1) = (i1 + Sy, ug +

Suy),v1) — (fi(y1, ue), 1), 87

(53’1 (O)' 171) = 0’ 88

(6Y26,v2) + (V8Y,, Vv,) + (8yy,v2) + (62, v2) —
(6y3,v2) — (Y4, v2) = (f2(y2 + 8y2,up +
0uy), v2) — (f2(¥2, uz), v2), 89
(6y2(0),v,) =0, 90
(6y31,v3) + (V6ys3,Vv3) — (8y1,v3) + (8y,, v3) +
(8y3,v3) + (8ya,v3) = (f3(y3 + 8y, uz +
Susz), v3) — (f3(¥3,u3), v3), 91
(6y3(0),v3) =0, 92
(6Yat,Va) + (V6y4, Vvu) — (81, v4) + (8Y2,v4) —
(6y3,v4) + (64, v4) = (fa(Ya + Oya, uy +
Ouy), v4) — (fa(Var Us), Va), 93
(6y4(0),v4) =0, 94
By substituting v; = dy; , in Eq.87 - Eq.94, Vi =
1,2,3,4 resp., adding the obtained equations, using
Lemma 1 for the 15¢ term in the L.H.S., give that:
d
57 1691720 + 185131 g,

= (f1(y1 + 8y, ug + Suq)

= 11, u1), 6y1)

+ (f2(y2 + 8yz, up + Suy)

—f2(¥2,uz), 8y,) + (f3(y3 + 6y3,uz + duz) —

f3(r3,u3), 6y3) + (fa(Va + 6ya, Uy + Suy) —
fa(Va,Us), 8Y4), 95
Since the 2" term of EQ.95 is non-negative,
integration of both sides w.r.t. t from 0 to t, then
taking the absolute value, and then using
Assumptions A-ii, it becomes (vt € [0, T]):

185l ) < 2L 183112 gy +
Ly Jy 1813122y dt + Ly [ 116y 1122q, dt +
2L; [ 18222y dt + Ly [ 18Uz 1122 g dt +
Ly 11821172 g dt +
2L; [} 118Y3|122qy dt +
L3 Jy 1815 2qq) de+Ts Jy110Ys ) de +
2Ly [ 18Y4l122 gy dt +
Lo Jy 18uallF2 gy dt + Ly [ 11874l 72 g dt
Thus, 18Oz q) < LallFuilz g, +
R S

Where I’l = maX{Zl, Zz,Z3,Z4} y il = 2L1 + Zl y
22 =2L2+Z2,Z3 =2L3+Z3,z4=2L4+Z4.
By using the CBGI one gets:

o 2 ~ y—n2 T ~
||6}'(t)||L2(ﬂ) < L1||5u||L2(Q)efo Ldt _
~ = .2 RN
T - T
Hence, ||63/(t)||L2(Q) < M”6u”L2(Q) , te[0,T]

= 5] < M||5u]

1°(LL2(®@) L@
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. —2 o 2
Nowsince [|8y|,,, < max [[6¥(O)]] 2 q, [ dt <

te[0,T]
— 2
M2|[5ull 2, -
Then, ||@||L2(Q) < M||E||L2(Q),where M? = TM?.

Using the same way used in the above steps for the
R.H.S. of Eq.95 with t = T, one has that:

—_— 2 Tn=" 2
85T+ 2 1155 1 g <
2

~ = 2
L1||6u||L2(Q)

AT o

—s 2 25 2 2 7
18711 21y < M218” 2, - Where M? = (T, +
L,M?)/2, and
”@)”LZ(LV) < M||§i||LZ(Q) , where M denotes the
various constants.

b) From the results of part (a) above, easily one can
get that the operator 1 +— y is Lipschitz continuous.
[ ]

Lemma 3:

With Assumption B, the functional u — G, (&) is
continuous on L2(Q).

Proof: By applying Assumption B and Proposition
1, the integral fQ 9oi (x, t, y;,u;) dxdt is continuous
on L?(Q), Vi = 1,2,3,4, hence G, (1) is continuous
on L2(Q). [

Theorem 3:
Consider the control set is of the form W = W; x
W, x W5 x W, with U is convex and compact,
VT/A =@, and f;(Vi=1,23,4) has the form:
fil, &y w) = fu(x, 6y + fiz (x, Dy,
with Ifir (6 6,y < mi(x, ) + ¢yl and
|fi2(x, t)l < ki , with n; € LZ(Q) , ki' C; >0. If
Joi , for each i =1,2,3,4 is convex w.r.t. u; for
each fixed (x,t,y;). Then there exists a QCCOCV
for the considered CCOCP.
Proof: From the Assumptions on U; c R, Vi =
1,2,3,4 and the Egorov’s theorem, one gets that w
is weakly compact. Since WA + @, so there is 7 €
W, and there is a minimum sequence {i,} with
U, €W, , Vk st: lim G, (i) = _inf Go(1).
k—oo UEW 4

Since U, €W, , Vk but W is, there is a
subsequence of {u,} say again {u,} which
converges weakly to some @ in W, ie.: 1, — U
WK in L%(Q), with |[tkllp <c , Vk. From
Theorem 1 for each QCCCV 1, , the weak form of
the QVSEs has a unique QSVS ¥, = ¥, and the
norms ||3_;k||L°°(I,L2(Q))' ||}7k||L2(Q) and ||37k||L2(1,V)
are bounded, so by Alaoglu’s theorem there is a
subsequence of {y,} say again {y,}  which
converges weakly to some y w.r.t these norms, i.e.:

Y. — ¥ converges weakly in the
L (1, LZ(Q)), L2(Q) , and in L2(I, V).
Now, to show that the norm ||37kt||Lz(,_V*) is
bounded:

The weak form Eq.17 — Eq.24 can be rewritten as:
Wikt 1) = —(Vy1r, V1) — ke v1) +

2k v1) — 300 v1) — Yarer V1) +

(f1 1k U1k) V1),

V2ke: V2) = —(Vyap, VU2) — (V1k, V2) —

2k v2) + V380 V2) + Qaks v2) +

(f2(V2kr Uzi), v2),

(V3ker v3) = —(Vy3k, Vv3) + (V1p, v3) —

Y2k v3) — V38, V3) — Vak, v3) +

(f3(3k: Usk), v3),

Vaker Va) = —(VYak, VV8) + Y1k, Va) —

2k Va) + V31 Va) — Vakr va) +

(faVak, Uak), Va),
By adding the above equalities, integrating both

sides from 0 to T, then taking the absolute value,
using the Cauchy-Schwartz inequality, and finally
using Assumptions A-i, it yields:
|y G P¥t| < UIVy1elli2g) + yellizgy +
Iyarllizeoy + 1Y3kllizoy + 1Varll iz @) Vil 2oy
+(IVy2iell 2oy + y1kllizeoy +
lyarlli2g) + 1V3rellizo) + ||}’4k||L2(Q))||U2||L2(Q)
+UVYsill 2y + IVarllizo) +
Iyarll 2@y + 1V3rllizo) + yarlliz@)Ivalliz(o)
+UVyarll 2oy + 1yarllzgy +
lyarllizcg) + 1y3rllizo) + yarll 2@ lvall 2o
+[||771||L2(Q) + ¢ llyarlliz o ]||V1||L2(Q) +
+[||772||L2(Q) + CZ”kaHLZ(Q)]”vZ”LZ(Q)
+[Insllizc) + csllysillizg) Jlvsllizeey +
[||TI4||L2(Q) + Callyarll iz g ]”v4”L2(Q)
+Cqlluggell iz llvall iz o) +
52||u2k||L2(Q)||Uz||L2(Q) + 53||u3k||L2(Q)||U3||L2(Q)

+ealluarll 2oy llvall (g
Since for each i = 1,2,3,4, the following are held:

||V}’ik||L2(Q) = ||V37k||L2(Q) <

195210 - Wil 2gy < N15ll52g) < 15152011
IVvill 2y < IVDll 2y <

||77||L2(1,V) Myiellzg) < ||)7k||L2(Q) =

||3_’)k||1,2(1,y) < b;(c), ”uik”LZ(Q) S ”ﬁk”LZ(Q) <
& IMill 2oy < by -

Then, the above inequality leads to:

|y Gees D)alt| < 4195l 2y IVl 2y +

1617icll 217 520q) + BNl 2¢q)

where b(c) = bs(c) + bg(c) + b;(c) + bg(c),
bs(c) = by + ¢1by(c) + ¢4, be(c) = by +
Coba(C) + 6,8, by(€) = by + c3b3(c) + ¢33

spaces
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,bg(c) = by + c4by(c) + C4¢, . setting b(c) =
20b,(c) + b(c), then
|f0T<37kr.17>dt|
19112, )
Tl 2y < B(E), V¥ Fre €V
Eq.42 also is held here and gives the injections
L2(I,V) c L2(Q) and (LZ(Q)) c L2(1,V*) are
continuous but the injection L?(I,V) c L2(Q) is
compact. Then by compactness theorem, there is a
subsequence of {y,} say again {y,} st. y, — ¥
converges strongly in L(Q).
Now, since Vk, y; (i = 1,2,3,4 ) is the QSVS of
Eq.17 - Eq.24 corresponding to the QCCCV
Ui 1.6
(Vike: v1) + (VY1 Vo1) + V1 v1) — Yaro v1) +
(V31 V1) + Yar, v1) =
(f11(0 6, y100) + f12(x, Ougg, v1), 96
(Vaker V2) + (VY21 V02) + 1k, V2) + V2ko V2) —
(V310 V2) — Yar, v2) =
(21006, y21) + f22 (%, )ugg, v2), 97
(V3ke: v3) + (Vy3k, Vv3) — 1k, v3) + V2ks v3) +
(V31 V3) + Var, v3) =
(3100, y31) + f32(x, Dugy, v3), 98
(Vaktr Va) T (VYar, V1) — V1 Va) + Y2k Va) —
3k V4) + Vakr V) =
(far (%, &, yar) + faz (x, g, va), 99
Let Vi=1234, ¢; €C0,T], st @;(T)=0
and ¢;(0) # 0, rewriting the 15¢ terms in L.H.S. of
Eq.96 — Eqg.99, then multiplying both sides of each
one by ¢,,¢9,,p3; and ¢, resp., integration both
sides w.r.t. t from 0 to T, and integration by parts
the 15¢ terms in the L.H.S. of each equality, one
gets that:

- fOT(ylk V1)@ (8)dt + fOT[(VYUo V) +
D10 v)] @1 (D)t = [ Yo, v1) s ()it +
fOT(}’3k' v, (O)dt + fOT(yALk; v, (t)dt =
foT(fll(x' t,y1x), V1)1 (B)dt +
I3 (fua (6, Oy, vy 91 (D)t +
(711(0), v1) 91 (0), 100
- fOT(YZk V2) @, (t)dt + fOT[(VYZk» V) +
2 v2)] 92 (DL + [} Qg v2) 2 (Dt
fOT(}’3k' Vo) @2 (t)dt — fOT(y4k,v2)q02 (dt =
fOT(f21(x, t,Y21), V2) P2 (D)dt +
Jy (22, OO, v 02 ()t +
(¥21(0), v2) 9 (0), 101
- fOT(J’:«;k ,V3)@3(t)dt + fOT[(VY3k» Vv3) +
3 v3)] 93Ot = [ Qg v3)ps (Dt +
Jy @20, v3)@3()dE + [ ager v3)p3 (D)l =

”ikt”LZ(Lv*) = sup < E(C), thus

fOT(f31(x' t,¥3x), v3) @3 ()dt +

I (s (6, Dz, v3 @3(0)dt +
(731(0), v3) 03 (0), 102
- fOT(yALk V) Pa(8)dt + fOT[(Vy4k, Vv,) +
Oarer )] 94(O)dt — [ 11, va) @4 (D)t +

IS G2t v)a (DAt = [ (31, v4) @4 ()dt =
fOT(ﬁn(x, t, Yar) Va) 4 (t)dt +

JT (6, 1k, va 04 (£))dt +

(V41 (0), v4) 4(0), 103
Since y, — ¥ WK in L2(Q) and in L%(I, V), then
Eq.100 — EQq.103, yield to:

— [} e v @1 (Ot + [ [Ty, Vo) +
1k v)] @1 (D)dt — fOT(kai V1)@ (t)dt +
[y Gaio v)@1 (0t + [ e, 1)1 ()t —
- foT(Y1 , 1)@ (D)dt + foT[(VJ’L V) +
1, v @1 (D)t — f) (2, v1)1 ()t +
fOT (y3, v @1 (B)dt + fOT(y4, v (H)dt 104
— [} 2 )2 (Ot + J [(Vya1e, ) +
2k, v2)] @2 (D) dt + fOT(}’uo V)@, (t)dt —
foT(y3k' V)@, (t)dt — fOT(}’sz» V)@, (H)dt —
— Jy 02, 1)@, (O dt + [ [(Vy,, ;) +
(2, v2)] @ (t)dt + fOT(Jﬁ. Vo), (t)dt —
Jy 03, v2)02(O)dt — f (v, v,)05(O)dt, 105
— [} 031, v3) @3 (B)dlt + f, [(Vyar, Vvs) +
310 v3)] @3 ()t = [ (yase, v )3 (D)t +
fOT(yZRr v3) @3 (t)dt + fOT(}’sz' v3)@3(t)dt —
— J, 3, v3)p3(®)dt + [, [(Vys, Vvs) +
(73, v3)] @3 (t)dt — fOT(yl, v3)5(t)dt +
Jy 02 v)@3(Ddt + [ (v, v3)@3(B)dt, 106
— Jy Qi )P (DAt + f [(Vyar, T0a) +
Garer V)] @2 (O dt — [ 11, va) 04 ()it +
[y G2t va)@a ()t = [ Y31, v4) @4 (Bt —
- fOT(J/4 V)P4 (t)dt + foT[(V}M; Vv,) +
s )] @a (D)t — [ (1, va) ()t +

[y 02, v)@u(O)dt — [, (s, v)@a(8)dt, 107
Since y;,(0),Vi = 1,2,3,4 are bounded in L2(Q)
and from the Projection theorem?, one gets:

i (0), v)@;(0) = (¥, v;);(0), Vi=1234
108

Now, for fixed (x,t) € Q, wy(x, t)=v,(x)p1(t) is
fixed, then wy € L®(I,V) c L2(1,V) c L?(Q). Let

v; € C[Q], then wy € C[Qlis measurable w.r.t.
(x,t), now let fi1(y1r) = fi1(Yi)ws, then
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fi1:Q@ xR — R is continuous W.r.t. y;,. So by
applying Proposition 1, the fQ fi1(Vi)widxdt is

continuous w.rt. y,, but y;, — y; converges
strongly in L2(Q) , hence

fQ f11(Y1)widxdt — fQ f11(y1)widxdt \

vw; € C[Q] 109

Since uy, — u; WK in L2(Q) with |fi,] < kq
then

fQ(f12(x' t Juqg, v1)dxdt —

fQ(flz(x, tuq, v;)dxdt 110

By the same way, one can get the following results
(since y;; — y; converges strongly in L?(Q) ,
u;; — u; converges weakly in L2(Q) and |fj,] <
ki, Vi = 2,3,4):

fQ fu (Vi) widxdt — fQ fu(y)widxdt , vYw; €
C[0Q] 111

fQ(fiz(x, t )uy, vi)dxdt —

fQ(fiZ(x, u;, v;)dxdt 112

Finally, using (Eq.104, Eq.108 (for i = 1), Eq.109
& EQ.110) in Eqg.100, using (Eq.105, Eq.108 (for
i =2), Eq.111 (for i = 2) & Eq.112(for i = 2)) in
Eq.101, also( Eg.106, Eqg.108(for i = 3),
Eq.111&Eqg.112(for i = 3)) in Eq.102 and finally
(Eq.107, Eq.108(for i = 4), Eq.111 & Eq.112(for
i = 4)) in Eq.103, to get that:

- fOT(yl , 1)1 (8)dt + fOT[(V)’LVVl) +

01, v0] @1 (©dt =[5 02, v1)1 ()t +
fOT(Y3;V1)§01(t)dt + fOT(}’4'171)(P1(t)dt =
foT(fn(x' t,¥1), V)1 (O)dt +

foT(f12 (x, g, v1 @1 (0)dt + (y7, v1)941(0),113
- fOT(yz ,V2) P2 (t)dt + fOT[(VYbVVz) +
(v2,v2)] @2 (D)dt + fOT(}’p V)2 (t)dt —

fOT(J’3' Vo), (8)dt — fOT(Y4: V)2 (t)dt =
fOT(f21(x, t,¥2), v2) P2 (t)dt +

foT(fzz (x, Uz, v, @, (1))dt + (¥3,12)9,(0),114
- fOT(Ys ,V3)@3(t)dt + fOT[(VY3:VV3) +
(v3,v3)] @3 (t)dt — fOT()’L v3)@3(t)dt +

Jy 2, v)93(D)dt + [ (e, v3) 3 (t)dt =
fOT(f31(x' t,¥3), v3)p3(t)dt +

Jy (2 G Oz, 05 93()dt + (73, v3)p5(0),115
— Jo 0 v)Pa (Ot + [ [(Vya, V0) +

(Va, va)] 4 (t)dt — fOT(yp V)@ (t)dt +

Jy @2 v)@s@®dt =[] (03, va)ea(0)dt =
fOT(ﬁu(x' t,¥4), Va) @4 (t)dt +

foT(f42 (X, )y, V4 @4 ())dt + (2, V) 04(0), 116

Thus Eq.113 — Eq.116 are held for each v; € C[Q],
but C[Q] is dense in V, then they are held for every
v, EV,Vi=1234.

Now, we have following two cases:

Case 1: Choose, (Vi = 1,2,3,4), ¢; € D[0,T], i.e.
¢;(0) = ¢;(T) = 0, then by using integration by
parts for the 15¢ terms in the L.H.S. of each one of
Eq.73 — EQ.76, one gets Vv; €V ,Vi=1234
that:

Jy 1e v1)@1 ()t + [ [(Vy, V) +
vl @1 (Ot — [ (72, 1) (E)dt +

[y 33, v)@1(O)dt + [ (va, v1) 1 (£)dlt =
fOT(fn(x; t,¥1), 1)1 (0)dt +

Jy (az e, 09y, vy 1 ()t 117
foT()’Zt V) (t)dt + foT[(VYZ'VUZ) +

2, v)] 92 (e + [ (31, v2)p2 ()t -

[y 33, v)92(0)dt — [ (v, ;)95 (t)dt =
foT(fm(x' t,¥2), v2) @2 (t)dt +

Jy (a2, Uz, w5 0y ()t 118
foT()’3t ,V3)pz(t)dt + foT[(VY3'VU3) +
(v3,v3)] 3 (t)dt — fOT(YL v3)@3(t)dt +

Jy 02,v3)@3(D)dt + [ (4, v3)@3 (0)dt =
fOT(f31(x' t,¥3), v3)p3()dt +

fOT(f32(x' t)us, v3 3(t))dt, 119
fOT(Y4t Vg )P (t)dt + fOT[(Vﬂ: Vv,) +

(Va, va)] 4 (t)dt — foT(}’ll V) s (D)dt +

Jy 2, v)@a(O)dt = [ (v3, va)@a (D) dt =
fOT(f41(x' t,¥a), Va)pa(t)dt +

foT(f42 (x, D)ug, V4 4 (t))dt, 120
Give that:

V16, v1) + (Vy, Vo) + (01, v1) — (72, v1) +

3, v1) + e v1) = (1100 6, y1),v1) +

(fiz(x, Duq, vy),

V2, v2) + (Vy2, Vo) + (1, v2) + (72, v2) —

3, 12) = Va, v2) = (f21(x, £, ¥2),v2) +

(f22(x, Duy, v3),

V36, v3) + (Vy3, Vug) — (1, v3) + (2, v3) +

(73, v3) + (1, v3) = (f31(x, £, ¥3),v3) +

(f32(x, ug, v3),

Vatrsva) + (Vya, Vo) — (71, va) + (Y2, V) —

3, V4) + Ve, va) = (far (%, £, y4),v4) +

(faz (x, DUy, v4),

i.e. y is satisfied the WF of the QVSEs V§ € V, a.e.
onl.

Case 2: Choose, (Vi=1,2,3,4), @; € C[I], s.t.
@;(T) = 0 and ¢;(0) # 0, then using integration by
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parts for 15t terms in the L.H.S. of Eq.113 —
Eq.116, one has:

— i 51, v @1 (Ot + [ [(Tyy, Voy) +

01 vl @1 (O)dt — [ (v, v) 1 (O)dt +

IS 03, v) @1 (©)dt + [ (4, v) 1 (D)t =
fOT(fn(x: t,¥1), 1)1 (0)dt +

fOT(fu (x, )ug, v1 @1 (£))dt + (¥1(0), v1) 91 (0),
121

- fOT(J’z ,V2) @, (t)dt + fOT[(VJ/z:sz) +

(v2, v2)] @2 (t)dt + fOT(YL V)2 (t)dt —

[ 53, 2)02(0)dt = [ (74, v,) 9, (t)dt =
foT(fm(x; t,¥2), v2) @, (t)dt +

I (a2 (6, Dtz v 92 (D)dE + (72(0), v2) (0,
122

— I 073, v) @3 (O)dt + [ [(Vys, Vvs) +

s, v3)] @3(O)dt — [ (71, )3 (£)dlt +

[ 52, v3)@3(0)dt + [ (v, v3)@3(t)dt =

I (Fa1.(x, £, v3), v3) @3 (D)dt +

I (a2 (x, Dz, v3 93(0)dE + (v3(0), v3)p3 (0,
123

— ] 4, v) P ()t + [ [(Vys, Vig) +

s v @4 (D)dt — [ (71, v) @4 (t)dlt +

fOT(J’z; V) s (D)dt — fOT(J’S'174)(P4(t)dt =
fOT(f“(x, t,¥a), Va)@a(t)dt +

Iy iz O, Oug, v4 94 (D) dt + (74(0), 1) 94 (0),
124

By subtracting Eq.121 — Eq.124 from Eq.116 —
Eq.119 resp., one obtains (Vi = 1,2,3,4):
(¥2,v:)9:(0) = (3;(0), v)9;(0), ;(0) %0 ,

vV @; € 0, T], thus y7 = y;(0) = y)(x) .

Hence y is a QSVS of the weak form of the QVSEs
(from Casel and Case2).

Now, to prove Gy(u) is weakly lower semi
continuous (W.L.S.C.) w.r.t. (y,u).

Since goi(x,t,y;,u;) is continuous w.rt. (y;, u;)
and u;(x,t) € U; ae. in Q with U; is compact.
Hence, g,; is satisfied the hypotheses of Lemma 2,
(for each i =1,2,3,4), then applying this lemma
gives:

fQ 9oi(x, &, Yige, uge) dxdt —

Jo 90iCx, t,yi, uy) dxdt, 125

Since (for i = 1,2,3,4), goi(x,t,y;,u;) IS convex
and continuous w.r.t. u;. Hence

fQ 9oi(x, t, ¥, u;) dxdt <

Jim inf f, goi Cx, £, yi, wy) dxdt=

,ll_r){}o info(goi(x’ t,Yi Ui) —

9oi (X, t, Yir, uyge))dxdt + 111_{{)10 info 9oi (X, t, Vir, ) dxdt
Then, by Eq.125:

Jo 90iCx,t,yi, up) dxdt <

Jim info 9oi(%, t, Vi, wyge) dxdt,

i.e. Go(u) isW.L.S.C.w.rt. (y,1)

_inf Go(y) , therefore Go (@) = min Go ().
‘L_LEWA ﬁeVVA

Then, u is a QCCOCV.m

Example 2: Consider the classical continuous
optimal control problem, consisting of the
quaternary nonlinear parabolic boundary value
problem which is given in Example 1(above), with
fir( t,y;) = hi(x, t) — ki(x, )u; + Siny; — Siny;
and fi,(x, t) = k;(x,)u; ,

where h;(x,t) and k;(x,t) are given functions,
vVi=1234.

The cost function is Go(d) = Yi-, fQ[(yL- -y)% +

(u; — T;)?]dxdt, with U = [-1,1]*.

Since for each i=1,234, goi(x,ty,u)=
(vi — ¥:)? + (u; — u1;)?, satisfies the assumption B,
and f;;1(x, t,y:), fio(x,t) satisfy all the hypotheses
in theorem 3, then there is a quaternary classical
continuous optimal control vector.

Conclusions and Discussions:

In this work, the continuous classical
optimal control dominated by a quaternary
nonlinear parabolic boundary value problem has
been studied. Under suitable assumptions, the
existence and uniqueness theorem of the quaternary
state vector solution for the weak form of the
quaternary nonlinear parabolic boundary value
problem with a given quaternary classical
continuous control vector have been stated and
proved via the Galerkin Method, and the first
compactness theorem. In addition to the continuity
operator between the quaternary state vector
solution of the weak form for the quaternary
nonlinear parabolic boundary value problem and the
corresponding quaternary classical continuous
control vector have been proved. The existence of a
quaternary classical continuous optimal control
vector dominated by the considered quaternary
nonlinear parabolic boundary value problem has
been stated and proved under suitable assumptions.

The study of the proposed problem is very
interesting in the field of applied mathematics since
the proposed problem represents a generalization
for a heat equation; furthermore, it represents multi
objectives problems that have many applications.
Also, these results are very important because they
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give the green light about the ability of solving such
problems numerically. This point serves as a future
work for the topic.
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